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of projective hyperplanes of P (K).

Relations between the definitions

(Kn,A)lin N (Kn’A)af ‘i) (IPm<K),.A) — (Kn+17A)1in.
M(A)

Complement of | J A in either K™ or P"(K):

K\ A= (PY(K)\UA) x K*if A#0.

Combinatorial aspects

Poset of intersections with respect to reverse inclusion.

Topology

K = C in order to deal with codimension 2 objects.



Topological properties

Cohomological properties
H*(M(A);7Z) is isomorphic to the Orlik-Solomon algebra (of
combinatorial nature).



Topological properties

Cohomological properties
H*(M(A);Z) is isomorphic to the Orlik-Solomon algebra (of
combinatorial nature).

Fundamental group

m1(M(A)) (fundamental group of the arrangement) is not a
combinatorial invariant (Rybnikov).

a



Topological properties

Cohomological properties

H*(M(A);Z) is isomorphic to the Orlik-Solomon algebra (of
combinatorial nature).

Fundamental group

m1(M(A)) (fundamental group of the arrangement) is not a
combinatorial invariant (Rybnikov).

Zariski-Lefschetz Theory
7 (M(A)NH) = mj(M(A)), H generic hyperplane, is an
isomorphism for j < n — 1 and epimorphism for j =n — 1.



Topological properties

Cohomological properties
H*(M(A);Z) is isomorphic to the Orlik-Solomon algebra (of
combinatorial nature).

Fundamental group

m1(M(A)) (fundamental group of the arrangement) is not a
combinatorial invariant (Rybnikov).

Zariski-Lefschetz Theory
i (M(A)NH) — 7;(M(A)), H generic hyperplane, is an
isomorphism for j < n — 1 and epimorphism for j =n — 1.

Line arrangements in P?

The fundamental group of an arrangement is also the fundamental
group of a line arrangement.
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Fundamental Group I

From projective to affine case
A= {Ly, [:/1, cey in}iline arrangement in P2. Consider
Cz = ]P)Q \chn Lj = Lj ﬂCQ.

» Lo = Lo, A :={Ly,...,L,}, M(A) = M(A°).

> Lo MUA, A% := {Lo, Ly, ..., Lo}, M(A) # M(A®) but:

> M (A>) does not depend on the particular choice of Leo.
> 71 (M(A%)) is a central extension of 71 (M (A)) by Z.

Generic projection
» A:={Li,...,L,} affine arrangement in C2.
> P:={PeC?|Ji<jst. PeL,NL;}
» For Pe P,mp:=#{Lec A|Pe L}
» Choose coordinates z,y such that no line is vertical and if
(z,9y1), (z,y2) € P then y; = yo.
» Later on we may relax these conditions.
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> A= {le"'7Ln}7 P = {(95173/1),-~-,($r,yr)}.
> AP = AU{V,, |i=1,...,r}, Vi:={x =t}
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Zariski-van Kampen I
Fibered arrangement

> -A = {L17 e 7Ln}7 P = {(xlvyl)a ceey (xr7y7')}-

> A? = AU{V,, |i=1,...,r}, Vi :={x =t}

> 7 M(A¥) = C\ B, B:= {x1,...,x,}, is a locally trivial
fibration, the fiber is homeomorphic to F := C\ {n points}.

Long exact homotopy sequence=—> Short exact sequence
1=m(C\B) = m(F) = m(M(A%)) = 1 (C\ B) — 1.

Definition

X quasi-projective smooth variety, Ay, ..., A, C X irreducible

hypersurfaces, Y := X'\ U A;, p €Y. Meridian of A; in m (Y;p):
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Geometric basis and suitable polydisks

Definition

A geometric basis of the free group 71 (C\ {t1,...,t-};to) is a basis of
meridians g1, . . ., g such that (g, ... u1)~! is a meridian of oo.
Polydisk

> t, > 0 such that BC D, .

> |y;| <ty and (JAN (Dy, x Dy,) C ID;, x Dy,
> (D, x Dg,) \JA¥ — M(A¥) is a homotopy equivalence.
> pi= (e ty); F=Vi, \UA
> L1, ..,y geometric basis of 71 (F;p),
> a,...,q, geometric basis of 1 (C\ B;t,).
» Lift a1,..., 0 to &i,...,& in the line y = ¢,,.
Lemma

Uiy ooy by and &g, ..., Q& generate m (M (A¥);p).
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> Y =X\J4;, 2=Xx\ |J 4, 1<s<r.
j=1 j=s+1
» The inclusion Y — Z induces an epimorphism 7 (Y) — m1(Z).
» [ts kernel is generated by the meridians of Ay, ..., As.

Proof.

It is a generalization of the same statement in dimension 1.
> T = 71'?00.
» Surjectivity follows from transversality of mappings S' — Z with
respect to A;, 1 < j <s.
» Description of the kernel follows from transversality of mappings
D? — Z with respect to A;, 1 < j <s.
O
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> Y =X\J4;, 2=Xx\ |J 4, 1<s<r.
j=1 j=s+1

» The inclusion Y — Z induces an epimorphism 7 (Y) — m1(Z).

» Its kernel is generated by the meridians of A1, ..., As.

Proposition
1. m(M(A);p) is generated by 1, ..., fin.
2. floo = (fip - .- 1)~ is a meridian of Lo in w1 (M(A);p).
3. If Loo A then oo is central in m (M (A);p).

Proof.

