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Topological zeta functions
▸ f(x1, . . . , xd) ∈ C{x1, . . . , xd}, f(0) = 0, X = V (f), ω monomial

holomorphic d-form of Cd.

▸ π ∶W → Cd embedded resolution of fω, π−1(X ∪ (ω)) = ⋃
i∈I

Ei,

π−1(0) = ⋃
i∈I0

Ei.

▸ π∗X = ∑
i∈I

NiEi, (π∗ω) = ∑
i∈I
(νi − 1)Ei

▸ E̊J = ⋂
i∈J

Ei ∖ ⋃
i∉J

Ei, P0 ∶= {J ⊂ I ∣ J ∩ I0 ≠ ∅}.

▸ Topological zeta function of Denef-Loeser:

Ztop(f, ω, s)0 ∶= ∑
J∈P0

χ(E̊J)∏
i∈J

1
νi +Ni s

▸ P0,ℓ ∶= {J ∈ P0 ∣ ℓ divides Ni∀i ∈ J}

▸ Twisted topological zeta function:

Z
(ℓ)
top(f, ω, s)0 ∶= ∑

J∈P0,ℓ

χ(E̊J)∏
i∈J

1
νi +Ni s
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Monodromy and holomorphy conjectures
Notation
▸ Pol+(g, ω) ∶= {ρ0 ∈ Z ∣ −ρ0 is a pole of Ztop(g, s)}, ρ0 ∈ Pol+(g, ω)

is of the form νi

Ni
.

▸ Pol+(ℓ)(g, ω) ∶= {ρ0 ∈ Z ∣ −ρ0 is a pole of Z
(ℓ)
top(g, s)}.

▸ Eg eigenvalues ≠ 1 of the monodromy Ψx(g)H̃∗ for x ∈ g−1(0).
▸ Eord

g ∶= {ord ζ ∣ ζ ∈ Eg}.
▸ A ∈ N, A is the union of the divisors of elements in A.

Monodromy conjecture
If ρ0 ∈ Pol+(g), then exp(−2πiρ0) ∈ Eg.

Holomorphy conjecture, Denef-Loeser
If ℓ ∉ E

ord
g , then Z

(ℓ)
top(g, s)0 is holomorphic (actually vanishes).

Question
Is there an isolated singularity (g−1(0), 0) ⊂ (Cd+1, 0)

, with
multiplicity > 2,

such that if ℓ ∈ Eord
g , then ℓ ≡ 2 mod 4?
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Some history
▸ The conjectures were first stated for the Igusa zeta function.

▸ Loeser proved the the strong monodromy conjecture for curves.
▸ Veys reproved the monodromy conjectures for curves: bijection

poles and branching components.
▸ Monodromy conjecture has been proved for homogeneous

(Rodrigues-Veys and ACNLM), SIS (ACNLM), quasi-ordinary
(ACNLM), strong for semi-quasihomogeneous (Blanco-Budur-van
der Beer), Newton non-degenerate surfaces (Lemahieu-van
Proyen), most Newton non-degenerate hypersurfaces
(Esterov-Lemahieu-Takeuchi).

▸ Holomorphy conjecture for curves (Veys), most homogeneous
singularities (Rodrigues-Veys), Newton non-degenerate surfaces
(Castryck-Ibadula-Lemahieu).
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Lê-Yomdin singularities and suspension
Lê-Yomdin singularities
V ∶= F −1(0), F (x)=Fm(x)+Fm+k(x)+. . . , Sing VP(Fm)∩VP(Fm+k)=∅.
In particular, Cm ∶= VP(Fm) has isolated singularities.

