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K is a 3-manifold, a graph manifold, S is topologically a cone
over K.

v

A resolution of (S,0) is a proper birational map
o:(X,E)— (5,0), X smooth, o;: X \ E > S~ {0}.

A resolution is good if 071(0) is a normal crossing divisor
(smooth irreducible components and locally monomial).

v

v

v

T" is also the plumbing graph of K.

v

In general, it does not determine the analytic type.

T" dual graph, vertices weighted by genus and self-intersection.
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An example

S={axyz+a3+y3+24=0} cC3
> 00 : (X0, Ep) — (5,0) minimal (non good) resolution:

» 01:(X1,Ey U Er) — (5,0) minimal good resolution:

Plumbing (Neumann, Waldhausen)
» Vertex v weighted (g,,e,): M, oriented S'-fiber bundle over a
compact surface of genus g, with Euler number e,,.

» Edge between v, w: empty two fiber solid tori in M,,, M,, and
glue the boundaries interchanging meridians and fibers.

> Normalized graphs determine K topologically.
> Incidence matrix Ar; det S := det(-Ar) € Zs;.
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N=3,8={F =0}, F(z,y, 2) € C{x,y, z} irreducible, isolated
singularity

Milnor number p := dime C{z,y, 2}/ Jac F' < oo.

Embedded topology: topological type of (S°, K).

Main tool, Milnor fibration (0 <7 << e < &g):

o
sP Kk st Egﬂf‘l(&%) st

Milnor fiber F ~ VS2.
w

Fibrations determined by p: F' — F, diffeomorphism well-defined

up to isotopy (monodromy).

Homological monodromy: p* : H?(F;R) - H*(F;R), R=17,Q,C.
Intersection and Seifert forms on Hs(F;Z) (distinguished basis of
vanishing cycles)
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An embedded resolution of (S,0) c (C3,0) is a proper birational map
7:(X,E) - (C3,0), E=7"1(0), such that 7 is an isomorphism on
X\ E and 77!(9) is a normal crossing divisor.
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» S cylinder over Cy
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Embedded resolution

Definition

An embedded resolution of (S,0) c (C3,0) is a proper birational map
7:(X,E) - (C3,0), E=7"1(0), such that 7 is an isomorphism on
X\ E and 77!(9) is a normal crossing divisor.

Example

d

» F=x%+y?+ 2% cone over a smooth curve Cy

v

S cylinder over Cy
I={0,1}, By 2P%, my=d, EgnEy =Cy4
(td _ 1)d2—3d+3

v

" Ao = T

v

Since it is homogeneous, the monodromy is semisimple (the
geometric monodromy has finite order d).



Semistable resolution and Steenbrink spectral sequence

» e=lem(m; | i €T), v normalization, Dy =S, D; ramified cover
over F;.

(Z,D) —“X— (X,E) —/—— (X,E)

| [ror

Model for the (C,0) —— (C,0)
Milnor fibration t ———— t¢



Semistable resolution and Steenbrink spectral sequence

» Steenbrink spectral sequence degenerates at Es, converges to
H*(F;C) filtered by the weight filtration. E; step:

D1l D, DMi=l1, DinD;,  DY:=1, DinD;

DBl=[1,, DinD;nDy, DFi=11; DinD;nDy,  Io=In{0}

H°(DEYe)

o

HY(DMc) HY(DW;C) H?(DM;C)

o 4 vou

HO (DY) HY(DULc) H*(DLc)eH®(DFYc) HA(Dc) HY(DWYC)

il 1

H°(DIY;C) oMy m2(dMc)

d

a°(pH;c)
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Semistable resolution and Steenbrink spectral sequence

» Ap,Ag, dual complexes of the normal crossing divisors D, E,
A Ap = Ag, pa : Ap - Ap the monodromy.
» Ap is connected, H'(Ap;C) =0.
» The characteristic polynomial of po on H?(Ap) measures the
Jordan blocks of size 3.
> It corresponds to the first column.

» Second column: the characteristic polynomial of the monodromy
acting on H'(DM;C)/H'(DI°);C) measures the Jordan blocks
of size 2 (and eigenvalue # 1).
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Curves and homogeneous singularities

Homogeneous polynomials
F(z,y,z2) € C[x,y, 2] homogeneous polynomial of degree d > 0:
» Projective curve in P?.

» Non-isolated (in general) singularity in C3.

Superisolated singularities: definition 2
The germ (5,0) is superisolated (SIS) if the strict transform of S
under the blow-up of the origin is smooth.

