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Topological zeta functions

» f(z1,...,xq) € C{x1,..., 24}, f(0) =0, X =V (f), w monomial
holomorphic d-form of C¢.
» 7: W - C? embedded resolution of fw, 7~ (X U (w)) = J Ei,
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holomorphic d-form of C¢.
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Topological zeta function of Denef-Loeser:

top(fvw 5)0 = Z E])H

JePo ieJ VZ+N S

v

'Po)g = {J € Po | ¢ divides NiVi € J}
Twisted topological zeta function:

v

Zt(f%(f,w,S)o =y X EJ)Hm

JePo,¢ ieJ Vi



Monodromy and holomorphy conjectures

Notation
> Pol’(g,w) = {po € Z | —po is a pole of Z,,,(g,5)}, po € Pol* (g,w)
is of the form 11(71
P01+(e)(g,w) :=={po € Z | —pg is a pole of Zt(fp))(g,s)}.
&, eigenvalues # 1 of the monodromy ¥, (g) z. for = € g71(0).
o= {ord ¢ | C € &,).

» AeN, A is the union of the divisors of elements in A.
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Monodromy and holomorphy conjectures

Notation
> Pol’(g,w) = {po € Z | —po is a pole of Z,,,(g,5)}, po € Pol* (g,w)
is of the form 11(71
> P01+(e)(g,w) :=={po € Z | —pg is a pole of Zt(fp))(g,s)}.
» &, eigenvalues # 1 of the monodromy V¥, (g) 7. for = € g~*(0).
> £ = {ord ([ C e &)

» AeN, A is the union of the divisors of elements in A.

Monodromy conjecture
If pg € Pol™(g), then exp(—2mipy) € &,.

Holomorphy conjecture, Denef-Loeser
I £ ¢ €0 then 7"

top (9, 8)o is holomorphic (actually vanishes).

Question
Is there an isolated singularity (¢~1(0),0) c (C%*!,0), with 3
multiplicity > 2, such that if £ € £, then ¢ = 2 mod 47 -
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Some history

» The conjectures were first stated for the Igusa zeta function.
» Loeser proved the the strong monodromy conjecture for curves.

> Veys reproved the monodromy conjectures for curves: bijection
poles and branching components.

» Monodromy conjecture has been proved for homogeneous
(Rodrigues-Veys and ACNLM), SIS (ACNLM), quasi-ordinary
(ACNLM), strong for semi-quasihomogeneous (Blanco-Budur-van
der Beer), Newton non-degenerate surfaces (Lemahieu-van
Proyen), most Newton non-degenerate hypersurfaces
(Esterov-Lemahieu-Takeuchi).

» Holomorphy conjecture for curves (Veys), most homogeneous
singularities (Rodrigues-Veys), Newton non-degenerate surfaces
(Castryck-Ibadula-Lemahieu).



Lé-Yomdin singularities and suspension

Lé-Yomdin singularities
V= F10), F(x)=Fn(X)+Fmee(x)+..., Sing Ve(Fn)nVe(Frsr) = .
In particular, C,, := Vp(F,;,) has isolated singularities.
From (d - 1)-global to d-local.
Blow-up

7: CH - €1 chart (z1,...,xq,2) > (212,...,242,2)

ToF = 2"(Fp(x1,...,2q,1) + 2" (Fe (21, ... 20, 1) +...))

Ezm(f(u17"'aud) +Zk)

P
P ’ PINC,, 2™, 2% dx A dz

Py Chy N Sing Gy, t 2™, 2% du ndz
Py

P;:2™(2% - f,(u)),z%dundz

Py v
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Lé-Yomdin singularities and suspension

Lé-Yomdin singularities

V= F710), F(x)=Fpn(X)+Fpp(x)+. .., Sing Ve(F, ) nVe(Frusr) =2.

In particular, C,, := Vp(F,,) has isolated singularities.

From (d - 1)-global to d-local.

Suspensions

f(z1,...,xq) eC{xy,..., 24}, F=2F+g(ay,...,2q) e C{x1,... 24,2}

From (d - 1)-local to d-local.

Goal

Produce formulas for the zeta functions of suspensions and
Lé-Yomdin singularities in terms of 1-less-dimensional zeta functions.