1. Direct consequence of the lemma: surjectivity statement of
Zariski-Lefschetz.
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2. Genericity conditions.
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Adding components

Lemma

> Y =X\J4;, 2=Xx\ |J 4, 1<s<r.
j=1 j=s+1

» The inclusion Y — Z induces an epimorphism 7 (Y) — m1(Z).

» Its kernel is generated by the meridians of A1, ..., As.

Proposition
1. m(M(A);p) is generated by 1, ..., fin.
2. floo = (fip - .- 1)~ is a meridian of Lo in w1 (M(A);p).
3. If Loo A then oo is central in m (M (A);p).

Proof.
3. » E:=C2\ (D, xDy,) E:=E\UA, m(E;p) — m(M(A);p).
> £ (C\{n—1 points}) x D*, D* = poo.

1



Adding components

Lemma
> Y =X\J4;, 2=Xx\ |J 4, 1<s<r.
j=1 j=s+1
» The inclusion Y — Z induces an epimorphism 7 (Y) — m1(Z).
» Its kernel is generated by the meridians of A1, ..., As.

Proposition
1. m(M(A);p) is generated by 1, ..., fin.
2. floo = (fip - .- 1)~ is a meridian of Lo in w1 (M(A);p).
3. If Loo A then oo is central in m (M (A);p).

Goal
Determine the conjugation action of &; on 71 (F;p) C m1(M(A);p).
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& € my (M(A?;p)

De, xDr,  {t,} x Dy, C Vi

o S———
Ty T3 X9 T

a € m(C\ B;ty)

a



Zariski-van Kampen II
a € m (M(A%;p)
~ p

]D)tz x ]D)ty {tz} X Dty C ‘/tz

L
T4 T3 T2 Z1

a € m(C\ B;ty)
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Zariski-van Kampen II
a € m (M(A%;p)

Braid monodromy
V :m(C\ B;t,) — PB,, C B, the pure braid group.

Artin presentation

1<i+1<j<n 1<i<n—1

0,05l =1, 0i-0i11-0;=0i11°0i 0ip1 > .
?
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Braid actions on free groups

i -1 _ i
i1 = fhi” Pit1 it = i1

0

Hit1 Az

Wl(F)XBn — 7T1(F)

(1, 7) =T

iy ifi=j
M1 ity = iy * g ifi=j+1

95 .

;i

i it # 5,5+ 1.
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Zariski-van Kampen IV

Theorem
1. m(M(A?);p) = {u1,. ..

y My 15 -

LGy | g

_ NiV(aj)

).



Zariski-van Kampen IV

Theorem
Loy (M(A);p) = (i1, oy iy Gy, oy G | &9 = gy 9.
V(e
2. m(M(A):p) = (pa, .oyt | i = g1y 7).

=}
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Theorem

L Wl(M(A‘P);p) = <H“1""7/'Ln70~[13"'7d?” | /’L?j = :U‘iV(aj)>-

2. m(M(A);p) = (i1, .oy i | s = Miv(aj)>.

Example
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Theorem
Vi)

Loy (M(AP);p) = (i, - oy oy @1y ey G | 0 = iy @Y.

2. m(M(A);p) = (i1, .oy i | s = Miv(aj)>.

Example

» A affine arrangement of n lines through (0,0) € C2.
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Theorem
Loy (M(A);p) = (pas s G, G | 7 = iy ).
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» A affine arrangement of n lines through (0,0) € C2.
> B=0, m(C\B)=(a|-), a meridian of 0.
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Theorem
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VOLJ'
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Theorem

Lo my (M(A?);p) = (1, oy fin Gy G | 1 = 103
VOLJ'
2. i (M(A);p) = 1y s fn | s = 15 (@i)y,

Example

» A affine arrangement of n lines through (0,0) € C2.
> B=0, m(C\B)=(a|-), a meridian of 0.
> V(a) = A2, full-twist.

A2 _
e (I S I R VU Ay 15 .
> = ) ( )7t

V(aj)>‘



Zariski-van Kampen IV

Theorem
Lo (M(A?);p) = {1y« ooy fny Gy ey G | s = ;Liv(aj)>.

2. m(M(A);p) = (i1, .oy i | s = M,L_V(Oéj)>.

Example

» A affine arrangement of n lines through (0,0) € C2.
» B=0, m(C\B) = {(a]|—), a meridian of 0.
> V(a) = A2, full-twist.

A2 _
> gt = (e ) i (e ) T

> m (M(A) = {1y .oy i | [p1y -+, o] = 1), where
[1, .., 1n] = 1 is the set of relations:

[ ooy i) =1, 1<i<n.



Zariski-van Kampen IV

Theorem
Loy (M(A®);p) = (s s G G | i = ).

2. m(M(A);p) = (i1, .oy i | s = MZ_V(aj)>'

Example

» A affine arrangement of n lines through (0,0) € C2.

> B=0, m(C\B)=(a|-), a meridian of 0.

> V(a) = A2, full-twist.

> et = () i ()

> 1 (M(A) = {1,y fin | [p11, -+, ptn] = 1), where

[t1,- .., n] =1 is the set of relations:
[Mn'---'MlaMi]:L 1<e<n.

» In general, VP € P, this is the local behavior.



Puiseux braid monodromy

Proposition

Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and

Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.
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Proposition

Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and

Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.
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Puiseux braid monodromy

Proposition
Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and
Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.

