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Intersections of ellipsoids
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Z and P
» P: the coefficients of the convex linear combination of A whose
result is O.
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» The faces are in the coordinate hyperplanes.
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
A+t Apa2 =0 riAy -+ Ay =0
A= (Aq,...,4,) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is O.

» The faces are in the coordinate hyperplanes.

» 7 =~ union of reflections of P.
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
Ale+-~+z4n$i:0 A+ +r,A,=0
A= (Aq,...,4,) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is 0.

» The faces are in the coordinate hyperplanes.

» Z =~ union of reflections of P.

Non-degenerate (from Pepe’s question):

» Ac (R™)™ generator system of R™
» A ¢ half closed subspace R™
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
Alx%+"'+Anxi:0 A+ +r,A,=0
A:=(Aq,...,Ay) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is 0.

» The faces are in the coordinate hyperplanes.

» Z =~ union of reflections of P.

Smooth Z:

» (WH): 0 is not a convex linear combination of m elements in A
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+'-~+xi:1 ritot+ry=1
Alx%+"'+Anxi:0 A+ +r,A,=0
A:=(Aq,...,Ay) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is 0.

» The faces are in the coordinate hyperplanes.

» Z =~ union of reflections of P.

Smooth Z:
» (WH): 0 is not a convex linear combination of m elements in A
» Under non-degenerate: Z smooth <= (WH)

> Vertices of P are simple and belong to exactly d = dim Z = dim P
coordinate hyperplanes. Q? v




Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
A+t Apa2 =0 riAy -+ Ay =0
A= (Aq,...,4,) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is O.

» The faces are in the coordinate hyperplanes.

» 7 =~ union of reflections of P.

Generic singularities

» 0 is not a convex linear combination of m — 1 elements in A.
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
A+t Apa2 =0 riAy -+ Ay =0
A:=(Aq,...,Ay) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is O.

» The faces are in the coordinate hyperplanes.
» Z =~ union of reflections of P.
Generic singularities
» 0 is not a convex linear combination of m — 1 elements in A.

» Vertices of P belong to either d or d + 1 coordinate hyperplanes.
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Intersections of ellipsoids

Intersections : Z Polytope : P
x%+--~+xi:1 ritot+ry=1
A+t Apa2 =0 riAy -+ Ay =0
A:=(Aq,...,Ay) c (R™)" T1yeeesTn 20
Z and P
» P: the coefficients of the convex linear combination of A whose
result is O.

» The faces are in the coordinate hyperplanes.

» 7 =~ union of reflections of P.

Generic singularities
» 0 is not a convex linear combination of m — 1 elements in A.

» Vertices of P belong to either d or d + 1 coordinate hyperplanes.

Goal @
Understand intersections with generic singularities. v




Examples

m=1n=2
» A=(-1,1):
m?+x§:1

2, 2 _
-7 +25=0

> P={(3,3)}
» 7 =8"xS° (smooth)
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Examples

Proposition
A = Au {0} = 7, = X(Z), suspension.



Examples
Proposition
A = Au {0} = 7, = X(Z), suspension.

m=0
A=(0'): Z=8°



Examples
Proposition
A = Au {0} = 7, = X(Z), suspension.

m=0
A=(02): Z=5!



Examples
Proposition
A = Au {0} = 7, = X(Z), suspension.

m=0
A=(0"): Z =81



Examples

Proposition
Ay = Au{0} = Z; = 5(Z), suspension.

A={-1,1,0)
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1-dimensional intersections with two generic singularities
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1-dimensional intersections with two generic singularities
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Deformations

Smooth deformations
» A=(Ay4,...,An) (Z smooth)
» At = (AL,..., AL) in a small neighbourhood
» 7' and Z are diffeomorphic.
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Deformations

Smooth deformations
» A=(Ay4,...,An) (Z smooth)
» At = (AL,..., AL) in a small neighbourhood
» 7' and Z are diffeomorphic.