Zeta functions for suspensions

> g:zk—f,1:k1<k2<~-~<k,«:k,divisorsofk,t:s+%

%Zt (F,S)

op

752 (F g)

top

z5(Fs)

top
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»g=zF—f 1=k <ky<---<k,=k, divisors of k, t = s+ L

k
1
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j=1 :
1
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Zeta functions for suspensions

»g=zF—f 1=k <ky<---<k,=k, divisors of k, t = s+ L

k
1
3 Ja(ky) =k A=kl —|1|(J(k) ... Jo(k))
=1 :
1
%Ztop(Fﬂg) % %Ztop(f’t)
Z(Fs) = 1 |+ Al 282
Z0(F,s) 1 243 (f:1)

» Utk 0= % m(k, £, q) = {1 gcd(k, £9), a > 1:

Jo(e cm(e,m
(f,t)o _Z 2( )Z(l (e, (k,é,k)))(f’t)o.

4 4
Zt(ol)a(Fﬂg)O = Z( : A top
elk

top



Untwisted topological zeta function for k-LYS and SIS

d+1+(m+k)s d+1+ms
= r—-—S8S=—""/"

A , = A , =0 not a pole

x(P4NCr)  x(C~SingCyy)

Ztop(F78)0: k‘(r—s) + k;(r_s)(5+1)
1 1 s(re1)(s—-r+1) )
+/€ quingcm(T " r(5+1)(T_5) top(fq; )0

Z J2(€)Ztop(fq7 T)O)

s+1 1+elk

(7™ — 1)X(B*Cm)
-1

H A((]k)(TmAk)

qeSing Cyy,

A(r) =

A((Zk) characteristic polynomial of \I/’,;( f) e of (Cyq).



Untwisted topological zeta function for k-LYS and SIS
t=d+1+(m+1)s

PN\ C) . X(C~SingCrn)
t-s (t-s)(s+1)
s(t+1)(s—-t+1)

1
qeSing Cy (t " t(s+1)(t-s) top(fq t)o)

(r™ - 1)X(]P‘2\Cm)

(F,s)o = X(

top

+

A(r) = T a6

qeSing Cy,

T-1



Untwisted topological zeta function for k-LYS and SIS

1 1
p01+(F)C{1’n+ }U U {M
m qeSing Cp, m+k

Po € P01+(fq)}

Sign of x(P?\ C,,)

\

E(m + k) —ord —ord —~ €(m + k) —ord
|[Ce& } c&p c{m}u { le&
geSing Cm{ ng(fa k) fa r { } quig Co, ng(£7 k) | fa




Untwisted topological zeta function for k-LYS and SIS

Pol*(F)c{l,nle}u U {p0+n+1
m qeSing C,p, m+1

pPo € P01+(fq)}

Sign of (P2 \ C),)

—ord

U {e(m+1)|eezj§d}cz‘;fdc{m}u U {em+1)|eegl’}
qeSing C'y, qeSing C,




Twisted topological zeta functions for k-LYS and SIS
k-LYS: 1+ 4| ged(m + k,m)

7 X(P"~C)
top(F ) - k(’)” S)
L=(r+1)Zp,(f45m)o to (fqv 7)o
:&&gg:C ( kr ] i klzr s)
_ Z J2]§;6) Zt((fp))(fq’r)o)'
1#elk



Twisted topological zeta functions for k-LYS and SIS
E-LYS: ¢lm+k, L+ m

L e

qeSing Cyp, kr
Ja(€) (e
B Z k Zt(o;))(fqu)o .
1#elk

SIS:€|m+1

1- (t + 1)Zt0p(fqat)0

L
Zt(o;(Fvs)O = Z ;

qeSing C',




Twisted topological zeta functions for k-LYS and SIS

E-LYS: 4 m+k, £]m

0= m, m(k,l,m+k) =0y ged(k, £9), a>1

Pr\C
A

k(r—s)
€3]
Zion(fgs7)0 J2(€) _(lem(e,m(k,£,m+k)))
+ - Z " (f aT)O -
qui%g:Cm( k(?" - S) elk k o !
SYS: ¢|m
¢ X(IP’ N C, ) —t+1_(
Zt(ol))(F ) — s = Z t— Zt(or))(fqat)O'

q€Sing Cm



Twisted topological zeta functions for k-LYS and SIS
k-LYS: 64 m+k, L +m:

¢ 1 lem (e,m(k,0,m+k
Zip(Fosdo=—1 5 3 Iz I (£ ).
qeSing Cy, elk

SIS: L4+m+1, 04 m:

ZO(Fs)=- Y Zmemm) i

qeSing Cp,
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Monodromy conjecture for k-LYS, d =2

» Same structure as SIS (with some arithmetics).

