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Definitions

Definition
A linear hyperplane arrangement A in Kn is a finite collection of
linear hyperplanes of Kn.

Relations between the definitions
(Kn,A)lin → (Kn,A)af +H∞

−→ (Pn(K),A)→ (Kn+1,A)lin.

M(A)
Complement of

⋃
A in either Kn or Pn(K):

Kn+1 \
⋃
A ∼= (Pn(K) \

⋃
A)×K∗ if A 6= ∅.

Combinatorial aspects
Poset of intersections with respect to reverse inclusion.

Topology
K = C in order to deal with codimension 2 objects.
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An affine hyperplane arrangement A in Kn is a finite collection of
affine hyperplanes of Kn.

Relations between the definitions
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M(A)
Complement of

⋃
A in either Kn or Pn(K):

Kn+1 \
⋃
A ∼= (Pn(K) \

⋃
A)×K∗ if A 6= ∅.

Combinatorial aspects
Poset of intersections with respect to reverse inclusion.

Topology
K = C in order to deal with codimension 2 objects.



Definitions

Definition
A projective hyperplane arrangement A in Pn(K) is a finite collection
of projective hyperplanes of Pn(K).

Relations between the definitions
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Topological properties

Cohomological properties
H∗(M(A);Z) is isomorphic to the Orlik-Solomon algebra (of
combinatorial nature).

Fundamental group
π1(M(A)) (fundamental group of the arrangement) is not a
combinatorial invariant (Rybnikov).

Zariski-Lefschetz Theory
πj(M(A) ∩H)→ πj(M(A)), H generic hyperplane, is an
isomorphism for j < n− 1 and epimorphism for j = n− 1.

Line arrangements in P2

The fundamental group of an arrangement is also the fundamental
group of a line arrangement.
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Fundamental Group I

From projective to affine case
A := {L̄0, L̄1, . . . , L̄n} line arrangement in P2. Consider
C2 = P2 \ L̄∞; Lj := L̄j ∩ C2.

I L̄∞ = L̄0, A0 := {L1, . . . , Ln}, M(A) = M(A0).
I L̄∞ t

⋃
A, A∞ := {L0, L1, . . . , Ln}, M(A) 6= M(A∞) but:

I M(A∞) does not depend on the particular choice of L̄∞.
I π1(M(A∞)) is a central extension of π1(M(A)) by Z.

Generic projection

I A := {L1, . . . , Ln} affine arrangement in C2.
I P := {P ∈ C2 | ∃i < j s.t. P ∈ Li ∩ Lj}.
I For P ∈ P, mP := #{L ∈ A | P ∈ L}.
I Choose coordinates x, y such that no line is vertical and if

(x, y1), (x, y2) ∈ P then y1 = y2.
I Later on we may relax these conditions.
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Zariski-van Kampen I
Fibered arrangement

I A = {L1, . . . , Ln}, P = {(x1, y1), . . . , (xr, yr)}.
I Aϕ := A ∪ {Vxi | i = 1, . . . , r}, Vt := {x = t}.
I π| : M(Aϕ)→ C \ B, B := {x1, . . . , xr}, is a locally trivial

fibration, the fiber is homeomorphic to F := C \ {n points}.
Long exact homotopy sequence=⇒ Short exact sequence

1 = π2(C \ B)→ π1(F )→ π1(M(Aϕ))→ π1(C \ B)→ 1.
Definition
X quasi-projective smooth variety, A1, . . . , Ar ⊂ X irreducible

hypersurfaces, Y := X \
r⋃
j=1

Ai, p ∈ Y . Meridian of Ai in π1(Y ; p):
α

X

β

Ai
α · β · α−1
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Geometric basis and suitable polydisks

Definition
A geometric basis of the free group π1(C \ {t1, . . . , tr}; t0) is a basis of
meridians µ1, . . . , µr such that (µr · . . . · µ1)−1 is a meridian of ∞.
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Polydisk
I tx � 0 such that B ⊂ D̊tx .

I |yj | � ty and
⋃
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Aϕ ↪→M(Aϕ) is a homotopy equivalence.

I p := (tx, ty); F = Vtx \
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µ1, . . . , µn and α̃1, . . . , α̃r generate π1(M(Aϕ); p).



Adding components

Lemma
I Y := X \

r⋃
j=1

Aj, Z := X \
r⋃

j=s+1
Aj, 1 ≤ s ≤ r.