Singular deformations
» A=(A4,...,A,) (Z singular)
» At = (AY,..., AL) in a small neighbourhood and equisingular
» Equisingular:

> Same structure for convex linear combinations of 0
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» Equisingular:
> Same structure for convex linear combinations of 0

> Same combinatorics of the polytope and the coordinate
hyperplanes




Deformations

Smooth deformations
» A=(Ay4,...,An) (Z smooth)
» At = (AL,..., AL) in a small neighbourhood
» 7' and Z are diffeomorphic.

Singular deformations
» A=(A4,...,A,) (Z singular)
» At = (AY,..., AL) in a small neighbourhood and equisingular
» Equisingular:
> Same structure for convex linear combinations of 0

> Same combinatorics of the polytope and the coordinate
hyperplanes

v

Z' and Z are homeomorphic.




Smoothings of Z with generic singularities

» From A= (A1,...,4,)c(R™)", d=n-m-1:
» At = (AL, ..., AL) in a small neighbourhood and smooth.
» Which are the possible topological types of Z!?




Smoothings of Z with generic singularities

» From A= (A1,...,4,)c(R™)", d=n-m-1:
» At = (AL, ..., AL) in a small neighbourhood and smooth.
» Which are the possible topological types of Z!?

» From P, V:={V1,...,V,.}, singular vertices.
> p;:0= Z tkj Akj, tkj > 0, convex linear combination

j=1
> H hyperplane affinely generated by Ayg,,..., Ak

m

> p; points in H,, ¢; points in H_, p; +q:i=d+1,




Smoothings of Z with generic singularities

» From A= (A1,...,4,)c(R™)", d=n-m-1:
» At = (AL, ..., AL) in a small neighbourhood and smooth.
» Which are the possible topological types of Z!?

» From P, V:={V1,...,V,.}, singular vertices.

m
> p;:0= Z Uk, Akj7 e > 0, convex linear combination
j=1

> H hyperplane affinely generated by Ayg,,..., Ak

> p; points in H,, ¢; points in H_, p; +q:i=d+1,
» 2™ copies of Cone(SPi™t x S%71)

> For each i, two possible smoothings:

> Cone(SPi™1) x §%~1 = B¥ x §i~1

> spi—l x Cone(Sq'i_l) —spi-1 x B¥




Smoothings of Z with generic singularities

» From A= (A1,...,4,)c(R™)", d=n-m-1:
» At = (AL, ..., AL) in a small neighbourhood and smooth.
» Which are the possible topological types of Z!?

» From P, V:={V1,...,V,.}, singular vertices.

m
> p;:0= Z Uk, Akj7 e > 0, convex linear combination
j=1

> H hyperplane affinely generated by Ayg,,..., Ak

> p; points in H,, ¢; points in H_, p; +q:i=d+1,
» 2™ copies of Cone(SPi™t x S%71)

> For each i, two possible smoothings:

> Cone(SPi™1) x §%~1 = B¥ x §i~1

> spi—l x Cone(Sq'i_l) —spi-1 x B¥

» 2" topological types of smoothings.




Examples of smoothings

One generic singularity in dimension 2
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One generic singularity in dimension 2
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Generic singularities in dimension 3

» Two types: Cone(S° x S?), Cone(S! x S')



Generic singularities in dimension 3

» Two types: Cone(S° x S?), Cone(S! x S')
» Smoothings Cone(S? x §?): B x S?, SO x B
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Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)
» Smoothings Cone(S? x §?): B x S?, SO x B
» Smoothings Cone(S' x S'): B x St, St x B
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Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)
» Smoothings Cone(S? x §?): B x S?, SO x B
» Smoothings Cone(S' x S'): B x St, St x B

(1,1)-generic singularities
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Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)

» Smoothings Cone(S? x §?): B x S?, SO x B

» Smoothings Cone(S' x S'): B x St, St x B
(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.

uuuuuuuuu



Generic singularities in dimension 3
» Two types: Cone(S° x S§?), Cone(S! x St)
» Smoothings Cone(S? x §?): B x S?, SO x B
» Smoothings Cone(S' x S'): B x St, St x B
(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.
> n faces: intersections with the coordinate hyperplanes.
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Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)
Smoothings Cone(S" x S?): B x S?, SO x B
» Smoothings Cone(S' x S'): B x St, St x B

v

(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.

> n faces: intersections with the coordinate hyperplanes.
> Simple vertices: the link is a triangle.




Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)

» Smoothings Cone(S? x §?): B x S?, SO x B

» Smoothings Cone(S* x St): B x St, St x B
(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.
> n faces: intersections with the coordinate hyperplanes.
> Simple vertices: the link is a triangle.
> 4-vertices: vertices whose link is a quadrangle.




Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)

» Smoothings Cone(S? x §?): B x S?, SO x B

» Smoothings Cone(S' x S'): B x St, St x B
(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.

> n faces: intersections with the coordinate hyperplanes.
> Simple vertices: the link is a triangle.
> 4-vertices: vertices whose link is a quadrangle.

» P: mirror orbifold, p: Z — P orbifold (Z/2)"-cover.




Generic singularities in dimension 3

» Two types: Cone(S° x S§?), Cone(S! x St)

» Smoothings Cone(S? x §?): B x S?, SO x B

» Smoothings Cone(S' x S'): B x St, St x B
(1,1)-generic singularities

» Polytope P c Ry, geometrically embedded.

> n faces: intersections with the coordinate hyperplanes.
> Simple vertices: the link is a triangle.
> 4-vertices: vertices whose link is a quadrangle.

» P: mirror orbifold, p: Z — P orbifold (Z/2)"-cover.

» P:= P {4-vertices}, Z := p'(P) smooth manifold with torus
ends.
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4-Pyramid
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4-Pyramid

P, \%

T L | B

» 7 =%(St xSt
» Z=(-1,1) xS' xS 2R x S x S' complete flat manifold
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4-Pyramid

P, \%

T L | B

» 7 =%(St xSt
» Z=(-1,1) xS' xS 2R x S x S' complete flat manifold

0-surgery on a fiber
S? x St St x §2

» Two smoothings:
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Triangular bipyramid B3

Smoothings from A
Ay A As Ay
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3



Triangular bipyramid B3

Smoothings from Bj

» 8 =23 smoothings, action of G5 = Aut B




Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3



Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of G5 = Aut B
» C cube: Z = (Sh)3
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3

» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3
» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?

Proposition (Lopez de Medrano, Bosio-Meersseman)
P simple 3-polytope with m faces, Py(v) truncation at v:

Z(Ps(v)) = Z(P)#Z(P)#(2" 7 - 1)(S* x 81).
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3
» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?

Proposition (Lopez de Medrano, Bosio-Meersseman)
P simple 3-polytope with m faces, Py(v) truncation at v:

Z(Ps(v)) = Z(P)#Z(P)#(2" 7 - 1)(S* x 81).

Proof.
» Truncation: take out 2™~3 balls of Z(P)
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3
» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?

Proposition (Lopez de Medrano, Bosio-Meersseman)
P simple 3-polytope with m faces, Py(v) truncation at v:

Z(Ps(v)) = Z(P)#Z(P)#(2" 7 - 1)(S* x 81).

Proof.
» Truncation: take out 2™~3 balls of Z(P)
» Reflection on the new face: duplicate and connect 22 times.
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3
» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?

Proposition (Lopez de Medrano, Bosio-Meersseman)

P simple 3-polytope with m faces, Py(v) truncation at v:

Z(Ps(v)) = Z(P)#Z(P)#(2" 7 - 1)(S* x 81).

Proof.
» Truncation: take out 2™~3 balls of Z(P)
» Reflection on the new face: duplicate and connect 22 times.
» First connection: Z(P)#Z(P)
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Triangular bipyramid B3

Smoothings from Bj
» 8 =23 smoothings, action of &3 = Aut B3
» C cube: Z =(S')3
» T, pentagonal book or bi-truncated tetrahedron: Z = 5#S! x §?

Proposition (Lopez de Medrano, Bosio-Meersseman)

P simple 3-polytope with m faces, Py(v) truncation at v:

Z(Ps(v)) = Z(P)#Z(P)#(2" 7 - 1)(S* x 81).