Lé-Yomdin singularities

The germ (S,0) is Lé-Yomdin if fr01 =+ = fin+k-1 =0 and
Sing(C,) N Crpsk = 3.

If the tangent cone is not smooth, the strict transform under the
blow-up has k-cyclic singularities.
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Examples and results

» S={F =0}, F=y?2z—a% - 2%
» Abstract resolution and good resolution:

C_KS c

Theorem (I. Luengo)

S SIS with tangent cone Cy +---+ C,., deg C; =d;. Then C in S s
abstractly isomorphic to C in P? and

-9 /blown S
-2

(Ci-Ci)g=-di(d-di+1), (C;-Cj)g=did;(i#7).

Theorem (J. Stevens, E. A.)
S SIS with tangent cone C of degree d:

41 d?-3d+3-u(C)
Abzpicy = ( ) 1 AU ;(C)(td+1)‘
t- PeSing(C) i

¥



Yomdin singularities

Theorem (E. A., J.I. Cogolludo, J. Martin-Morales)

S k-Lé-Yomdin singularity with tangent cone Cy +---+C\., deg C; = d;.
Then C in S is abstractly isomorphic to C in P2, has cyclic
singularities at Sing(C') and

dl(d— dl + k‘)
k b

d;d;
k

(Ci-Ci)g =~ (Ci-Cy)g = (i#j)-



Yomdin singularities

Theorem (E. A., J.I. Cogolludo, J. Martin-Morales)

S k-Lé-Yomdin singularity with tangent cone C1 +---+ C,., degC; = d;.

Then C in S is abstractly isomorphic to C in P2, has cyclic

singularities at Sing(C) and

dz(d - dl + k‘)
k )

didj .
(Ci-Ci)g =~ (Ci-Cy)g = kj(“&J)

Theorem (S. Gussein-Zade-I. Luengo-A. Melle, J. Martin)
S k-Lé-Yomdin singularity with tangent cone C of degree d:

(td _ 1)d2—3d+3—u(0)

p pp,(k) d+k
AHQ(F (C) t-1 PeSing(C) AHl(F iC) (f )
where
T r m ged(mj,k)n;
A(t) = H(th 1) = A(k)(t H (tgcd(m  _ 1)
j=1 j=1

a



Zariski tuples and Jordan form
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Combinatorics

Yau’s conjecture

(S,0) c (C3,0) isolated surface singularity. Then the embedded

topological type of (S,0) determines and is determined by A7, (F:C)

and 71 (K) (equivalent to the topological type of K).

Definition
C c P? reduced. The combinatorics of C' is composed by the following
data:

> degrees of irreducible components,
» topological type of singularities, and

» assignment of branches of the singular points to irreducible
components.

Corollary

(S:,0), 1 =1,2, SISs with tangent cones having the same

combinatorics. They have the same characteristic polynomial of the
monodromy and the same embedded topology. @
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Zariski tuples

Definition
Ci,...,C, cP? curves with the same combinatorics. They form a

Zariski r-tuple if (P?,C;) and (P?,C;) are not homeomorphic if i # j.

Problem
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Definition

Ci,...,C, cP? curves with the same combinatorics. They form a
Zariski r-tuple if (P?,C;) and (P2, C;) are not homeomorphic if i # j.

Problem

Let (S;,0),i=1,...,r, SISs such that their tangent cones form a
Zariski tuple. How can we compare the embedded topology of the
SISs?

Definition (Libgober)

C c P? reduced curve of degree d. The Alezander polynomial Ac of C
is the characteristic polynomial of the monodromy on H' of the
branched cover of P? ramified along C.

Definition

A Zariski r-tuple is an Alexzander-Zariski r-tuple if the Alexander
polynomials are pairwise distinct.
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Alexander-Zariski tuples polynomials and SIS

Alexander-Zariski polynomials exist (Zariski)
C' sextic, # Sing(C') = 6, ordinary cusps.

A(t) - t2—t+1 if Sing.C c a conic
1 otherwise

2-Jordan blocks for SIS

Dlol = D,11 D([,O], where D, is birationally equivalent to the d-cyclic

cover of P? ramified along the tangent cone. The number of 2-Jordan
blocks (eigenvalues # 1):

dime H'(DM;€) - dime H' (DI C) - dime H' (D,; C)

combinatorial deg Ac

Corollary

Zariski’s example provides a counterexample to Yau’s conjecture.

n
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Characteristic varieties

v

C=C1+--+C}, degC; =d;,

n:=(ny,...,n.) € (Zs)", coprime

Cn=11C1+ - +n,Cr,d=n1++n,.

n-Alexander polynomial associated to the unramified cyclic
d-cover of P2\ C,.

