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Theorem

991 admits four (Galois-conjugate) realizations Ac with equations in
the cyclotomic field Ks, for (> =1, ¢ # 1.

There is no oriented homeomorphism (P%, A¢,) — (P?, Ac,) if 1 # Co.




Guerville

Theorem

%o1 admits four (Galois-conjugate) realizations Ac with equations in
the cyclotomic field Ks, for (> =1, ¢ # 1.

There is no oriented homeomorphism (P%, A¢,) — (P?, Ac,) if 1 # Co.
Corollary
There is no homeomorphism (P?, A¢c) — (P?, A¢2).
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Fundamental group

Theorem
The groups w1 (P?\ A¢) and m (P? \ Ac2) are not isomorphic (while
their profinite completions are).

First step
o m(P?\ Ae) — m(P?\ Ag2) isomorphism = ¢, = :l:].H"i{?gl.
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Combinatorial pencils

B Sy dim Hg Ag As p
2 3,9, 11 2 22 8
3 4, 10, 11 2 21 7
4 5,8, 10 2 24 7
5 6,9, 7 2 16 6
6 1, 2, 6, 10 3 53 12
7 2,3,5,7 3 49 13
8 2,8, 11, 12 3 57 15
9 4,3,6,8 3 50 12
10 1,4,5,9,12 4 91 91
11 1,2,3,4,5,6 2 24 8
12 1, 2, 4, 6, 8, 12 2 24 8
13 1, 2, 4, 10, 11, 12 2 20 7
14 1,2,5,6,7,9 2 14 7
15 1,2,5,7, 11, 12 2 14 7
16 1, 2, 5, 8, 10, 12 2 20 8
17 1,3,5,7,09, 11 2 14 7
18 1,4,5,6,8, 10 2 19 6
19 2,3,4,5,8, 12 2 20 8
20 2,3,5,6,8, 10 2 14 0
22 2,4, 6, 8, 10, 11 2 15 0
23 3,4,5,6,7,9 2 12 6
24 3,4, 8,09, 11, 12 2 13 7
25 | 4,5,8,10, 11, 12 2 15 7
a




Main result I1I

Theorem
The groups w1 (P?\ A¢) and m (P? \ Ac2) are not isomorphic (while
their profinite completions are).

First step
@ :m(P?\ Ae) — m1(P?\ A¢2) isomorphism = ¢, = :I:lHlygl.

Second step
There is no isomorphism such that ¢ : m (P? \ A¢) — 71 (P2 \ Ag2)
isomorphism = . = 1,9,

1
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Truncated Alexander Invariant

» % combinatorics, A realization, G 4 := 71 (P? \ A), A := Z[H{]
> My :=G'y/G") as A-module is the Alexander invariant.

> m C A augmentation ideal of A.

> ME = M/mFM = M @ A/mF truncated Alexander invariant.
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% combinatorics, A realization, G4 := 71 (P2 \ A), A := Z[H{]
My = G'y/G’} as A-module is the Alezander invariant.

m C A augmentation ideal of A.

MY = M/mFM = M @ A/m* truncated Alexander invariant.
A={Lo,L1,...,L¢}, Ga= (x1,...,2¢ | R1,...,Rs), A= Z [t"]
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Truncated Alexander Invariant
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% combinatorics, A realization, G4 := 71 (P2 \ A), A := Z[H{]
My = G'y/G’} as A-module is the Alezander invariant.
m C A augmentation ideal of A.
MY = M/mFM = M @ A/m* truncated Alexander invariant.
A={Lo,L1,...,L¢}, Ga= (w1,...,00 | Ri,...,Rs), A= Z [tF]
M 4 generated by x; j = [x;, x;] and relators:

> Rewriting R;

> Jacobi relations:(t; — 1)z + (t; — Dz, + (te — D)z j
gt M4, k = 0,1, is combinatorial, gt® M4 = (Hf ANHY) /HY
g€ Hy and p € MK = [g,p] € M5



Steps of the proof

> Isomorphism ¢ : Ga, = Ga,, i = Tigi, i € Gy,




Steps of the proof

» Isomorphism ¢ : G4, — GACQ, Ti > TG, Gi € G;‘CQ

> rk ML =1k MY =rkgr® MP = 23, basis {z; ; | (i, ) € B}.
A¢ .A<z 2 2]
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Steps of the proof

> Isomorphism ¢ : G4, — GA@, Ti > TG, Gi € G/A<2

Gor . .
> rk M.}(( =rk M“l“<2 = rk gr® My = 23, basis {z;; | (i,j) € B}
> o, : Mi( — Mi(Q. Need:

— 1
gi= D Mgk ik €My, nix€l
(j.k)€B

> R, i=1,...,32relation of G4, rewritten in Afj{.



