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Theorem 1 ([5]). 344, 9% line arrangements in P? := CP?; same
combinatorics but

m(P2\ | ) 2 m(P*\ | #).
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Theorem 1 ([5]). 344, 9% line arrangements in P? := CP?; same
combinatorics but

m(P2\ | ) 2 m(P*\ | #).

In particular P>\'\ J o1 and.P*\ | J @ are not homeomorphic and do
not have the same topology.

O®First ®Prev @ONext ®Last ®Go Back ®OFull Screen ®Close @ Quit



Theorem 1 ([5]). 344, 9% line arrangements in P? := CP?; same
combinatorics but

m(P2\ | ) 2 m(P*\ | #).
In particular P*\ | J «71 and P?\ | J &/, are not homeomorphic and do
not have the same topology.
Combinatorics ¢ «= (£, L), £ finite and &£ C £(ZL) s. t.
o Vi, lo €L 1 F1, dp € LPsuch that 1,1 € p.
o #p > 2 Vpe .

&/ line arrangement = % (&) associated combinatorics.

O®First ®Prev @ONext ®Last ®Go Back ®OFull Screen ®Close @ Quit



Theorem 1 ([5]). 344, 9% line arrangements in P? := CP?; same
combinatorics but

m(P2\ | ) 2 m(P*\ | #).

In particular P*\ | J «71 and P?\ | J &/, are not homeomorphic and do
not have the same topology.

Combinatorics ¢ «= (£, L), £ finite and &£ C £(ZL) s. t.
o Vi, lo €L 1 F1, dp € LPsuch that 1,1 € p.

o #p > 2 Vpe .

&/ line arrangement = % (&) associated combinatorics.

Topology. Homeomorphism type of (P?, o).
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Theorem 1 ([5]). 344, 9% line arrangements in P? := CP?; same
combinatorics but

m(P2\ | ) 2 m(P*\ | #).

In particular P*\ | J «71 and P?\ | J &/, are not homeomorphic and do
not have the same topology.

Combinatorics ¢ «= (£, L), £ finite and &£ C £(ZL) s. t.
o Vi, lo €L 1 F1, dp € LPsuch that 1,1 € p.

o #p > 2 Vpe .

&/ line arrangement = % (&) associated combinatorics.

Topology. Oriented homeomorphism type of (P?, .«7).
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Theorem 2 ([2]). 3 two line arrangements <,, o/ in RIP? such that
€ (o)) = € (o) and their complexifications o/ .= of; Qr C, i = 1,2,
have non-homeomorphic embeddings in P?.
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Theorem 2 ([2]). 3 a line arrangement <7 in Q(\/5)P? such that the
complexifications </, o7.F induced by the two inclusions Q(1/5) — C
have non-homeomorphic embeddings in P>.
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Theorem 2 ([2]). 3 a line arrangement <7 in Q(\/5)P? such that the
complexifications </, o7.F induced by the two inclusions Q(1/5) — C
have non-homeomorphic embeddings in P>.

Open questions| Let M (&%) := P2\ | «Z°.

Are M(aZ-) and M(</-) homeomorphic?

Are m (M (L ))-and m (M («77)) isomorphic groups?
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Theorem 2 ([2]). 3 a line arrangement <7 in Q(\/5)P? such that the
complexifications </, o7.F induced by the two inclusions Q(1/5) — C
have non-homeomorphic embeddings in P>.

Open questions| Let M (&%) := P2\ | «Z°.
Are M(aZ-) and M(</-) homeomorphic?
Are m (M (L ))-and m (M («77)) isomorphic groups?

Their profinite completions are isomorphic.
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QOrdered Line combinatorics. ¥ is ordered.
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

Realizations of @7 S(€) ¢ KP"5 "

such that ¢ (&) = %.

, n = #.Z£, arrangements of
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

n(n+3)
P

Realizations of € >x (%) ¢ KP
such that ¢ (&) = %.
»ord(€) C(KP2)™ ordered-version.

, n = #.Z£, arrangements of
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

n(n+3)
P

Realizations of € >x (%) ¢ KP
such that ¢ (&) = %.

»ord(€) C(KP2)™ ordered-version.
2(E) /[ Aut € = Tk (€)

, n = #.Z£, arrangements of
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

Realizations of @7 S(€) ¢ KP"5 "

such that ¢ (&) = %.
»ord(€) C(KP2)™ ordered-version.
2(E) /[ Aut € = Tk (€)

, n = #.Z£, arrangements of

Moduli space of ¢
MK (B =2k (F) PGL(3; K.
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

n(n+3)
P

Realizations of € >x (%) ¢ KP
such that ¢ (&) = %.