Proposition
Let p; j := u?. Then, the set of relations p; = ,Ltiv(aj) for fized j, can
be replaced by [p1 5, ..., pin,j] = 1.
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Proposition
Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and
Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.
Proposition
Let p; j := .. Then, the set of relations ju; = ,uiv(aj) for fized j, can
be replaced by [p1 5, ..., pin,j] = 1.
Proof.

> = ,Ufj,V((U> = pu= MV(O‘J),VM c 7T1(F)



Puiseux braid monodromy

Proposition
Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and
Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.

Proposition
Let p; ; = u?. Then, the set of relations p; = ,uiv(aj) Jor fized j, can
be replaced by [p1 5, ..., pin,j] = 1.
Proof.
> =gy ) = = V) € my (F)

A2
1%

> = puV (@) Yy e (F) < p = (u %)% Yu e m(F).



Puiseux braid monodromy

Proposition
Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and
Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.
Proposition
Let p; j := .. Then, the set of relations ju; = ,uiv(aj) for fized j, can
be replaced by [p1 5, ..., pin,j] = 1.
Proof.

> =y O = = V@) Y € m(F)

2
> = pV) Yy e (F) <= pu" = (,uA“J"”J')Tﬂ',Vu em(F).

A2 b
aj b N . .
)7, a5 <@ <bj.

K2

2
> MTJ = (MA"'j‘I’J)TJ"VIu c 7'(1(F) — /J? = (lu

O



Puiseux braid monodromy

Proposition
Vie{l,...,r}, V(a;) = 7'j_1 : Aij’bj -7j, where 1 < a; <b; <n and
Aij’bj is the full-twist involving the b; — a; + 1 strands from a; to b;.
Proposition
Let p; j := .. Then, the set of relations ju; = ,uiv(aj) for fized j, can
be replaced by [p1 5, ..., pin,j] = 1.
Proof.

> =y O = = V@) Y € m(F)

2
> = pV) Yy e (F) <= pu" = (,uA“J"bJ')Tj,Vu em(F).

2 . AZ
> = (/LA“J‘”’J‘)TJ',V,u em(F) < pu’ = (u; 7"")%,a; <i<bj.

K3
» ;5 correspond to a basis of m1(F') in V,E;.
O



Complexified real arrangements

o P
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—
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Az Ay Aszy D1z € B,
S Eeo— .
Ao Aoz Azy Aig z

Braid monodromy:(Af 3, Ay 3% 03, (A1,303) * 03, (A1,30302) * 07)



Complexified real arrangements
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AN

Aoz Azy Aiz

1 €By
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AN

Ags Ay Agg

Braid monodromy:(Af 3, Ay 3% 03, (A1,303) * 03, (A1,30302) * 07)
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s pia = P = ™
(nsiua) * i = " = ™
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@)
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Complexified real arrangements

o P
— -
—
-_—
Atz Ays Agy Aig 1eB,
S Eeo— .
Ao Aoz Azy Aig m

Braid monodromy:(Af 3, Ay 3% 03, (A1,303) * 03, (A1,30302) * 07)

§
—
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[/1417/144] =1 “—-



Complexified real arrangements
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—
—
Az Agj Azy A1z g € By

S Eeo— .
Ao Aoz Azy Aig m

Braid monodromy:(Af 3, Ay 3% 03, (A1,303) * 03, (A1,30302) * 07)
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Complexified real arrangements

o P
.
—
—
Az Agj Azy A1z g € By

S Eeo— .
Ao Aoz Azy Aig m

Braid monodromy:(Af 3, Ay 3% 03, (A1,303) * 03, (A1,30302) * 07)

us

; o
— 1y
— : 1751
Wit pa] =1 [pa, po, 3] =1
(3, pal =1 [p1,pa] =1 K.A
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Theorem
(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.
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» Choose A with real equations and Lo, € A.
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Theorem

(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Proof.

» Choose A with real equations and Lo, € A.

» From the real picture, all commutators of generators appear.



Generic arrangements and Arvola’s wiring diagram

Theorem
(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Proof.
» Choose A with real equations and Lo, € A.
» From the real picture, all commutators of generators appear.

» A can be chosen as a generic plane section of the coordinate
arrangement in P™ and the complement is homeomorphic to
(C*)™: the homology of the group is recovered.



Generic arrangements and Arvola’s wiring diagram

Theorem

(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Arvola’s wiring diagram

» Equivalent to braid monodromy with Puiseux braid
decomposition.



Generic arrangements and Arvola’s wiring diagram

Theorem

(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Arvola’s wiring diagram

» Choose a simple piecewise C*> arc I' in C starting at ¢,,
containing B and such that no vertex of I' is in 5.
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Generic arrangements and Arvola’s wiring diagram

Theorem

(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Arvola’s wiring diagram

» Choose a simple piecewise C*° arc I in C starting at t¢,,
containing BB and such that no vertex of I is in B.

» The wiring diagram is the pair (I' x C,[J AN (T x C)).



Generic arrangements and Arvola’s wiring diagram

Theorem
(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.
Arvola’s wiring diagram

» Choose a simple piecewise C*° arc I in C starting at t¢,,
containing B and such that no vertex of I' is in B.
» The wiring diagram is the pair (I' x C,|J AN (T x C)).

> T:=TUlU, cp5D:(z:): (C2,U ANz T'xC,UAN(T xC))




Generic arrangements and Arvola’s wiring diagram

Theorem
(P2, A) generic arrangement (all points in P are of multiplicity 2).