Steps of the proof

> Isomorphism ¢ : G4, — GA@, Ti > TG, Gi € G/A<2

v

rk M.}(( =1k M“l“<2 = rk gr° M2%1 = 23, basis {z;; | (¢,7) € B}.
> o, : Mi( — Mi<2’ Need:

— 1
gi= Y Migk wik €My, nijr€Z
(j.k)E€B

> R;,i=1,...,32 relation of G4, rewritten in Mic.
> o.(R;) € ]WicZ ® Z[n;,j k], more precisely

0. (R;) € gr' My, ® Znijrl, tker! ]Wf‘” &~ 791



Steps

v

vy

of the proof

Isomorphism ¢ : Ga, = Ga,, Ti = i, gi € G/A<2

rk M.}(( =1k M“l“<2 = rk gr° M2%1 = 23, basis {z;; | (¢,7) € B}.
A2 2 .

Py MAc — MA<2’ Need:

— 1
gi= D Mgk ik €My, nix€l
(j.k)€B

R;, i =1,...,32 relation of G 4, rewritten in Mic.

v (R;) € Mic? ® Z[n; j ], more precisely
0. (R;) € g My, ® Zlngjx],  tk grt Myor = 791

Existence of ¢ implies integer solutions of a system of
32 x 91 = 2912 linear equations in 11 x 23 = 253 unknowns.



Steps of the proof
> Isomorphism ¢ : G4, — GACQ, Ti > TG, Gi € G/A<2
> rk thc =rk M}4<2 = rkgr® M = 23, basis {z. | (i,j) € B}.
> o, : Mi( — Mi(Q. Need:
gi = Z Nijk Tjk € M,14C2, nijk € Z
(4,k)eB

> R;,i=1,...,32 relation of G4, rewritten in Mic.
> o.(R;) € Mic2 ® Z[n; j ], more precisely

0. (R;) € g My, ® Zlngjx],  tk grt Myor = 791

> Existence of ¢ implies integer solutions of a system of
32 x 91 = 2912 linear equations in 11 x 23 = 253 unknowns.
» Find solutions with Sagemath: Q-affine space dim = 12, smallest
ring of solutions is Z [%} WZA



Steps of the proof

> Isomorphism ¢ : G4, — GACQ, Ti > TG, Gi € G’A(Q

Gor . .
> rk thc =rk M“l“<2 = rk gr® My = 23, basis {z;; | (i,j) € B}
> o, : Mi( — Mi(Q. Need:

_ 1
9= D>, Migk Tk € My, mijk€Z
(G.k)eB

> R;,i=1,...,32 relation of G4, rewritten in Mic.
> o.(R;) € Mjc2 ® Z[n; j ], more precisely

0. (R;) € g My, ® Zlngjx],  tk grt Myor = 791

> Existence of ¢ implies integer solutions of a system of
32 x 91 = 2912 linear equations in 11 x 23 = 253 unknowns.

» Find solutions with Sagemath: Q-affine space dim = 12, smallest
ring of solutions is Z [%} w—)
» Whole process 662.49s CPU time.



Main result 111

Theorem
The groups w1 (P?\ A¢) and m (P? \ Ac2) are not isomorphic (while
their profinite completions are).

First step
@ :m(P?\ Ae) — m1(P?\ A¢2) isomorphism = ¢, = :I:lnggl.

Second step
There is no isomorphism such that ¢ : m (P? \ A¢) — m1 (P2 \ Ac2)
isomorphism = ¢, = 1, 901

1

Third step
There is no isomorphism such that ¢ : m (P? \ A¢) — 71 (P? \ A¢s)
isomorphism = @, =19,

1