»ord(€) C(KP2)™ ordered-version.
2(E) /[ Aut € = Tk (€)

, n = #.Z£, arrangements of

Moduli space of €
MG, =XM% PGL(3; K)- //lﬂgrd(%)/Aut% = Wk (F)
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QOrdered Line combinatorics. ¥ is ordered.

Automorphism group Aut € Subgroup of permutations of ¥ pre-
serving £2.

n(n+3)
P

Realizations of € >x (%) ¢ KP
such that ¢ (&) = %.

»ord(€) C(KP2)™ ordered-version.
2(E) /[ Aut € = Tk (€)

, n = #.Z£, arrangements of

Moduli space of €
MG, =XM% PGL(3; K)- //lﬂgrd(%)/Aut% = Wk (F)

Proposition 1 ([4]). Let K= C and- 6 () = € (oh) = €, o, o in
the same connected component-of 3(¢). Then, o, and «/> have
the same oriented topology.
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Rybnikov’'s example is based on McLane combinatorics. By duality,
one can produce combinatorics by point arrangements.

Definition 1. v McLane combinatorics “u := F3\ {0} C F3P=.
Properties 1. 1. Aut 6. = GL(2;F3).
20 HAME(Emr) =2,
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Rybnikov’'s example is based on McLane combinatorics. By duality,
one can produce combinatorics by point arrangements.

Definition 1. v McLane combinatorics “u := F3\ {0} C F3P=.
Properties 1. 1. Aut 6. = GL(2;F3).
20 HAME(Cmr) = 2 FMe(Erie) = 1,
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Rybnikov’'s example is based on McLane combinatorics. By duality,
one can produce combinatorics by point arrangements.

Definition 1. v McLane combinatorics “u := F3\ {0} C F3P=.
Properties 1. 1. Aut 6. = GL(2;F3).
20 H NN (Cme) = 2 HMe(Evi) = 1, #A(Cm) = 0.
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Rybnikov’'s example is based on McLane combinatorics. By duality,
one can produce combinatorics by point arrangements.

Definition 1. v McLane combinatorics “u := F3\ {0} C F3P=.
Properties 1. 1. Aut 6. = GL(2;F3).
2. FMEN(Cmr) = 2, F M Cni) = 1, #Mr(Cmi) = 0.

ConsiderPA(Ei )y =T ]| Loo:

P (é), i . 2 (? 2) € GL(2;Fy), A> =I5, ¢ € Fy \ Fa.

% given by:
A T T s e < <4}
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Figure 1: ¥
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Figure 1: ¥

Properties 2.
1. Aut € «—{(1,;2,374,5), (2,435,3) ). C>5.
7 #//l(gfd(%) =4 By
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Figure 1: ¥

Properties 2.
1. Aut € «—{(1,;2,374,5), (2,435,3) ). C>5.
2 HMGUE) = 2 M (B =1,
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Figure 1: ¥

Properties 2.
1. Aut € «—{(1,;2,374,5), (2,435,3) ). C>5.

Pthodl €' (HE)- = D20l (T 24, #//z&f%)(%) =2, #.Me(¥) = 0.

O®First ®Prev @ONext ®Last @®Go Back OFull Screen ®Close ®Quit



< line arrangement in P?. H := H;(P?\ |J «/) depends on ¥ ().

Theorem 3 ([5, 3]). & representing elements .# 2 (¢m.). There
exists no isomorphism G, — G_ inducing the identity on the ho-
mology H, G+ i= 7p(P*(C) \ o).
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< line arrangement in P?. H := H;(P?\ |J «/) depends on ¥ ().

Theorem 3 ([5, 3]). & representing elements .# 2 (¢m.). There
exists no isomorphism G, — G_ inducing the identity on the ho-
mology H, G+ i= 7p(P*(C) \ o).

A= Z aug s N — 7, -m = keraug, A; := A/m’.
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< line arrangement in P?. H := H;(P?\ |J «/) depends on ¥ ().

Theorem 3 ([5, 3]). & representing elements .# 2 (¢m.). There
exists no isomorphism G, — G_ inducing the identity on the ho-
mology H, G+ i= 7p(P*(C) \ o).

A= Z aug s N — 7, -m = keraug, A; := A/m’.