Then, 71 (M(A)) is abelian.
Arvola’s wiring diagram
» Choose a simple piecewise C*° arc I in C starting at t¢,,
containing B and such that no vertex of I' is in B.
» The wiring diagram is the pair (I' x C,|J AN (T x C)).
> T:=TUlU, cpD:(z:): (C?,U Az TxC,JAN( xC))

» From I' we recover r arcs {7;}7_; (in I') and 2r cercle arcs

s+
;



Generic arrangements and Arvola’s wiring diagram

Theorem
(P2, A) generic arrangement (all points in P are of multiplicity 2).
Then, 71 (M(A)) is abelian.

Arvola’s wiring diagram
» Choose a simple piecewise C*° arc I in C starting at t¢,,
containing B and such that no vertex of I' is in B.
» The wiring diagram is the pair (I' x C,|J AN (T x C)).
r =TUU,,epDe(xi): (C*,JA) ~ (T'x C,JAN( xC))
> From I' we recover r arcs {7i}5=1 (in T') and 2r cercle arcs
G

> ;= € By, (5?-[ — Aaj’bj determine braid monodromy and
generators at each fiber.

v



Generic braid monodromy

Definition
A:={Ly,...,L,} projective arrangement. The braid monodromy of
A is the braid monodromy of A..: represented by an element

V(A) € Bn)", r:=#Poc-
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Generic braid monodromy

Definition
A:={Ly,...,L,} projective arrangement. The braid monodromy of
A is the braid monodromy of A..: represented by an element

V(A) € Bn)", 7 := #Pe.
Properties
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Generic braid monodromy

Definition
A:={Ly,...,L,} projective arrangement. The braid monodromy of
A is the braid monodromy of A..: represented by an element

V(A) € Bn)", 7 := #Pe.
Properties

> m(M(A)) = m1(M(As))/ (i - - - - pia)-
» V(A) determines the homotopy type of M (A ) (Libgober).



Generic braid monodromy

Definition
A:={Ly,...,L,} projective arrangement. The braid monodromy of
A is the braid monodromy of A..: represented by an element

V(A) € Bn)", 7 := #Pe.
Properties
> 1y (M(A)) = 71 (M (Ao))/ - - 11).

» V(A) determines the homotopy type of M (A ) (Libgober).

> V(A) is well defined up to conjugation by B,, and Hurwitz action
by B,:

(7—11---77—7“) — (7_1:--~-,7_i71a7_i+177—i+1 *Ti-,Tz‘+27~~7Tr)-



Generic braid monodromy

Definition

A= {I_q, ceey I_/n} projective arrangement. The braid monodromy of
A is the braid monodromy of A..: represented by an element

V(A) € (Bn)", r:=#Poc-

Properties
> T (M(A) = m1(M(Ase))/(pin - - - -+ 1)
» V(A) determines the homotopy type of M (A ) (Libgober).
» V(A) is well defined up to conjugation by B,, and Hurwitz action
by B,.:

(Thy ooy Te) B (Thy ey Tim 1y Tid 1y Tide 1 % Tiy Tik 2y« -« s Tr)-

> V(A) allows to compute invariants via braid representations
(Libgober).



From non-generic to generic

Fact
Sometimes is easier to compute non-generic braid monodromies.
What to do?



From non-generic to generic
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From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.



From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),
» If several multiple points are on the same vertical line then

decompose the corresponding braids in pairwise commuting
braids.

» If there are some vertical lines in A:



From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.

» If there are some vertical lines in A:

» Each braid for a vertical line V; produces as many braids as the
number of multiple points in V;.

P> Add a braid for the multiple at infinity.

» Turn slightly a wiring diagram.



From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.
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> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.




From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting

braids.
4




From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.



From non-generic to generic

> If Lo 1A (11, ., 70) = (T1y ooy Ty (T oo - T1) THA2),

» If several multiple points are on the same vertical line then
decompose the corresponding braids in pairwise commuting
braids.




Universal abelian covering

A={Ly,Ly,...,Ly} line arrangement in P2,
P:={L,NL; | 0<i<j<n}. UseApin order to
compute (M (A)).

> It is difficult to get properties from a presentation of m (M (.A);p)
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Universal abelian covering

A={Ly,Ly,...,Ly} line arrangement in P2,

P:={L,NL; | 0<i<j<n}. UseApin order to

compute (M (A)).
> It is difficult to get properties from a presentation of m (M (A); p)
> Hy(M(A);Z) = Z™; use multiplicative notation. A free generator

system is t1,...,t,, t; = p; mod m (M(A)).

» to:=(t1-...-t,)" " is the class of a meridian of L.
> p: M(A) — M(A), universal abelian covering.



Universal abelian covering

A:

{Lo,L1,...,Ly} line arrangement in P2,

P:={L;NL;j|0<i<j<n}. Use Ay in order to
compute (M (A)).

>
>

>

v

It is difficult to get properties from a presentation of m (M (.A); p)
Hy(M(A);Z) = Z™; use multiplicative notation. A free generator
system is t1,...,t,, t; = p; mod m (M(A)).

to:= (t1-...-t,)”" " is the class of a meridian of L.

p: M(A) — M(A), universal abelian covering.

t1,... tn : M(A) — M(A) generators of the deck automorphism
group of p.
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Universal abelian covering

A:

{Lo,L1,...,Ly} line arrangement in P2,

P:={L;NL;j|0<i<j<n}. Use Ay in order to
compute (M (A)).