I The inclusion Y ↪→ Z induces an epimorphism π1(Y )→ π1(Z).
I Its kernel is generated by the meridians of A1, . . . , As.
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I Surjectivity follows from transversality of mappings S1 → Z with
respect to Aj , 1 ≤ j ≤ s.

I Description of the kernel follows from transversality of mappings
D2 → Z with respect to Aj , 1 ≤ j ≤ s.
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2. µ∞ := (µn · . . . · µ1)−1 is a meridian of L̄∞ in π1(M(A); p).
3. If L̄∞ t

⋃
A then µ∞ is central in π1(M(A); p).
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2. Genericity conditions.
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⋃
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Goal
Determine the conjugation action of α̃j on π1(F ; p) ⊂ π1(M(A); p).



Zariski-van Kampen II

tx

p

Dtx

{tx} × Dty ⊂ Vtx

x1x2x3x4

α ∈ π1(C \ B; tx)

α̃ ∈ π1(M(Aϕ; p)

Dtx × Dty

. . .

. . .

∇(α)
. . .

. . .

p

{tx} × Dty
α̃

α̃× Dty

∇(α) ∈ PBn

p

Braid monodromy
∇ : π1(C \ B; tx)→ PBn ⊂ Bn the pure braid group.

Artin presentation

Bn :=
〈
σ1, . . . , σn−1

∣∣∣∣∣ [σi, σj ] = 1
1<i+1<j<n

, σi · σi+1 · σi = σi+1 · σi · σi+1
1≤i<n−1

〉
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Braid actions on free groups

Ai
µi

σi

µi+1 = µi
σi µi+1µiµ

−1
i+1 = µi+1

σi

Ai
µi+1

π1(F )× Bn → π1(F )
(µ, τ) 7→ µτ .

µ
σj
i :=


µi+1 if i = j

µi+1µiµ
−1
i+1 =: µi+1 ∗ µi if i = j + 1

µi if i 6= j, j + 1.
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Zariski-van Kampen IV

Theorem

1. π1(M(Aϕ); p) = 〈µ1, . . . , µn, α̃1, . . . , α̃r | µ
α̃j
i = µ

∇(αj)
i 〉.

2. π1(M(A); p) = 〈µ1, . . . , µn | µi = µ
∇(αj)
i 〉.

Example

I A affine arrangement of n lines through (0, 0) ∈ C2.
I B = 0, π1(C \ B) = 〈α | −〉, α meridian of 0.
I ∇(α) = ∆2

n, full-twist.
I µ

∆2
n

i = (µn · . . . · µ1) · µi · (µn · . . . · µ1)−1.
I π1(M(A)) = 〈µ1, . . . , µn | [µ1, . . . , µn] = 1〉, where

[µ1, . . . , µn] = 1 is the set of relations:

[µn · . . . · µ1, µi] = 1, 1 ≤ i < n.

I In general, ∀P ∈ P, this is the local behavior.
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Generic arrangements and Arvola’s wiring diagram

Theorem
(P2,A) generic arrangement (all points in P are of multiplicity 2).
Then, π1(M(A)) is abelian.

Arvola’s wiring diagram
I Equivalent to braid monodromy with Puiseux braid

decomposition.

I Choose a simple piecewise C∞ arc Γ in C starting at tx,
containing B and such that no vertex of Γ is in B.

I The wiring diagram is the pair (Γ× C,
⋃
A ∩ (Γ× C)).

I Γ̃ := Γ ∪
⋃
xi∈B Dε(xi): (C2,

⋃
A) ' (Γ̃× C,

⋃
A ∩ (Γ̃× C))

I From Γ̃ we recover r arcs {γj}rj=1 (in Γ) and 2r cercle arcs
{δ±j }rj=1.
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Generic arrangements and Arvola’s wiring diagram

Theorem
(P2,A) generic arrangement (all points in P are of multiplicity 2).
Then, π1(M(A)) is abelian.

Arvola’s wiring diagram
I Choose a simple piecewise C∞ arc Γ in C starting at tx,

containing B and such that no vertex of Γ is in B.
I The wiring diagram is the pair (Γ× C,

⋃
A ∩ (Γ× C)).

I Γ̃ := Γ ∪
⋃
xi∈B Dε(xi): (C2,

⋃
A) ' (Γ̃× C,

⋃
A ∩ (Γ̃× C))

I From Γ̃ we recover r arcs {γj}rj=1 (in Γ) and 2r cercle arcs
{δ±j }rj=1.