From (d − 1)-global to d-local.
Blow-up
π ∶ Ĉd+1 → Cd+1, chart (x1, . . . , xd, z) ↦ (x1z, . . . , xdz, z)

π ○ F = zm(Fm(x1, . . . , xd, 1) + zk(Fm+k(x1, . . . , xd, 1) + . . . ))

≡ zm(f(u1, . . . , ud) + zk)

Pd

P1

P2

C

P3

P4

Pd ∖Cm ∶ z
m, zd dx ∧ dz

Cm ∖ Sing Cm ∶ u1zm, zd du ∧ dz

Pi ∶ z
m(zk − fq(u)), zd du ∧ dz

Suspensions
f(x1, . . . , xd) ∈ C{x1, . . . , xd}, F ∶= zk + g(x1, . . . , xd) ∈ C{x1, . . . , xd, z}.

From (d − 1)-local to d-local.

Goal
Produce formulas for the zeta functions of suspensions and
Lê-Yomdin singularities in terms of 1-less-dimensional zeta functions.
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Zeta functions for suspensions
▸ g = zk − f , 1 = k1 < k2 < ⋅ ⋅ ⋅ < kr = k, divisors of k, t = s + 1

k

r

∑
j=1

J2(kj) = k2 A = k1r −

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1

1
⋮
1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

(J2(k1) . . . J2(kr))

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

s+1
s

Ztop(F, s)

Z
(k2)
top (F, s)
⋮

Z
(kr)
top (F, s)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

s+1
s

1
⋮
1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

+A

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

t+1
t

Ztop(f, t)

Z
(k2)
top (f, t)
⋮

Z
(kr)
top (f, t)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

▸ ℓ ∤ k, ℓ1 ∶=
ℓ

gcd(ℓ,q) , m(k, ℓ, q) = ℓ1 gcd(k, ℓa
1), a≫ 1:

Z
(ℓ)
top(F, s)0 = Z

(ℓ)
top(f, t)0 −∑

e∣k

J2(e)

k
Z
(lcm(e,m(k,ℓ,k)))
top (f, t)0.
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Untwisted topological zeta function for k-LYS and SIS

r =
d + 1 + (m + k)s

k
, r − s =

d + 1 +m s

k
, r = 0 not a pole

Ztop(F, s)0 =
χ(Pd ∖Cm)

k(r − s)
+

χ(C ∖ Sing Cm)

k(r − s)(s + 1)

+
1
k

∑
q∈Sing Cm

(
1
r
+

s(r + 1)(s − r + 1)
r(s + 1)(r − s)

Ztop(fq, r)0

−
s

s + 1 ∑1≠e∣k
J2(e)Z

(e)
top(fq, r)0

⎞

⎠
.

∆(τ) = (τ
m − 1)χ(P

2∖Cm)

τ − 1 ∏
q∈Sing Cm

∆(k)q (τ
m+k)

∆(k)q characteristic polynomial of Ψk
q(fq)H̃∗ of (Cm, q).



Untwisted topological zeta function for k-LYS and SIS

t = d + 1 + (m + 1)s

Ztop(F, s)0 =
χ(Pd ∖Cm)

t − s
+

χ(C ∖ Sing Cm)

(t − s)(s + 1)

+ ∑
q∈Sing Cm

(
1
t
+

s(t + 1)(s − t + 1)
t(s + 1)(t − s)

Ztop(fq, t)0) .

∆(τ) = (τ
m − 1)χ(P

2∖Cm)

τ − 1 ∏
q∈Sing Cm

∆q(τ
m+1)



Untwisted topological zeta function for k-LYS and SIS

Pol+(F ) ⊂ {1,
n + 1

m
} ∪ ⋃

q∈Sing Cm

{
kρ0 + n + 1

m + k
∣ρ0 ∈ Pol+(fq)}

⋃
q∈Sing Cm

{
ℓ(m + k)

gcd(ℓ, k)
∣ ℓ ∈ E

ord
fq
} ⊂ E

ord
F ⊂ {m} ∪ ⋃

q∈Sing Cm

{
ℓ(m + k)

gcd(ℓ, k)
∣ ℓ ∈ E

ord
fq
}

Sign of χ(P2 ∖Cm)