>
>

>

v

It is difficult to get properties from a presentation of m (M (.A); p)
Hy(M(A);Z) = Z™; use multiplicative notation. A free generator
system is t1,...,t,, t; = p; mod m (M(A)).

to:= (t1-...-t,)”" " is the class of a meridian of L.

p: M(A) — M(A), universal abelian covering.

t1,.. tn : M(A) — M(A) generators of the deck automorphism
group of p.

Hy(M(A);C), H (M (A);C) are Ac-modules,

Ac:=C[tFY ... tE).

M(A) ~ K(A) finite CW-complex, C,(A) := C(K(A);C) chain
complex, C*(A) dual cochain complex.

M(A) ~ K(A), C,(A) := C(K(A);C) chain complex, C*(A)
dual cochain complex.

C.(A),C*(A) free Ac-modules, dime C,(A) = ranky,. C.(A). 0]
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» Graded base B of C*(A) given by the cells:

C(A) 10— CO(A) 23 CY(A) 23 C2(A) — 0 Z-coefficients.



Twisted cohomology
» Graded base B of C*(A) given by the cells:
CL(A) 10— COA) 2 C1(A) 23 C2(A) — 0 Z-coefficients.

» Graded base B of C,(A); each element of B is the lift of an
element of B.

CL(A) : 0 — COLA) & E1(A) 22 G2(A) — 0 Ac-coefficients,
(/L')tjzl = A;.

=}
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Twisted cohomology

» Graded base B of C*(A) given by the cells:
C(A) 10— CO(A) 23 CY(A) 23 C2(A) — 0 Z-coefficients.

» Graded base B of C,(A); each element of B is the lift of an
element of B.

Cu(A): 0 = CO(A) A G1(A) 3 (2(4) = 0 Ac-coefficients,

(Ai)e,=1 = A;.

> T(A):=HM(A);C*)=Hom(H(M(A);Z),C*)=Hom(m(M(A)),C*,
character torus of A.

» ¢ € T(A) induces an evaluation map eve : Ac — C which induces
a Ac-module structure on C denoted by Ce.

» ¢ € T(A) induces a local system of coefficients C¢, which has
associated a cohomology group H'(M(A); C¢) which depends
only on m(M(A)).

> H'(M(A);Ce) is obtained from the complex C*(A) @5, Ce:

evaluate A;, Ay using eve.
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Characteristic varieties

Definition

Vi(A) == {§ € T(A) | dime H' (M (A); C¢) > k}.

Theorem (Arapura, Libgober,

-Cogolludo-Matei)
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Characteristic varieties

Definition
Vi(A) :={£ € T(A) | dime H' (M (A); C¢) > k}.

-Cogolludo-Matei)
» Vi(A) is an algebraic subvariety of T(A).

Theorem (Arapura, Libgober,
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Characteristic varieties

Definition
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Characteristic varieties

Definition
Vk(.A) = {f S T(A) | dimc HI(M(A),Cg) > k}

Theorem (Arapura, Libgober, -Cogolludo-Matei)

» Vi(A) is an algebraic subvariety of T(A).

» The irreducible components of Vi, (A) are subtori translated by
torsion elements.

> If 3 C Vi(A) is an irreducible component of positive dimension
then 3® : M (A) — X morphism onto an orbifold X and an
irreducible component Xx of Vi (X) such that ¥ = p*(Zx).

Corollary
It is enough to know H*(M(A); C¢) for & unitary (or torsion).
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Covering associated to a torsion character
» ¢ e T(A) of order h, pe : M¢(A) — M(A) h-fold cyclic covering
associated to &.
> ¢ induces an order-h automorphism € : Mg(A) — M (A) of pe.
> & HY(M¢(A);C) — H*(M¢(A);C) linear automorphism of
order a divisor of h.

> Hf = ker(§* —exp(3T) - Lye(ar(ayc))-

Theorem (Sakuma’s formula)
HY 2 HY(M(A); Ce).



Sakuma’s formula

Covering associated to a torsion character
» ¢ e T(A) of order h, pe : M¢(A) — M(A) h-fold cyclic covering
associated to &.
> ¢ induces an order-h automorphism € : Mg(A) — M (A) of pe.
> & HY(M¢(A);C) — H*(M¢(A);C) linear automorphism of
order a divisor of h.
> H{ = ker(&" — exp(3) - L (a)0))-
Theorem (Sakuma’s formula)
H{ = H'(M(A); Ce).

Corollary

Vi(A) depends on the Betti numbers of some quasi-projective smooth
varieties.
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D¢(A) := X¢(A) \ M¢(A) is a normal crossing divisor.
Hodge Theories

» Pure Hodge Theory:
H'(X¢(A);C) = HY(Xe(A); Ox, (a)) @ HO(Xg(A);Q}Q(A)) and

H' (X (A); Ox () = HO(XE(A)§Q}(£(A))-

a



Quasi-projective and quasi-projective varieties

Settings

M¢(A) C X¢(A) smooth projective completion such that
D¢(A) := X¢(A) \ M¢(A) is a normal crossing divisor.
Hodge Theories

» Pure Hodge Theory:
H'(Xe(A); C) = HY (Xe(A); Ox(a)) ® H(Xe(A); O, (4)) and

H' (X (A); Ox () = HO(Xe(A); Q}Q(A))'

» Mixed Hodge Theory: H!(M¢(A);C) =
HY(Xe(A); Ox () & HO(Xe(A); Q4 log(De(A)))-




Quasi-projective and quasi-projective varieties

Settings
M¢(A) C X¢(A) smooth projective completion such that
D¢(A) := X¢(A) \ M¢(A) is a normal crossing divisor.