Characteristic varieties measure these Alexander polynomials all
together

There are Zariski tuples not of Alexander type, distinguished by
characteristic varieites.

What about the embedded topology of the associated SIS or
k-Lé-Yomdin?

One may construct generic isolated singularities with
non-reduced tangent cone with distinct embedded topology.
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Fundamental group

>

There are Zariski pairs whose only tractable invariant to
distinguish them is the fundamental group of the complement
(e.g, Rybnikov line arrangements).

From semistable normalization, the unramified cyclic cover of

P2 \ C is the main part of a decomposition of the Milnor fiber F
(kind of Thurston-Nielsen decomposition), but F' is simply
connected!

There are also Zariski tuples with isomorphic fundamental group,
even abelian fundamental group.

Finally, there are arithmetic Zariski tuples, i.e., a curve defined

over a number field K and the elements of the tuple correspond
to distinct embeddings K — C.

Same question: What about the embedded topology of the
associated SIS or k-Lé-Yomdin?
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var: Ho(F,0F;7Z) - Ho(F;Z), on cycles p— 1, variation
isomorphism.

L:Hy(F;Z) x Hy(F;7) - Z, L(a,b) := var(a) -5 b.

> L is the Seifert form.

-t Ho(F;Z) x Hy(F;Z) - Z, a-b=-L(a,b) — L(b,a).

» Transposed variation
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Hy(F,0F;Z) — "5 Hy(F;Z)

> |

Hy(F;7)* —2" s Hy(F,0F;Z)*

> p.t Ho(F;7) » Hy(F;Z), py = —varotvar™t.
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Picard-Lefschetz

» From a morsification (Ay,...,A,) distinguished basis of
vanishing cycles (DBVC) of Hy(F;Z),

Ai-A; =2

(V1,...,V,) dual basis of Hy(F,0F;7Z)

Matrices of var,var, L, -, p,: Var, Vart, S, I, M.

» Var upper triangular with diagonals 1, Vart = Var.

» S=War™ I=-Var ' -Var!, M = - Var'Var '

Gabriélov polar method and Escario’s give I for a DVBC.
A’Campo can work with integral bilinear forms of high rank.

v

v

A’Campo’s question
Is p. conjugated to its inverse (over Z)?
» The answer is YES over Q (Monodromy theorem).
» The answer is YES for curves: any topological type can be
realized over the reals and take complex conjugation.
» Possible counterexample: look for a SIS such that the topological Y}
type of the tangent cone cannot be realized over the reals.
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Weighted Lé-Yomdin singularities

Definition
w € Z3, coprime, (S,0) = {F =0}, F € C{z,y, 2z}, isolated surface
singularity. Decompose F' in w-quasi-homogeneous forms:

#0
—_——t~

F(Lyvz) = Fm(‘rvyvz) +Fm+k(x’y7z) +...

Let Cj := Vp(F,,) c P2 (as orbifold). Then S is a (k,w)-weighted
Lé-Yomdin singularity (WLYS) if at each P € Cy,, N Cypyx the local
equation of C), at P is of order 1.

Weighted blow-ups

» Rephrase Lé-Yomdin singularity work replacing the first blow-up
by an w-weighted blow-up.

» Notion of Zariski tuples can be extended.
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Briangon-Speder WYLS

7

» F,=y° +taSy + 227 + 21° = 0, equisingular deformation of smooth

curves = WYLS
» Tangent line at P:=[1:0:0], is ty+ 2z =0.

Tangent cone, E. A., J. FdB, 1. Luengo, A. Melle

» fir =22 v aydz + tady? + 25 = 0 equisingular deformation.

» Sing{f; =0} = {[0:1:0],} c P2, intersection number with X =0
changes.

» F, = f,+y° = 0 3-WLYS, same topology and distinct tangent cone.

Non-linear deformations
> fi= (2 +23)% + (yz + t2?)? equisingular deformation.
» Sing{f; =0} ={P=[0:0:1],Q: =[-1:1:-¢t]} (ordinary cusp at
Q1)
» Fy = fi+ 28 + 22y3 1-WLYS same topology.



Thanks for your attention!
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