My = G'-/G% Alexander invariant A-module, M/ := My @ A;.
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< line arrangement in P?. H := H;(P?\ |J «/) depends on ¥ ().

Theorem 3 ([5, 3]). & representing elements .# 2 (¢m.). There
exists no isomorphism G, — G_ inducing the identity on the ho-
mology H, G+ i= 7p(P*(C) \ o).

A= Z aug s N — 7, -m = keraug, A; := A/m’.
My = G'-/G% Alexander invariant A-module, M/ := My @ A;.

There is no As-isomorphism M_% — M? induced by an isomorphism
Gy — G_. Filtration linearizes the problem.
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number
arguments or reduced to the oriented case because of real equa-
tions.
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number

arguments or reduced to the oriented case because of real equa-
tions.
T he key point is:

Proposition 2 (From [1]). &, := &/"[[ &/, i = 1,2, ordered,
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number

arguments or reduced to the oriented case because of real equa-
tions.
T he key point is:

Proposition 2 (From [1]). &, .= &/"[[ &/, i = 1,2, ordered,
M= PRI
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number

arguments or reduced to the oriented case because of real equa-
tions.
T he key point is:

Proposition 2 (From [1]). & .= &/"[[ &/, i = 1,2, ordered,
N’ = Pog | Jalh, o> = alllines i |J <« in the pencil of P,
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number
arguments or reduced to the oriented case because of real equa-
tions.

T he key point is:

Proposition 2 (From [1]). & .= &/"[[ &/, i = 1,2, ordered,
N’ = Pog | Jalh, o> = alllines i |J <« in the pencil of P,
Suppose 3h: (P?, ) o) — (P2, ) o) homeomorphism of pairs pre-
serving line order and plane-line orientations.
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number
arguments or reduced to the oriented case because of real equa-
tions.

T he key point is:

Proposition 2 (From [1]). & .= &/"[[ &/, i = 1,2, ordered,
N’ = Pog | Jalh, o> = alllines i |J <« in the pencil of P,
Suppose 3h: (P?, ) o) — (P2, ) o) homeomorphism of pairs pre-
serving line order and plane-line orientations.

SeljiLa BiE [Sanile _ordered Wn€l=E; -point-at infinity of vertical
lines.
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Theorem 4 ([2]). «. representing elements .Z2"(¥); there is no
line-order-preserving homeomorphism (P?, o7, ) — (P?, </ ).

Non-oriented homeomorphisms excluded by intersection number
arguments or reduced to the oriented case because of real equa-
tions.

T he key point is:

Proposition 2 (From [1]). & .= &/"[[ &/, i = 1,2, ordered,
N’ = Pog | Jalh, o> = alllines i |J <« in the pencil of P,
Suppose 3h: (P?, ) o) — (P2, ) o) homeomorphism of pairs pre-
serving line order and plane-line orientations.

SeljiLa BiE [Sanile _ordered Wn€l=E; -point-at infinity of vertical
lines.

Then monodromy groups and pseudo-Coxeter elements of affine
/' and o/f are conjugate by the same element in P,,, m = #a/" =
H#H o]
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" Sad W 517 s Myt M N

Figure 2: M: line at infinity

SBRA 3OS Mok o =0, NV xr e 2, Liiy=x Liyy==,

W ="y k)2, Ms: 2=+ 2)z, Lo:y=r~y(z=2),
el Sty Pnmsl ey Oy — v 4+ — 1 =0.
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M} M // N Mo —~ |
Ly =
/ Ly B+ =] L,
L \ =
/ 1
L+ \
7| 5
L} === \
Ez ==
5 L2
"7 +
M, M Ml M N
(@) @ (b) €

Figure 2: M: line at infinity

SRA 3OS Mk o =0, N M. xr e 2, Liiy=x Ly y==,

W ="y k)2, Ms: 2=+ 2)z, Lo:y=r~y(z=2),
el Sty Pnmsl ey Oy — v 4+ — 1 =0.