Hodge Theories

» Pure Hodge Theory:
H'(Xe(A); C) = HY (Xe(A); Ox(a)) ® H(Xe(A); O, (4)) and
HY(Xe(A); Ox () = HO(Xe(A); Q, (4))-

» Mixed Hodge Theory: H!(M¢(A);C) =
HY(Xe(A); Ox () & HO(Xe(A): ) log(De(A)).

» Poincaré residue:
0= Q% 4y = Dy, (a) l0g(De(A) = Dpep,(a)i+Op = 0
implies
0 — H"(Xe; Q) — HO(Xe; Ok, log(De)) — H(A) =0
0= H(A) = @pep, H'(D;Op) = H' (Xe; ) € H*(Xe; C).




Quasi-projective and quasi-projective varieties II

dim H'(X¢; C) = 2dim H' (X¢; Ox,)

a



Quasi-projective and quasi-projective varieties II

dim H'(M; C) =2dim H' (X¢; Ox, )+

dim ker ( @ C(D) — HQ(Xg;(C)) .

DCD¢



Quasi-projective and quasi-projective varieties II

Proposition

dim H' (M (A); C¢) =dim H(Xg; Ox, )¢ + dim H'(Xg; Ox, )+

3
dimker<@ C(D) — H*( Xf,C))
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3
dimker<@ C(D) — H*( Xg,(C))

DCD¢

Definition
¢ is fully ramified if £(t;) # 1, ¥j € {0,...,n}; in general,

AS = {L; | £(t;) # 1} (ramification locus) and Ag ={L; | &(t;) =1}
(unramlﬁcatlon locus).



Quasi-projective and quasi-projective varieties II

Proposition
dim H' (M (A); C¢) =dim H' (X¢; Ox, ) + dim H' (X¢; Ox, )5+

3
dimker<@ C(D) — H*( Xg,(C))

DCD¢

Definition

¢ is fully ramified if £(t;) # 1, ¥j € {0,...,n}; in general,

AS = {L; | £(t;) # 1} (ramification locus) and A5 := {L; | £(t;) =1}
(unramlﬁcatlon locus).

Theorem (Libgober, 1987)
If € is fully ramified then H'(X¢;C)* = HY(Mg; C)S.
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Quasi-adjunction ideals

Real representatives
> £ (ro,71,.. . ) €[0,1)"F such that £(t;) = exp(2imr;).
» r; € Qand 4(&) :=ro+ -+ 1, €Z, the level of &.

Quasi-adjunction ideals

» For P € P, define rp := ZPeLj rj and sp := max{0, [rp| — 1}.
» The ideal of quasiadjunction of P with respect to £ is

Ipe =M%,

where M p is the maximal ideal of the local ring Op2 p.

Theorem (Libgober (2001))
dim H'(X¢; Ox,)* =

dim coker (ag : HO(]P’Q; Op2(0(&) — 3)) @ Op2, P/jP£>

PeP
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passing through P € P~s with multiplicity at least sp.
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Quasi-adjunction ideals II

Properties
1. If mp = 2 then Jpe = Op2 p. We can restrict our attention to
Pso:={P P |mp>2}
mp — 1> sp.
Source and target of o¢ are combinatorial invariants.

coker o¢ and ker o¢ are determined each other.

oL W

ker o¢ consists of the equations of the curves of degree £(£) — 3
passing through P € P~o with multiplicity at least sp.

6. dimker o¢ is not a priori a combinatorial invariant.

Example
A={Lo,...,L,}, P € Ly, ¢ fully ramfied of level ¢, sp = £ — 1:
dim coker (o¢ : H(P?; Op2 (£ — 3)) — OpQ)P/Mf:;l) =/(-1

W) =n+1—-12



Quasi-adjunction ideals II

Properties

1.

oL W

If mp = 2 then Jp¢ = Op2 p. We can restrict our attention to
Pso:={P P |mp>2}

mp — 1> sp.

Source and target of o¢ are combinatorial invariants.

coker o¢ and ker o¢ are determined each other.

ker o¢ consists of the equations of the curves of degree £(£) — 3
passing through P € P~o with multiplicity at least sp.

6. dimker o¢ is not a priori a combinatorial invariant.
Example
tsu=1,£(§) =4, sp, =1,
y dim coker (¢ : H°(P?; Op2(1)) = C*) =1
sAut] SN



Quasi-adjunction ideals II

Properties
1. If mp = 2 then Jpe = Op2 p. We can restrict our attention to
Pso:={P P |mp>2}
mp — 1> sp.
Source and target of o¢ are combinatorial invariants.

coker o¢ and ker o¢ are determined each other.

oL W

ker o¢ consists of the equations of the curves of degree £(£) — 3
passing through P € P~o with multiplicity at least sp.

6. dimker o¢ is not a priori a combinatorial invariant.

Example (9-Ceva)

UA={(® - ")y — 2°)(@® — 2%) = 0},
P={[1:0:0],]0:1:0,[0:0:1}U{[1:¢:w] |3 =w?=1},12
triple points; £ defined by &(u;) := exp(2i7r§). Then ¢ =6, sp = 1.

dim coker (o : H(P*; Op2(3)) — C?) = 2.