I γj 7→ ηj ∈ Bn, δ±j 7→ ∆aj ,bj determine braid monodromy and
generators at each fiber.



Generic braid monodromy

Definition
A := {L̄1, . . . , L̄n} projective arrangement. The braid monodromy of
A is the braid monodromy of A∞: represented by an element
∇(A) ∈ (Bn)r, r := #P∞.

Properties

I π1(M(A)) = π1(M(A∞))/〈µn · . . . · µ1〉.
I ∇(A) determines the homotopy type of M(A∞) (Libgober).
I ∇(A) is well defined up to conjugation by Bn and Hurwitz action

by Br:

(τ1, . . . , τr) 7→ (τ1, . . . , τi−1, τi+1, τi+1 ∗ τi, τi+2, . . . , τr).

I ∇(A) allows to compute invariants via braid representations
(Libgober).
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Universal abelian covering
A = {L̄0, L̄1, . . . , L̄n} line arrangement in P2,
P := {L̄i ∩ L̄j | 0 ≤ i < j ≤ n}. Use A0 in order to
compute π1(M(A)).
I It is difficult to get properties from a presentation of π1(M(A); p)

I H1(M(A);Z) ∼= Zn; use multiplicative notation. A free generator
system is t1, . . . , tn, ti ≡ µi mod π1(M(A))′.

I t0 := (t1 · . . . · tn)−1 is the class of a meridian of L̄0.
I ρ : M̃(A)→M(A), universal abelian covering.
I t1, . . . , tn : M̃(A)→ M̃(A) generators of the deck automorphism

group of ρ.
I H1(M̃(A);C), H1(M̃(A);C) are ΛC-modules,

ΛC :=C[t±1
1 , . . . ,t±1

n ].
I M(A) ' K(A) finite CW -complex, C∗(A) := C(K(A);C) chain

complex, C∗(A) dual cochain complex.
I M̃(A) ' K̃(A), C̃∗(A) := C(K̃(A);C) chain complex, C̃∗(A)

dual cochain complex.
I C̃∗(A), C̃∗(A) free ΛC-modules, dimC C∗(A) = rankΛC C̃∗(A).
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Twisted cohomology
I Graded base B of C∗(A) given by the cells:

C∗(A) : 0→ C0(A) A1→ C1(A) A2→ C2(A)→ 0 Z-coefficients.

I Graded base B̃ of C̃∗(A); each element of B̃ is the lift of an
element of B.

C̃∗(A) : 0→ C̃0(A) Ã1→ C̃1(A) Ã2→ C̃2(A)→ 0 ΛC-coefficients,

(Ãi)tj=1 = Ai.
I T(A):=H1(M(A);C∗)=Hom(H1(M(A);Z),C∗)=Hom(π1(M(A)),C∗),

character torus of A.
I ξ ∈ T(A) induces an evaluation map evξ : ΛC → C which induces

a ΛC-module structure on C denoted by Cξ.
I ξ ∈ T(A) induces a local system of coefficients Cξ, which has

associated a cohomology group H1(M(A);Cξ) which depends
only on π1(M(A)).

I H1(M(A);Cξ) is obtained from the complex C̃∗(A)⊗ΛC Cξ:
evaluate Ã1, Ã2 using evξ.
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evaluate Ã1, Ã2 using evξ.



Characteristic varieties

Definition
Vk(A) := {ξ ∈ T(A) | dimCH

1(M(A);Cξ) ≥ k}.

Theorem (Arapura, Libgober, -Cogolludo-Matei)

I Vk(A) is an algebraic subvariety of T(A).
I The irreducible components of Vk(A) are subtori translated by

torsion elements.
I If Σ ⊂ Vk(A) is an irreducible component of positive dimension

then ∃Φ : M(A)→ X morphism onto an orbifold X and an
irreducible component ΣX of Vk(X) such that Σ = ρ∗(ΣX).

Corollary
It is enough to know H1(M(A);Cξ) for ξ unitary (or torsion).
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Vk(A) depends on the Betti numbers of some quasi-projective smooth
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Quasi-projective and quasi-projective varieties

Settings
Mξ(A) ⊂ Xξ(A) smooth projective completion such that
Dξ(A) := Xξ(A) \Mξ(A) is a normal crossing divisor.