1 k 1
o IO Ay
qeSing C,,

x(P2NCp) <0 = E%ZifX(PQ\Cm)<O?
Kizuka and Kashiwara pencils
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Monodromy conjecture for k-LYS, d =2

» Same structure as SIS (with some arithmetics).

1 k 1
o IO Ay
qeSing C,,

x(P2NCp) <0 = E%ZifX(PQ\Cm)<O?
Kizuka and Kashiwara pencils
Sign of x(P?\ C),)

f(m+k —ord| —ord —— f(m+k —ord
o C{gid(ﬂk;|‘€egf‘1}ch C{m}UU {()|£€Efq}
qeSing C, y

qeSing Cy, ng(f,k’)
> Veys’ structure for curves does not work.

¥



Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.

U {@(m+1)|£€gzd}cg?dc{ﬁ}u U

qeSing C,p, qeSing C,,

{eem+1)|eeEy,

—ord

}



Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.

U {€(m+1)|£e?;zd}c§0;dcmu U

qeSing C,p, qeSing C,,

—ord

. —ord
>]ZTIXK¢(€F :>£+m+1, m¢6‘f‘l

{eem+1)|eeEy,

—ord
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Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.
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Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.

U {tom+1)eeg7 g7 cTmjo U {em+1)|eegl’)

qeSing Cp, ! qeSing C'p
> . —ord ¢ —ord

FIX£¢(€F :>£+m+1, W¢gfq
> If 0+ m:

£
ZOF 0= ¥ 2T ) e = [20(F s -0
qeSing C,p,
» Ifl|m = x(P*\C,,)<0.
x(P2\ O, s—t+1 _y
Z8) (F,s)o = % . ngog(fq,t)o.
=S qeSing Cp, s



Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.

U {e(m +1)| e 5‘}“} certcmju U {e(m +1)|le 5§rd}
qeSing Cp, qeSing Cp,
> T —ord —ord
FIX£¢£F :>€+m+1, W¢gfq
» If 0+ m:
ZO(Fs)o=- 3 Zt(og;d“ "””)(fq,r)0 — | Z{) (F.5)0 =0
qeSing Cy,

» If 0 |m = x(P*\C,,)<0.

(e)(FS) X(P N Cn )

top t—s

> (e,

quing Cm t-

» If £ | m and x(P? \ C,,) < 0 impossible by the structure of
Kashiwara’s pencils.



Holomorphy conjecture for SIS, d = 2

» True if C,,, smooth.

U {tom+1)eeg7 g7 cTmjo U {em+1)|eegl’)

qeSing Cp, ! qeSing C'p
> . —ord ¢ —ord

FIX£¢(€F :>£+m+1, W¢gfq
> If 0+ m:

£
Z0Fs0-- ¥ 2T (1,00 — [20(F )0 -0.
qeSing C,p,

v

If ¢|m = x(P>\C,,) <0.

P2\ C,, s—t+1
2O (Fys)o - XE2Cm) 552 trlp0 p
t-s qeSing C,, t-s

v

If | m and x(P?\ C,,) = 0: Zt((fz,(F,S)o =0}
¥




Holomorphy conjecture for suspensions

Thom-Sebastiani formula for poles in zeta functions
(Denef-Veys)
F(x) € Clx], g(x) € Cly], F = f(x) + g(y), £ € Zso, po € Pl (F).
> 361,62 € Z>0, with 6162 = E,
» dceC,
» Jpse Pol+(61)(f +c¢), Apg € Pol+(z2)(g -c),
> po=pf+ Py
» (Thom-Sebastiani) & = {5 (g | (r € Ef, (g € Eg)-



Holomorphy conjecture for suspensions

Thom-Sebastiani formula for poles in zeta functions
(Denef-Veys)
F(x) € C[x], k € Zso, F 1= f(x) + 2%, £ € Zog, po € Pol* O (F).
> 30, € Zso, with £y | £,
» Jpse Pol+(e1)(f +c),
> po=prt %
» (Thom-Sebastiani) £, .x = {Cr- (k| (f € Sf,clf =1,( #1}.
» (Thom-Sebastiani) Ef,.2 = {-(r | (r € Ef}.



Holomorphy conjecture for suspensions

Thom-Sebastiani formula for poles in zeta functions
(Denef-Veys)
F(x) € C[x], k € Zso, F 1= f(x) + 2%, £ € Zog, po € Pol* O (F).
> 30, € Zso, with £y | £,
» Jpse Pol+(€1)(f +c),
> po=prt %
» (Thom-Sebastiani) £, .x = {Cr- (k| (f € Sf,(f =1,( #1}.
» (Thom-Sebastiani) Ef,.2 = {-(r | (r € Ef}.