Quasi-adjunction ideals II

Properties
1. If mp = 2 then Jpe = Op2 p. We can restrict our attention to
Pso:={P P |mp>2}
mp — 1> sp.
Source and target of o¢ are combinatorial invariants.

coker o¢ and ker o¢ are determined each other.

oL W

ker o¢ consists of the equations of the curves of degree £(£) — 3
passing through P € P~o with multiplicity at least sp.

6. dimker o¢ is not a priori a combinatorial invariant.

Example (__, 1994)

UA={zz(dz —y+22)=0} U{y(z —y — 2) 2z + y + 22)=
0} U{(r —y)(2z+y + 2)(y + 22) =0}, 9 triple points, 9 double points;
¢ defined by &(u;) = exp(2i7r§). Then ¢ =6, sp = 1.

dim coker (¢ : H°(P?; Op2(3)) — C?) =1



Quasi-adjunction ideals II

Properties
1. If mp = 2 then Jpe = Op2 p. We can restrict our attention to
Pso:={P P |mp>2}
mp — 1> sp.
Source and target of o¢ are combinatorial invariants.

coker o¢ and ker o¢ are determined each other.

oL W

ker o¢ consists of the equations of the curves of degree £(£) — 3
passing through P € P~o with multiplicity at least sp.

6. dimker o¢ is not a priori a combinatorial invariant.

Example (Hesse arrangement)

UA={zyz(23y323 — 27(23 + y3 + 23)3) =0}, 9 quadruple points, 12
double points; £ defined by £(u;) :== —1. Then £ =6, sp = 1.

dim coker (o¢ : H(P%; Op2(3)) — C?) =1
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Quasi-adjunction polytopes
> K:=[0,1)""", Kp:=Kn{rog+--+r,=4}Le{l,...,n}.

» For P € P-4 consider the sets

o e, <2} if k=0
PR k1S Spey, i <k+2) H1<k<mp—1

> ('1"0,...,7’”) S KP,k <— jP,§ = M’}J
» For each ¢ the sets Kpj, induce a finite partition of Kj; such sets
are called quasi-adjunction polytopes.



Quasi-adjunction polytopes

v

v

K= [0,1)n+1’ K, ::Km{7”0+"'+7'n :é},gg {1,.."”}.
For P € P-o consider the sets

Ky e 4 (2oper, 75 <2} if k=0
’ {k+1<> pep,mi<k+2} fl<k<mp-—1
(Toa"‘vrn) € KP,k <~ jP,g :MI}J

For each / the sets Kp, induce a finite partition of Kj; such sets
are called quasi-adjunction polytopes.

Two characters in the same quasi-adjunction polytope share the
map oe.
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For P € P-o consider the sets
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PR k1S Spey, i <k+2) H1<k<mp—1
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For each / the sets Kp, induce a finite partition of Kj; such sets
are called quasi-adjunction polytopes.

Two characters in the same quasi-adjunction polytope share the
map oe.

The structure of characteristic varieties impose conditions on the
polytopes containing a character £ and its conjugate &, which
may impose conditions on the position of the points in P~s.



Quasi-

v

adjunction polytopes

K= [0,1)n+1’ K, ;:Kﬂ{r0+...+7~n :é},gg {1,.”’n}.
For P € P-o consider the sets

{{ZPGLJ. rj <2} it k=0

Kpy =
PR k1S Spey, i <k+2) H1<k<mp—1

s

(7107 cee vrn) € KP,k — jP,g = MIIC:»

For each / the sets Kp, induce a finite partition of Kj; such sets
are called quasi-adjunction polytopes.

Two characters in the same quasi-adjunction polytope share the
map oe.

The structure of characteristic varieties impose conditions on the
polytopes containing a character £ and its conjugate £, which
may impose conditions on the position of the points in P~s.

CyChC covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
HY(X¢;0x, )¢ = H'(P2; £8) for some line bundle £¢ over a 3
blown-up P2, A
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Coordinate components

» The above arguments compute the irreducible components which
come from (0,1)"*! called non-coordinate components.

» Fix a sub-arrangement A,, := {Lo, L1,..., Ly}, m < n. What
happens in (0,1)™+ x {0}*~™?
» We can see T4, C T 4. How are the the components of
Vi(A)NT A
> Intersections of non-coordinate components of Vi (A) (or
intermediate sub-arrangements) with T4, .
»> Non-coordinate components of Vi (Am).
> Essential coordinate components of Vi (A) (not in Vi(Am)).
» Essential coordinate components come from

ker @ C(D) — HQ(Xg;(C)

DCD¢
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> 7:Y — P? blowing-up of Pss.
> UA=71"YUA) = U?:oi’j UUP6P>2 Ep.
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> Fori#j, LinLj#0 <= LN L; ¢ Psa.
> For P#Q, EpNEg=10.
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7 :Y — P2, blowing-up of Pss.

UAd=7"1UA = U?:o z'j U UP€P>2 Ep.

E% =1, E?:l—aj,aj =#{P €Pss | P € L;}.
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tp = HPeij t; € Hi(M(A);Z) represents a meridian of Ep.

For B € A, let Gp be the image by & of the subgroup generated
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The variety X, and the divisor Dy

Resolution of A.

>
>

>
>
>
>
>
>
>

>

m:Y — P2, blowing-up of Pxs.

UA=7"1UA) = U?:o LjuU Uperp.., Ep-

F% = —1, E?:l—aj,aj =#{P €Psy | P L;}.