Untwisted topological zeta function for k-LYS and SIS
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} ∪ ⋃
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{
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Twisted topological zeta functions for k-LYS and SIS
k-LYS: 1 ≠ ℓ ∣ gcd(m + k, m)

Z
(ℓ)
top(F, s)0 =

χ(Pn ∖Cm)

k(r − s)

+ ∑
q∈Sing Cm

⎛

⎝

1 − (r + 1)Ztop(fq, r)0

kr
+

Z
(ℓ)
top(fq, r)0

k(r − s)

− ∑
1≠e∣k

J2(e)

k
Z
(e)
top(fq, r)0

⎞

⎠
.



Twisted topological zeta functions for k-LYS and SIS
k-LYS: ℓ ∣m + k, ℓ ∤m

Z
(ℓ)
top(F, s)0 = ∑

q∈Sing Cm

(
1 − (r + 1)Ztop(fq, r)0

kr

− ∑
1≠e∣k

J2(e)

k
Z
(e)
top(fq, r)0

⎞

⎠
.

SIS: ℓ ∣m + 1

Z
(ℓ)
top(F, s)0 = ∑

q∈Sing Cm

1 − (t + 1)Ztop(fq, t)0

t
.



Twisted topological zeta functions for k-LYS and SIS
k-LYS: ℓ ∤m + k, ℓ ∣m
ℓ1 ∶=

ℓ
gcd(ℓ,m+k) , m(k, ℓ, m + k) = ℓ1 gcd(k, ℓa

1), a≫ 1

Z
(ℓ)
top(F, s)0 =

χ(Pn ∖Cm)

k(r − s)

+ ∑
q∈Sing Cm

⎛

⎝

Z
(ℓ)
top(fq, r)0

k(r − s)
−∑

e∣k

J2(e)

k
Z
(lcm(e,m(k,ℓ,m+k)))
top (fq, r)0

⎞

⎠
.

SYS: ℓ ∣m

Z
(ℓ)
top(F, s)0 =

χ(Pn ∖Cm)

t − s
+ ∑

q∈Sing Cm

s − t + 1
t − s

Z
(ℓ)
top(fq, t)0.



Twisted topological zeta functions for k-LYS and SIS
k-LYS: ℓ ∤m + k, ℓ ∤m :

Z
(ℓ)
top(F, s)0 = −

1
k

∑
q∈Sing Cm

∑
e∣k

J2(e)Z
(lcm(e,m(k,ℓ,m+k)))
top (fq, r)0.

SIS: ℓ ∤m + 1, ℓ ∤m :

Z
(ℓ)
top(F, s)0 = − ∑

q∈Sing Cm

Z
( ℓ

gcd(ℓ,m+1) )
top (fq, r)0.



Monodromy conjecture for k-LYS, d = 2
▸ Same structure as SIS (with some arithmetics).

Pol+(F ) ⊂ {1,
n + 1

m
} ∪ ⋃

q∈Sing Cm

{
kρ0 + n + 1

m + k
∣ρ0 ∈ Pol+(fq)}

⋃
q∈Sing Cm

{
ℓ(m + k)

gcd(ℓ, k)
∣ ℓ ∈ E

ord
fq
}⊂E

ord
F ⊂{m} ∪ ⋃

q∈Sing Cm

{
ℓ(m + k)

gcd(ℓ, k)
∣ ℓ ∈ E

ord
fq
}

Sign of χ(P2 ∖Cm)

∈ 1
m
Z if χ(P2 ∖Cm) < 0?χ(P2 ∖Cm) ≤ 0 Ô⇒

Kizuka and Kashiwara pencils

▸ Veys’ structure for curves does not work.
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Holomorphy conjecture for SIS, d = 2
▸ True if Cm smooth.