We compute braid monodromies and using a finite representation
of P5s we deduce that monodromy groups and pseudo-Coxeter ele-
ments are not simultaneously conjugate in Ps.
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5.  Same combinatorics and different topology

M| // My |y
4 L3 s
Ly e 4
+
I 1 L1_
L-‘r \
) 5
I - <
o
M 3 Myl M B
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5.  Same combinatorics and different topology

M| // My |y
i % Ly
3 1 L2
I i
L-‘r \
4 b
I i - <
N e =
/ A"
M MF M M £ N
25 5 2! 153

oL — L N YU S Lk Yy LM and- Ly (- M

Ni:fyia:—l—('yi—l—l)y—l—z:().
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5.  Same combinatorics and different topology

my| g // My |y
i % Ly
3 1 L2
I 1 L1_
L-‘r \
~ 5
I i - <
N Te =
/ A"
M+ M M M - N
S 5 2 153

e — L N E QNS fLk Ty L2 M and- Ly - M

Ni:fyia:—I—('yi—l—l)y—l—z:O.

€ = C(H#E), AutE trivial = Theorem 2.
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“ryb COMbines two copies of €umL having a triple point {Lo, L1, L2}
in ZmL in common: # ZLryp = 13.

The subgroup of Autéwu. fixing {Lg, L1, L2} is isomorphic to X3
(transpositions exchange o7,).

Construct Z,, line arrangements s.t. € (Z.,) = %ryp, taking an
arrangement <7, and a modified o, a,b € +.
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Eryp COMbines two copies of $wuL having a triple point {Lo, L1, L2}
in £uL in common: # Zryp = 13.

The subgroup of Autéwu. fixing {Lg, L1, L2} is isomorphic to X3
(transpositions exchange o7,).

Construct Z,, line arrangements s.t. € (Z.,) = %ryp, taking an
arrangement <7, and a modified o, a,b € +.

3 [TEOrEs S dnplics Bras 9,  and %1 — do not have the—same
topology.
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Eryp COMbines two copies of $wuL having a triple point {Lo, L1, L2}
in £uL in common: # Zryp = 13.

The subgroup of Autéwu. fixing {Lg, L1, L2} is isomorphic to X3
(transpositions exchange o7,).

Construct Z,, line arrangements s.t. € (Z.,) = %ryp, taking an
arrangement <7, and a modified o, a,b € +.

3 [TEOrEs S dnplics Bras 9,  and %1 — do not have the—same
topology.

Theorem 5 ([5, 3]). Define Gy := m1(P*\ U Z.,). There exists no
isomorphism ¢ : Gy — G_ | inducing the identity on the homology.
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If so, ¢ : M7 — M? _ (As)ryp-isomorphism. Annihilating the action
of the last five lines, (A2)ryp = (A2)MmL.

Define J\A4§ — M§7+ ® (A2)mL, a = £, S, generated by commutators

of the meridians of the first 4mL, excepted the corresponding to
the first line.

Mi—>M2
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¢ combinatorics, &/ line arrangement such that €(&) = €,

H= @EE"% Zmé, ]\4].1 — H4 H,
<Z€e$ 33g> R

R generated by Zjepazi/\xj, B T R
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¢ combinatorics, &/ line arrangement such that €(&) = €,

H-= @gegZQM, M;:H/\H,
<Z€e$ x€> R

R generated by >“s-pzi Nzj, 1 € P, P € 2.

Aut'(H) == {pp.&Aut H | p A € Aut(M])}.

Note that Aut & x{+1x} C Auti(H). Let ¢ € Aut’(H), n:= #%Z,
A = (ai ) € M{n;Z) well-defined up to 1, :="1,...,1) € Z™.
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¢ combinatorics, &/ line arrangement such that €(&) = €,

<Z€e$ 33g> - R

R generated by >“s-pzi Nzj, 1 € P, P € 2.

=

Aut'(H) == {pp.&Aut H | p A € Aut(M])}.
Note that Aut & x{+1x} C Auti(H). Let ¢ € Aut’(H), n:= #%Z,
A = (ai ) € M{n;Z) well-defined up to 1, :="1,...,1) € Z™.
For simplicity, suppose £ has at most triple points.
Admissibility conditions

g, Sy 1 r-fa, Yo, —+F a1

e L) (P als—patg) =gl -1 1-=10
R B k k

o, TR afs erigrrea” a1

{KU,KU} e A, {gi,fj,gk}, {EU,KU,KUJ} e — 1, v, .
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Given P ¢ X5, A}@ € M(3 x n,Z), involving P-rows. Let X; :=
ZF /1 and vi(P), ..., v, (P) € 33, column vectors (mod 13).

Lemma 1.
(1) vi(P)...,va(P) span Xy and > _,v;(P) =0 € 3.
(2).Given Q € 2, b, e Qyvu(P) and ), ovi(P) are l.d.