Fori#j, LiNL; # 0 <= L;NL; ¢ Pso.

For P # Q, Ep N Eg = 0.

EpNL; #0 <= P e L,.

M(A) =Y \UA

tp:=[Iper,tj € Hi(M(A); Z) represents a meridian of Ep.
For B € A, let Gp be the image by ¢ of the subgroup generated

by &(tp) and &(t¢), for C € A such that C'N B # (.

. #imé& _ _h
"B = JGs — #Gs
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Pt Xg —Y, DE = pgl(UA)

D¢ = szl AJ'- UUgea ﬁgl(B), ﬁf_l means strict transform,
pe(A;j) = {point}.

ﬁf_l(B) has np connected components By, ..., B, , cyclically
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Extension of p¢

>
>

>

pe: Xe =Y, De = p (UA).

D¢ = szl AJ'- UUgea ﬁgl(B), ﬁf_l means strict transform,
pe(A;j) = {point}.

ﬁf_l(B) has np connected components By, ..., B, , cyclically

permuted by &.

D cD) =P i) e P o' (B),
DCDs j=1 BeA
C(pe (B)) := C(By, ..., Buy).

€ acts on @(C(Aj) and on each (C(ﬁgl(B».
j=1

3
z _ 0 ifng<h
di @CA» =0, dimC{p; }(B))¢ = ’
im <j_1 < ]>) m <P§ ( )> {1 if ng = h.

np=h<=£&(tp)=1and £(tc) = 1, YC € A, such that
CNB#0.
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Inner unramified components

Definition

B € A is said unramified if £(tg) = 1; it is inner unramified if it is
unramified and it is also the case for all its neighbors. U C A is the
set of the inner unramified components.

> The intersection form on H?(X¢;Z) induces a non-degenerate
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» The decomposition in eigenspaces for £ is orthogonal.
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Definition

B € A is said unramified if £(tg) = 1; it is inner unramified if it is
unramified and it is also the case for all its neighbors. U C A is the
set of the inner unramified components.

> The intersection form on H?(X¢;Z) induces a non-degenerate
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» Consider the above hermitian form on C(U;), denoted by -¢.
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Inner unramified components

Definition

B € A is said unramified if £(tg) = 1; it is inner unramified if it is
unramified and it is also the case for all its neighbors. U C A is the
set of the inner unramified components.

> The intersection form on H?(X¢;Z) induces a non-degenerate
hermitian form in H?(X¢;C).
» The decomposition in eigenspaces for € is orthogonal.
3

Cue) = | € c(b) B<—>Zexp( Qi )B.

DcC D¢

v

» Consider the above hermitian form on C(U;), denoted by -¢.
» Iy, denotes the dual graph of U.

Proposition
If Ty, is a tree, then -¢ = -.
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Twisted intersection form

[, is not a tree

> Fix Ty, a maximal tree.
» The edges of I'y, correspond to pairs B, such that B-C = 1;
the oriented edge from B to C' is denoted by B?
> If B? ¢ Tu, then it defines a cycle vp,¢ € Hy(I'y,;Z) which is
well-defined mod ker§ (vo,p = 75,1())-
0 iftB-C=0
> B..C={B.C if either B = C or BC C Ty,
§(rm.0)(B-C) it BC ¢ Ty,

» For an order in U consider the matrix A(Ug) of this twisted
hermitian product on U.
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Ls For which characters £, is U
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Ceva-extended arrangement,

For which characters £, is U
formed by the green lines?
§(t1) =2 €C* = () = a7}
= {(ty) =1 = (ta) =7
x=a"!= -1, p 2-fold cover.
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Ceva-extended arrangement,

Ls For which characters £, is U
Ly formed by the green lines?
() =2eC = L(tr) =a!
= €(t3) = = ¢(ta) =27}
x=a"!=—1, p 2-fold cover.

- -1
Ly /7~

/E2 /Ll
Ip -1 1 1
e 1 -1 1
1 1 -1

bo n

L7

L3




Ceva-extended arrangement,

For which characters £, is U
formed by the green lines?
() =z €C = {(tr) =2
= {(ty) =1 = (ta) =7

x=a"!=—1, p 2-fold cover.
-1
-1 —1
-1 1 -1
¢ 1 -1 1
-1 1 -1

=}
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corank A(Ug) = dimker [ @) C(D) — H*(X¢,C)

DCDe

Comments

» The key point in the proof is Hodge Index Theorem, and the fact
that the positive part is included in the eigenspace for 1.

» The matrices A(Ue) are not a priori combinatorial invariants.

» One can proceed conversely. Fix a subset ¢ C A and consider the
characters { for which &/ = U, and look for § such that
corank A(Ug) > 0.

» Look for isolated characters!
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Seeking for essential coordinate components

Theorem

3

corank A(Ug) = dimker [ @) C(D) — H*(X¢,C)

DCDe

Comments

>

>
|

v

The key point in the proof is Hodge Index Theorem, and the fact
that the positive part is included in the eigenspace for 1.

The matrices A(U¢) are not a priori combinatorial invariants.

One can proceed conversely. Fix a subset 4 C A and consider the
characters { for which &/ = U, and look for § such that
corank A(Ug) > 0.

Look for isolated characters!
Not isolated for Ceva arrangement.

Corank 2 for extended Ceva Arrangement (Cohen-Suciu).



Thank you!
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