⋃
q∈Sing Cm

{ℓ(m + 1) ∣ ℓ ∈ Eord
fq
} ⊂ E

ord
F ⊂ {m}∪ ⋃

q∈Sing Cm

{ℓ(m + 1) ∣ ℓ ∈ Eord
fq
}

▸ Fix ℓ ∉ E
ord
F Ô⇒ ℓ ∤m + 1, ℓ

gcd(ℓ,m+1) ∉ E
ord
fq

.
▸ If ℓ ∤m:

Z
(ℓ)
top(F, s)0 = − ∑

q∈Sing Cm

Z
( ℓ

gcd(ℓ,m+1) )
top (fq, r)0 Ô⇒ Z

(ℓ)
top(F, s)0 = 0.

▸ If ℓ ∣m Ô⇒ χ(P2 ∖Cm) ≤ 0.

Z
(ℓ)
top(F, s)0 =

χ(P2 ∖Cm)

t − s
+ ∑

q∈Sing Cm

s − t + 1
t − s

Z
(ℓ)
top(fq, t)0.

▸ If ℓ ∣m and χ(P2 ∖Cm) = 0: Z
(ℓ)
top(F, s)0 = 0 .
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Kashiwara’s pencils.

▸ If ℓ ∣m and χ(P2 ∖Cm) = 0: Z
(ℓ)
top(F, s)0 = 0 .
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Holomorphy conjecture for suspensions
Thom-Sebastiani formula for poles in zeta functions
(Denef-Veys)
f(x) ∈ C[x], g(x) ∈ C[y], F ∶= f(x) + g(y), ℓ ∈ Z>0, ρ0 ∈ Pol+(ℓ)(F ).
▸ ∃ℓ1, ℓ2 ∈ Z>0, with ℓ1ℓ2 = ℓ,
▸ ∃c ∈ C,
▸ ∃ρf ∈ Pol+(ℓ1)(f + c), ∃ρg ∈ Pol+(ℓ2)(g − c),
▸ ρ0 = ρf + ρg.
▸ (Thom-Sebastiani) EF = {ζf ⋅ ζg ∣ ζf ∈ Ef , ζg ∈ Eg}.

Thom-Sebastiani formula for poles in zeta functions
(Denef-Veys)
f(x) ∈ C[x], k ∈ Z>0, F ∶= f(x) + zk, ℓ ∈ Z>0, ρ0 ∈ Pol+(ℓ)(F ).
▸ ∃ℓ1 ∈ Z>0, with ℓ1 ∣ ℓ,
▸ ∃ρf ∈ Pol+(ℓ1)(f + c),
▸ ρ0 = ρf +

1
k

.
▸ (Thom-Sebastiani) Ef+zk = {ζf ⋅ ζk ∣ ζf ∈ Ef , ζk

k = 1, ζk ≠ 1}.
▸ (Thom-Sebastiani) Ef+z2 = {−ζf ∣ ζf ∈ Ef}.

Theorem (Denef-Veys)
f satisfies the holomorphy conjecture
▸ f + zk satisfies the holomorphy conjecture, k > 2.
▸ f + z2

1 + z2
2 satisfies the holomorphy conjecture.

▸ Brieskorn-Pham singularities satisfy the holomorphy conjecture.
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Holomorphy conjecture for suspensions by two points

Eigenvalues behavior
▸ If k > 2, Eord

f ⊂ E
ord
f+zk .

▸ Cyclotomic polynomials: Φ4a(−t) = Φ4a(t), Φ4b+2(−t) = Φ2b+1(t).

Theorem (Denef-Veys

+AGGL

)
If f satisfies the holomorphy conjecture,
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▸ If k > 2, Eord

f ⊂ E
ord
f+zk .

▸ Cyclotomic polynomials: Φ4a(−t) = Φ4a(t), Φ4b+2(−t) = Φ2b+1(t).

Theorem (Denef-Veys
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Theorem
The holomorphy conjecture holds for suspensions of curves by two
points.
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Muito obrigado

Thank you very much