Hodge Theories

I Pure Hodge Theory:
H1(Xξ(A);C) ∼= H1(Xξ(A);OXξ(A))⊕H0(Xξ(A); Ω1

Xξ(A)) and
H1(Xξ(A);OXξ(A)) ∼= H0(Xξ(A); Ω1

Xξ(A)).
I Mixed Hodge Theory: H1(Mξ(A);C) ∼=
H1(Xξ(A);OXξ(A))⊕H0(Xξ(A); Ω1

Xξ(A) log(Dξ(A))).
I Poincaré residue:

0→ Ω1
Xξ(A) → Ω1

Xξ(A) log(Dξ(A))→
⊕

D⊂Dξ(A) i∗OD → 0
implies
0→ H0(Xξ; Ω1

Xξ
)→ H0(Xξ; Ω1

Xξ
log(Dξ))→ H(A)→ 0

0→ H(A)→
⊕

D⊂Dξ
H0(D;OD)→ H1(Xξ; Ω1

Xξ
) ⊂ H2(Xξ;C).
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Quasi-projective and quasi-projective varieties II

dimH1(Xξ;C) = 2 dimH1(Xξ;OXξ)
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dimH1(Mξ;C) =2 dimH1(Xξ;OXξ)+

dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ;C)

 .



Quasi-projective and quasi-projective varieties II

Proposition

dimH1(M(A);Cξ) = dimH1(Xξ;OXξ)ξ + dimH1(Xξ;OXξ)ξ̄+

dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ;C)

ξ



Quasi-projective and quasi-projective varieties II
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dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ;C)

ξ

Definition
ξ is fully ramified if ξ(tj) 6= 1, ∀j ∈ {0, . . . , n}; in general,
Aξ := {Lj | ξ(tj) 6= 1} (ramification locus) and Aξ0 := {Lj | ξ(tj) = 1}
(unramification locus).



Quasi-projective and quasi-projective varieties II

Proposition

dimH1(M(A);Cξ) = dimH1(Xξ;OXξ)ξ + dimH1(Xξ;OXξ)ξ̄+

dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ;C)

ξ

Definition
ξ is fully ramified if ξ(tj) 6= 1, ∀j ∈ {0, . . . , n}; in general,
Aξ := {Lj | ξ(tj) 6= 1} (ramification locus) and Aξ0 := {Lj | ξ(tj) = 1}
(unramification locus).

Theorem (Libgober, 1987)
If ξ is fully ramified then H1(Xξ;C)ξ = H1(Mξ;C)ξ.



Quasi-adjunction ideals

Real representatives

I ξ ↔ (r0, r1, . . . , rn) ∈ [0, 1)n+1 such that ξ(tj) = exp(2iπrj).
I rj ∈ Q and `(ξ) := r0 + · · ·+ rn ∈ Z, the level of ξ.

Quasi-adjunction ideals

I For P ∈ P, define rP :=
∑
P∈Lj rj and sP := max{0, brP c − 1}.

I The ideal of quasiadjunction of P with respect to ξ is

JP,ξ :=MsP
P ,

whereMP is the maximal ideal of the local ring OP2,P .

Theorem (Libgober (2001))
dimH1(Xξ;OXξ)ξ =

dim coker
(
σξ : H0(P2;OP2(`(ξ)− 3))→

⊕
P∈P
OP2,P /JP,ξ

)
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Quasi-adjunction ideals II

Properties
1. If mP = 2 then JP,ξ = OP2,P . We can restrict our attention to
P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.
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P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.

Example
A = {L̄0, . . . , L̄n}, P ∈ L̄i, ξ fully ramfied of level `, sP = `− 1:

dim coker
(
σξ : H0(P2;OP2(`− 3))→ OP2,P /M`−1

P

)
= `− 1.

`(ξ̄) = n+ 1− `.



Quasi-adjunction ideals II

Properties
1. If mP = 2 then JP,ξ = OP2,P . We can restrict our attention to
P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.

Example

t

ts su u

tsu = 1, `(ξ) = 4, sPi = 1,

dim coker
(
σξ : H0(P2;OP2(1))→ C4) = 1.



Quasi-adjunction ideals II

Properties
1. If mP = 2 then JP,ξ = OP2,P . We can restrict our attention to
P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.

Example (9-Ceva)⋃
A = {(x3 − y3)(y3 − z3)(x3 − z3) = 0},

P = {[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]} ∪ {[1 : ζ : ω] | ζ3 = ω3 = 1}, 12
triple points; ξ defined by ξ(µi) := exp(2iπ 2

3 ). Then ` = 6, sP = 1.

dim coker
(
σξ : H0(P2;OP2(3))→ C12) = 2.
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Properties
1. If mP = 2 then JP,ξ = OP2,P . We can restrict our attention to
P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.