Theorem (Denef-Veys)

f satisfies the holomorphy conjecture
» [+ 2" satisfies the holomorphy conjecture, k > 2.
» f+ 27+ 23 satisfies the holomorphy conjecture.

> Brieskorn-Pham singularities satisfy the holomorphy conjecture.

n



Holomorphy conjecture for suspensions by two points

Eigenvalues behavior

—ord —ord

»IEE>2, 8, &k
» Cyclotomic polynomials: ®g,(—t) = Pyqe(t), Papsa(-t) = Pops1(t).



Holomorphy conjecture for suspensions by two points

Eigenvalues behavior

—ord —ord

>:[fk>2,(€f Cngrzk’
» Cyclotomic polynomials: ®g,(—t) = Pyqe(t), Papsa(-t) = Pops1(t).

Theorem (Denef-Veys )
If f satisfies the holomorphy conjecture, and Ba such that
> 2(2a+1) e £9

—ord

> 4(2a+1) ¢ &y
then the holomorphy conjecture holds for f + 2.

f= P -a2%)? —aty?
14

1) (12 1) (1A
A(T): ( })7(4_1)(17)6(_1) L)



Holomorphy conjecture for suspensions by two points

Eigenvalues behavior

—ord —ord

>:[fk>2,(€f Cngrzk’
» Cyclotomic polynomials: ®g,(—t) = Pyqe(t), Papsa(-t) = Pops1(t).

Theorem (Denef-Veys+AGGL)

If f satisfies the holomorphy conjecture, ¢ ¢ E;'I;rdz2, and
» {#2mod 4 or
> (=2mod4 and L¢ €7

then Z(Z)(f+22,s) =0.

top

f= (yz _ x3)2 ~aty?
14

_ T12_ T14_
Ar) = l()TEl—l)(lr)G(-n 2



Holomorphy conjecture for suspensions by two points

Eigenvalues behavior

—ord —ord

>:[fk>2,(€f Cngrzk’
» Cyclotomic polynomials: ®g,(—t) = Pyqe(t), Papsa(-t) = Pops1(t).

Theorem (Denef-Veys+AGGL)

If f satisfies the holomorphy conjecture, ¢ ¢ E;:dza, and
» {#2mod 4 or
> (=2mod4 and L¢ €7

then Z(Z)(f+22,s) =0.

top

13
f=@-a%)?-a%y
26

1) (F121) (13
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Question
Is the vanishing of Z()(F, s)o = 3 (% = Zon(£,£)0 =5 Zu0 (f,1)o )
relevant?

It is relevant if all the eigenvalues of f are of order = 2 mod 4, i.e., all
the eigenvalues of f + 22 are of odd order.
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Is the vanishing of Zt((i))(F7 s)o = % (% - Zt(i))(f,t)o —%Ztop(f7 t)o)
relevant?

It is relevant if all the eigenvalues of f are of order = 2 mod 4, i.e., all
the eigenvalues of f + 22 are of odd order.

Answer and question
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Question
Is the vanishing of Zt((i))(F7 s)o = % (% - Zt(i))(f,t)o —%Ztop(f,t)o)
relevant?

It is relevant if all the eigenvalues of f are of order = 2 mod 4, i.e., all
the eigenvalues of f + 22 are of odd order.

Answer and question

» For curve it vanishes: the only cases are Ag, 1.
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Question
Is the vanishing of Z()(F, s)o = 3 (% = Zon(£,£)0 =5 Zu0 (f,1)o )
relevant?

It is relevant if all the eigenvalues of f are of order = 2 mod 4, i.e., all
the eigenvalues of f + 22 are of odd order.
Answer and question

» For curve it vanishes: the only cases are Ag, 1.
» What about for higher dimension and multiplicity?
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Question
Is the vanishing of Z()(F, s)o = 3 (% = Zon(£,£)0 =5 Zu0 (f,1)o )
relevant?

It is relevant if all the eigenvalues of f are of order = 2 mod 4, i.e., all
the eigenvalues of f + 22 are of odd order.

Answer and question

» For curve it vanishes: the only cases are Ag, 1.

» What about for higher dimension and multiplicity?

Lemma
{= 2%2, 62 odd

1 £
20 r) == (28 0+ 28.0).
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Theorem
The holomorphy conjecture holds for suspensions of curves by two
points.



Gracias por su atencion
Muito obrigado
Thank you very much