(3) 3Q € £3 such that {vi(P) | ¢; € Q} spans a rank-two sublattice
X5 (? Z&EQ ’UZ(P) = O)
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Given P ¢ X5, Aﬁ € M(3 x n,Z), involving P-rows. Let X; :=
ZF /1 and vi(P), ..., v, (P) € 33, column vectors (mod 13).

Lemma 1.
(1) vi(P)...,va(P) Span Xy and > _,v;(P) =0 € 3.
(2)-Given Q@ € £, b,e Q, vu(P) and ), ovi(P) are I.d.
(3) 3Q € P3-such that {v;(P) | ¢; € Q} spans a rank-two sublattice
of X (= >, covi(P) =0).
Lemma 1 is also true if we forget null v;’'s.
Admy(P) ={k'€ % | vi(P) # 0}.
Definition 2. A line combinatorics & is called 3-admissible if it is
possible to assign ¢; — v; € Z*\ {0} s.t.:

17, A& Pl stichvth dt granilelvi A Vo e’y = 2.
2. ¥P€ 2 N0, & Parank (us ZEJEP v = 1.

IMA Y+ (G 1N
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Examples 1.

1. Admy(P) by Lemma 1.

2. Triple points.

3. Ceva’s line combinatorics is 3-admissible.

4. 6mL 1S not 3-admissible.
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Examples 1.

1. Admy(P) by Lemma 1.

2. Triple points.

3. Ceva’s line combinatorics is 3-admissible.
4. GmL is not 3-admissible.

Definition 3. A combinatorics ¢ is pointwise 3-admissible if the
only 3-admissible subcombinatorics of ¥ are triple points.

Proposition 3. If ¢ is a pointwise 3-admissible combinatorics then
any ) € Aut'(Hg) induces a permutation 3 of &3, P — Admy(P).
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Examples 1.

1. Admy(P) by Lemma 1.

2. Triple points.

3. Ceva’s line combinatorics is 3-admissible.
4. GmL is not 3-admissible.

Definition 3. A combinatorics ¢ is pointwise 3-admissible if the
only 3-admissible subcombinatorics of ¥ are triple points.

Proposition 3. If ¢ is a pointwise 3-admissible combinatorics then
any ) € Aut'(Hg) induces a permutation 3 of &3, P — Admy(P).

Question 1. Does )3 come from an element of Aut €7

Definition 4. Three triple points P, (), R of a line combinatorics are
said to be ina triangle if PNQ ={¢1}, PNR ={l} and QNR = {¢3}
are pairwise different.
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Proposition 4. V¢ ¢ Aut'(H), if € is pointwise 3-admissible, then
1 preserves triangles.

If there are many triangles, the answer to Question 1 is YES.
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Proposition 4. V¢ ¢ Aut'(H), if € is pointwise 3-admissible, then
1 preserves triangles.

If there are many triangles, the answer to Question 1 is YES.

Proposition 5. €\ and €ryp are pointwise 3-admissible.
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Proposition 4. V¢ ¢ Aut'(H), if € is pointwise 3-admissible, then
1 preserves triangles.

If there are many triangles, the answer to Question 1 is YES.
Proposition 5. €\ and €ryp are pointwise 3-admissible.

Proposition 6. Let ¢ € Aut'(Heyg,), then ¢y : &3 — P5 is induced
by an automorphism of Cryp.
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Proposition 4. V¢ ¢ Aut'(H), if € is pointwise 3-admissible, then
1 preserves triangles.

If there are many triangles, the answer to Question 1 is YES.
Proposition 5. €\ and €ryp are pointwise 3-admissible.

Proposition 6. Let ¢ € Aut'(Heyg,), then ¢y : &3 — P5 is induced
by an automorphism of Cryp.

Proposition 7. Autl(H%Ryb) = Awt chyb X {ileRyb}'
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Proposition 4. V¢ ¢ Aut'(H), if € is pointwise 3-admissible, then
1 preserves triangles.

If there are many triangles, the answer to Question 1 is YES.
Proposition 5. €\ and €ryp are pointwise 3-admissible.

Proposition 6. Let ¢ € Aut'(Heyg,), then ¢y : &3 — P5 is induced
by an automorphism of Cryp.

Proposition 7. Autl(H%Ryb) = Awt chyb X {ilH(fRyb}'

Theorem 6. The fundamental groups of the two complex realiza-
tions of Rybnikov's combinatorics are not isomorphic.
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