Example ( , 1994)⋃
A={xz(4x− y + 2z)=0} ∪ {y(x− y − z)(2x+ y + 2z)=

0} ∪ {(x− y)(2x+ y + z)(y + 2z)=0}, 9 triple points, 9 double points;
ξ defined by ξ(µi) := exp(2iπ 2

3 ). Then ` = 6, sP = 1.

dim coker
(
σξ : H0(P2;OP2(3))→ C9) = 1.



Quasi-adjunction ideals II

Properties
1. If mP = 2 then JP,ξ = OP2,P . We can restrict our attention to
P>2 := {P ∈ P | mP > 2}.

2. mP − 1 > sP .
3. Source and target of σξ are combinatorial invariants.
4. cokerσξ and kerσξ are determined each other.
5. kerσξ consists of the equations of the curves of degree `(ξ)− 3

passing through P ∈ P>2 with multiplicity at least sP .
6. dim kerσξ is not a priori a combinatorial invariant.

Example (Hesse arrangement)⋃
A={xyz(x3y3z3 − 27(x3 + y3 + z3)3) =0}, 9 quadruple points, 12

double points; ξ defined by ξ(µi) := −1. Then ` = 6, sP = 1.

dim coker
(
σξ : H0(P2;OP2(3))→ C9) = 1.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.

I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Quasi-adjunction polytopes
I K := [0, 1)n+1, K` := K ∩ {r0 + · · ·+ rn = `}, ` ∈ {1, . . . , n}.
I For P ∈ P>2 consider the sets

KP,k :=
{
{
∑
P∈Lj rj < 2} if k = 0

{k + 1 ≤
∑
P∈Lj rj < k + 2} if 1 ≤ k < mP − 1

I (r0, . . . , rn) ∈ KP,k ⇐⇒ JP,ξ =Mk
P .

I For each ` the sets KP,k induce a finite partition of K`; such sets
are called quasi-adjunction polytopes.

I Two characters in the same quasi-adjunction polytope share the
map σξ.

I The structure of characteristic varieties impose conditions on the
polytopes containing a character ξ and its conjugate ξ̄, which
may impose conditions on the position of the points in P>2.

Cyclic covers: Esnault-Viehweg, Libgober, Loeser-Vaquié,
H1(Xξ;OXξ)ξ ∼= H1(P̂2;Lξ) for some line bundle Lξ over a
blown-up P̂2.



Coordinate components
I The above arguments compute the irreducible components which

come from (0, 1)n+1, called non-coordinate components.

I Fix a sub-arrangement Am := {L̄0, L̄1, . . . , L̄m}, m < n. What
happens in (0, 1)m+1 × {0}n−m?

I We can see TAm ⊂ TA. How are the the components of
Vk(A) ∩ TAm :

I Intersections of non-coordinate components of Vk(A) (or
intermediate sub-arrangements) with TAm .

I Non-coordinate components of Vk(Am).
I Essential coordinate components of Vk(A) (not in Vk(Am)).
I Essential coordinate components come from

ker

⊕
D⊂Dξ

C〈D〉 → H2(Xξ;C)

 .
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The variety Xξ and the divisor Dξ

Resolution of A.

I π : Y → P2, blowing-up of P>2.
I
⋃
Ã = π−1(

⋃
A) =

⋃n
j=0 L̃j ∪

⋃
P∈P>2

EP .
I E2

P = −1, L̃2
j = 1− aj , aj := #{P ∈ P>2 | P ∈ L̄j}.

I For i 6= j, L̃i ∩ L̃j 6= ∅ ⇐⇒ L̄i ∩ L̄j /∈ P>2.
I For P 6= Q, EP ∩ EQ = ∅.
I EP ∩ L̃i 6= ∅ ⇐⇒ P ∈ L̄i.
I M(A) = Y \

⋃
Ã

I tP :=
∏
P∈L̄j tj ∈ H1(M(A);Z) represents a meridian of EP .

I For B ∈ Ã, let GB be the image by ξ of the subgroup generated
by ξ(tB) and ξ(tC), for C ∈ Ã such that C ∩B 6= ∅.

