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Theorem (Rybnikov, 1994)

3%;, i = 1,2, 13-line arrangements in P? = IF’(QC same combinatorics and
7'('1(]?2 N U%l) fi 7T1(]P>2 N Ue@g)

In particular, (P2,U%,) and (P*,U%>) are not homeomorphic.

Theorem (A_-Carmona-Cogolludo-Marco, 2005)

3% ={Ls1,...,Li10} ordered line arrangements in ]P’]2R same ordered

. P2 100 B2y, (LS ,)=LE;, 1<i<10.

combinatorics and 3 : ®
Combinatorics associated to a line arrangement

o line arrangement in P (K field) = % := (&7, {multiple points}).
o/ ordered = %,y ordered.
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Features of %, and ZC

s (PP AUZ ) 2 m (PP UZ)?
» The (oriented ordered) topology of fo is distinguished by braid
monodromy.

Galois

» The lines of %, have equations in Q(\/5): %, —— Z..

> # Aut(Cw,) = 20.

» Choose a line L, to break the automorphisms: 2, = 2, u{L,}.
» 1 —— Dyg — Aut(Ge,) —> Z/2 — 1.

» Aut(Ce,) 2 Z[5x Z/4.

» A more symmetric way to produce another Z,.

» Study more general polygons (odd for simplicity).
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Odd polygon arrangements

Definition
AN, N :=2n+ 1, is the arrangement of sides and diagonals of a
regular N-polygon Oy c C = R? c P2.

Definition
Realization space of an ordered combinatorics €

Sk(€) = { = (L1,.... Lm) € BR)™ | € = €}
Moduli space of an ordered combinatorics %
Notation M (F) = Xk (€)/PGL(3;K)
L cgN = (de, YN = E(CKN), .///N = L//(%N)

»un={neC* 9N =1}, D, :={tn|teR} c P
» L,: line supporting edge of On 4 D,,.
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Properties of &7y and €y

Field of definition

a/n has equations in Ky := Q (cos —) of index L(zN).

N
Proposition
1 s Doy © s Aut @y ——— GalKy —— 1 splits.
Proposition

My = GalKy = Aut jun /(¢ ¢
Sketch of the proof.

Each (convex or not) regular polygon yields one element of ..
» Place 5 points at fixed places
> Place all the vertices of the polygon using variables.
» It can be done symmetric with respect to X-axis.

» Apply dihedral action and use the regular polygon. O



Cyclic and dihedral actions
Cyeclic action of uy

P2y P2
J,'Zy:Z ——— | X COS =+ — Yy SIn =+
¥ -ysin

Fixed points: [0:0:1],[1:4:0],[¢:1:0].

1 xsin

27
N tycos

2 .
N F

]
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Cyclic and dihedral actions

Cyeclic action of uy

P2 — P?

[:y:z] — [alcexp%:yexp_%7r :z]
Fixed points: [0:0:1],[1:0:0],[0:1:0].

P2\Udy — P2 fun~(Lus) ¥V X
cyclic orbifold covering (1, 1)-blow-up 5 (1o,-1,) P?/uy

X2=Y?=27%=
L?=T?=8=N

1 / <t 1
N(valz) ’ . N(valz)

4
4 AY

diagonals S T Ldiagonals W:Z



Cyclic and dihedral actions

X Y
%(_2%1@) : E ; : %(_Zyy 16)
@ 2 ® @
Normal ruled surface ! ! !
X2=Y2=7T2=6§2=0 , X+————1 n times
2 _ 1 1 1 1
ZEN L 4
EZ:_L ! 1 1
N : : :
9 ! -T- ——<—+—— 2n times
L*=N ! L
e
PP\Udn — XN (EUuLuS) S T

cyclic orbifold covering

uo fixed points: S, TnE, TnZ



Cyclic and dihedral actions

I W
1(14,10) E L (=20, 1e)
. ' *
W2=T2=5%=0 : :
oo 1 : -+ :
TE=at=ay : :
L2:% n times ———— - L
3/ e birational to PQ/]D)QN E C<—E— n times
A S I
(1 12) s L (20, 12)
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dihedral orbifold covering



Cyclic and dihedral actions

I w
%(1t716): FE :%(17117”6)
. ? .
W2=T%2=52=0 ! :
2_ 2 1 : - :
TE=at=ay : :
L2:% n times ——————— - L
3/ e birational to PQ/]D)QN E C<—§7 n times
) Z ,,,,,,, D G +,1,,
§(ltalz): S :ﬁ(_lwvnz)

P2\Udy — X/pa~ (EUuLuS)
dihedral orbifold covering (1,n)-Nagata transformation at EnW
(1,1)-Nagata transformation at EnT
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Dessin d’enfants

Actual picture in the Klein bottle Xk! E

W?2=0

T =0

52=0

Z%=1

E?=-1 v =u

L? = N? Z:u=
w' % W':iv=0

> Braid monodromy in By

S
E
> T, : AN, S: HO’QJ', W/ : (HO’QjO’Qj_l) =T
Jj=1

J=1

» TW are not in FEuLuS! W}



Dessin d’enfants

Actual picture in the Klein bottle Xk! E

W2 =0
T =0
S2=0
7 =1
E?=-1 v =u
2 _ 2
LP=N" e Z:u=0
w’ W':v=0
S
Theorem E
(SN (LUSUEBUT UW')) = ( ay, t,w |2l = a], at = 27V

1<i<N



Dessin d’enfants

Actual picture in the Klein bottle Xk! E

W’2=0

7 =0

S5%=0

Z?=1

E?=-1 T

2 2

LP=NT b Z:u=0

wr W' :v=0

Theorem E
m (X uz N (LUSUE))=( xi,t,w|x;":xz,mgza:ff"J?:C’wN:C”)

1<i<N

1 a
C:=[] =5, G > pn * p2 > Doy, ker = 71 (P? \ o)
j=N



Another birational model

%(171) %(lw,ne)

ti w
n times
! 0
3(1,1) 7 (2w, 1e)
7 1
2N
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Another birational model

T:t=0 W:w=0




Real expression of the second birational model
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H?=-(n+1) H T?=n+1




Real expression of the second birational model

n odd H ¥R | torus

H?=-(n+1) H T?=n+1



Short fundamental group presentation

Theorem

Let n =2m. The orbifold fundamental group of P?/Daoy ~ (EU LU S)
has a presentation with two generators s (meridian of S) and v
(meridian of V') with relations

*» Ri,..., Ry, coming from the tacnodes (they do not depend on N)
and Sp+1 coming from the node.
» N =1

There is a meridian £ of L satisfying (sv)? = 1.
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Short fundamental group presentation

Theorem

Let n =2m. The orbifold fundamental group of P?/Daoy ~ (EU LU S)
has a presentation with two generators s (meridian of S) and v
(meridian of V') with relations

*» Ri,..., Ry, coming from the tacnodes (they do not depend on N)
and Sp+1 coming from the node.

» N =1
There is a meridian £ of L satisfying (sv)? = 1.
Epimorphism to sy

> s is sent to a reflection

> v is sent to a rotation

» sv is a rotation and hence ¢ is in the kernel.

v

The relations define commutation of ¢ with some element.



Quotient of an arrangement of 20 lines

—4 4 -6
T T T T T T

» The real pictures determine the fundamental group

» Are they isomorphic? They have isomorphic profinite completions



Happy birthday, Alex!