Proof.
» Truncation: take out 2™~3 balls of Z(P)
» Reflection on the new face: duplicate and connect 22 times.
» First connection: Z(P)#Z(P)
» Next ones: #S? x St W}
3
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Triangular bipyramid : 7y, 7"

> P (P) = (2/2)° = m(Z) =1



Triangular bipyramid : 7y, 7"

> 7(P) = (2/2) = m(Z) =1
> 79 (P) = (i, | (s, 25] = [yi,y5] = (i, 03] = 1)



Triangular bipyramid : 7y, w{™

> 1P (P) = (2/2)° = m(2) = 1
> mP(P) = (@i yi | (20 25] = [i,y5] = [, pi] = 1)
*» Orbifold covers M; associated to p;.

T (P) — (Z/2)° TP (P) =2 (Z)2)3
T, Yi > €24-1,€2; TiyYi > €i,€C4+1

satisfy Z =Mg— My — P, Z complete hyperbolic manifold
with 12 torus ends.
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Triangular bipyramid : 7y, w{™

> 1P (P) = (2/2)° = m(2) = 1
> mP(P) = (@i yi | (20 25] = [i,y5] = [, pi] = 1)
*» Orbifold covers M; associated to p;.

T (P) — (Z/2)° TP (P) =2 (Z)2)3
T, Yi > €24-1,€2; TiyYi > €i,€C4+1

satisfy Z =Mg— My — P, Z complete hyperbolic manifold
with 12 torus ends.

(Sl)3 NK = M3

(sh)?
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Octahedron

Face 1:
Face 2:
Face 3:
Face 4:
Face 5:
Face 6:
Face 7:
Face 8:

ABC
ABD
ADE
ACE
BDF
BCF
CEF
DEF

(0,0,1)

(1,0,0)



Octahedron



Octahedron
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Octahedron

» 64 = 2% smoothings



Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Octahedron group (order 48) acts.
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits
» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits
» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits
Base-bitruncated cube: Z = 4(S' x S x S1)#29(S? x S')
Scutoid: Z = 2(S5 x SY)#15(S% x St)

Truncated tetrahedron: Z = 494 (S? x S!)

» Diirer’s solid: Z = 4(S* x S* x S)#29(S? x St)

v

v

v

a7
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Octahedron

v

64 = 25 smoothings , 7 smoothing orbits
Base-bitruncated cube: Z = 4(S' x S x S1)#29(S? x S')
Scutoid: Z = 2(S5 x SY)#15(S% x St)

Truncated tetrahedron: Z = 494 (S? x S!)

» Diirer’s solid: Z = 4(S* x S* x S)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

v

v

v
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')

» Diirer’s solid: Z = 4(S* x S* x S)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

» Gyrobipentaprism:
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Octahedron

v

64 = 25 smoothings , 7 smoothing orbits
Base-bitruncated cube: Z = 4(S* x St x S1)#29(S? x 1)
Scutoid: Z = 2(S5 x SY)#15(S% x St)

Truncated tetrahedron: Z = 494 (S? x S!)

Diirer’s solid: Z = 4(S* x St x S1)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

v

v

v

v

» Gyrobipentaprism:
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')

» Diirer’s solid: Z = 4(S! x St x S1)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

» Gyrobipentaprism: Z graph manifold
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Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')

» Diirer’s solid: Z = 4(S! x St x S1)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

» Gyrobipentaprism: Z boundary of a regular neighbourhood of
four fibers and four sections of Fy x Fo, F; elliptic curves.



Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)
» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')

» Diirer’s solid: Z = 4(S! x St x S1)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

» Gyrobipentaprism: Z boundary of a regular neighbourhood of
four fibers and four sections of Fy x Fo, F; elliptic curves.

> 7T1(Z) =74



Octahedron

» 64 = 25 smoothings , 7 smoothing orbits

» Base-bitruncated cube: Z = 4(S" x S' x S1)#29(S? x St)

» Scutoid: Z =2(S5 x S1)#15(S? x St)

» Truncated tetrahedron: Z = 49#(S? x S')

» Diirer’s solid: Z = 4(S! x St x S1)#29(S? x St)

» Hexagonal prism: Z = S;7 x St

» Gyrobipentaprism: Z boundary of a regular neighbourhood of
four fibers and four sections of Fy x Fo, F; elliptic curves.

» m(Z) =71

» P complete hyperbolic orbifold, Z complete hyperbolic manifold
with 96 cusps (torus ends).
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