I nB := # im ξ
#GB = h

#GB
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Ã

I tP :=
∏
P∈L̄j tj ∈ H1(M(A);Z) represents a meridian of EP .
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I nB := # im ξ
#GB = h

#GB



The variety Xξ and the divisor Dξ

Resolution of A.
I π : Y → P2, blowing-up of P>2.
I
⋃
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Extension of ρξ
I ρξ : Xξ → Y , Dξ = ρ−1

ξ (
⋃
Ã).

I Dξ =
⋃s
j=1Aj ∪

⋃
B∈Ã ρ̂

−1
ξ (B), ρ̂−1
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C〈ρ̂−1
ξ (B)〉,

C〈ρ̂−1
ξ (B)〉 := C〈B1, . . . , BnB 〉.

I ξ̃ acts on
s⊕
j=1

C〈Aj〉 and on each C〈ρ̂−1
ξ (B)〉.

I dim

 s⊕
j=1

C〈Aj〉

ξ

= 0, dimC〈ρ̂−1
ξ (B)〉ξ =

{
0 if nB < h,

1 if nB = h.

I nB = h⇐⇒ ξ(tB) = 1 and ξ(tC) = 1, ∀C ∈ Ã, such that
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Inner unramified components

Definition
B ∈ Ã is said unramified if ξ(tB) = 1; it is inner unramified if it is
unramified and it is also the case for all its neighbors. Uξ ⊂ Ã is the
set of the inner unramified components.

I The intersection form on H2(Xξ;Z) induces a non-degenerate
hermitian form in H2(Xξ;C).

I The decomposition in eigenspaces for ξ̃ is orthogonal.

I C〈Uξ〉 ≡

 ⊕
D⊂Dξ

C〈D〉

ξ

, B ↔ 1√
h

h∑
j=1

exp
(
−2iπ j

h

)
Bj .

I Consider the above hermitian form on C〈Uξ〉, denoted by ·ξ.
I ΓUξ denotes the dual graph of Uξ.

Proposition
If ΓUξ is a tree, then ·ξ = ·.
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Ceva arrangement

L̄1
L̄2

L̄3

L̄4

For which characters ξ, is Uξ
formed by the green lines?

ξ(t1) = x ∈ C∗ =⇒ ξ(t2) = x−1

=⇒ ξ(t3) = x =⇒ ξ(t4) = x−1

−1 −1

·ξ :
(
−1 1
1 −1

)
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Twisted intersection form

ΓUξ is not a tree

I Fix TUξ a maximal tree.
I The edges of ΓUξ correspond to pairs B,C such that B · C = 1;

the oriented edge from B to C is denoted by −−→BC.
I If −−→BC * TUξ then it defines a cycle γB,C ∈ H1(ΓUξ ;Z) which is

well-defined mod ker ξ (γC,B = γ−1
B,C).

I B ·ξ C =


0 if B · C = 0
B · C if either B = C or −−→BC ⊂ TUξ
ξ(γB,C)(B · C) if −−→BC * TUξ

I For an order in Uξ consider the matrix A(Uξ) of this twisted
hermitian product on Uξ.
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L̄3
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5
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↓ ρ
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ξ(t1) = x ∈ C∗ =⇒ ξ(t2) = x−1
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x = x−1 = −1, ρ 2-fold cover.
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Seeking for essential coordinate components

Theorem

corankA(Uξ) = dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ,C)

ξ

.

Comments

I The key point in the proof is Hodge Index Theorem, and the fact
that the positive part is included in the eigenspace for 1.

I The matrices A(Uξ) are not a priori combinatorial invariants.
I One can proceed conversely. Fix a subset U ⊂ Ã and consider the

characters ξ for which U = Uξ and look for ξ such that
corankA(Uξ) > 0.

I Look for isolated characters!
I Not isolated for Ceva arrangement.
I Corank 2 for extended Ceva Arrangement (Cohen-Suciu).
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characters ξ for which U = Uξ and look for ξ such that
corankA(Uξ) > 0.

I Look for isolated characters!
I Not isolated for Ceva arrangement.
I Corank 2 for extended Ceva Arrangement (Cohen-Suciu).



Seeking for essential coordinate components

Theorem

corankA(Uξ) = dim ker

 ⊕
D⊂Dξ

C〈D〉 → H2(Xξ,C)

ξ

.

Comments
I The key point in the proof is Hodge Index Theorem, and the fact

that the positive part is included in the eigenspace for 1.
I The matrices A(Uξ) are not a priori combinatorial invariants.
I One can proceed conversely. Fix a subset U ⊂ Ã and consider the
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Thank you!
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