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Problems with R

Problem 1
x%+1 = 0 has no solution in R

Problem 2

R* is not connected.

Solution

m Replace R by C.

m Cand C)\ {finite set} are connected sets.

Properties

m Complex manifolds are oriented even-dimensional manifolds

m Maximum principle = Compact submanifolds of CV are finite sets
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m PV =CM*I\{0}/~, v~wew=m,1cC".

B X = (X0,%1,---,XN)s [X] 1= [x0:%1 :...:xy] € PV homogeneous coordinates.
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B X = (X0,%1,---,XN)s [X] 1= [x0:%1 :...:xy] € PV homogeneous coordinates.

m f(x) € C[x] is homogeneous of degree d 1ff(tx) =f(x).

m Projective subvarieties X = {[x] € PV : fi(x) = 0,i = L, ...,r}, f; homogeneous.
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Projective spaces

m PV =CM*I\{0}/~, v~wew=m,1cC".

B X = (X0,%1,---,XN)s [X] 1= [x0:%1 :...:xy] € PV homogeneous coordinates.

m f(x) € C[x] is homogeneous of degree d 1ff(tx) =f(x).

m Projective subvarieties X = {[x] € PV : fi(x) = 0,i = L, ...,r}, f; homogeneous.
m Smooth hypersurfaces: r =1, 3—2 (x) =0Vj < x=0.

m PV is the disjoint union of CN (xg # 0) and PN~ (xg = 0, hyperplane at infinity)
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Examples

Compact Riemann surfaces.

m Smooth projective curves (complex dimension 1)

m Compact complex analytic manifolds of dimension 1

m Compact differentiable real surfaces with a conformal structure

Compact complex smooth surfaces

m Kodaira’s classification

m Important source of examples of compact oriented manifolds of dimension 4

m Simple invariants for the topological classification in the simply-connected case
(Freedman)

m Donaldson invariants to distinguish homeomorphic but not diffeomorphic 4-manifolds are
applied to complex surfaces
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Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

Definition

7 = {set of connected components }
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Lefschetz hyperplane sections

Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

Definition

idad de Zaragoza

m1 = {homotopy classes of based maps S' — X}. Any finitely presented group is the
fundamental group of a compact space. Computation: Seifert-van Kampen theorem.
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Lefschetz hyperplane sections

Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

Definition

7y = {homotopy classes of based maps &/ — X}, j < 2. Abelian Groups. Extremely difficult
computation.
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Lefschetz hyperplane sections

Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

7 (S') 2 Z given by 7(1), m;(S') = 0if j > 1.
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Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

Consequence

Some geometric properties of X can be studied in a hyperplane section. In order to understand
7y, it is enough to study complex surfaces.
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Lefschetz hyperplane sections

Theorem

Let X" be a (quasi)projective submanifold of PN and let H be a generic hyperplane. Then
XNH <= X induces isomorphisms in 7;, 0 < j < n— 1 and epimorphisms in T,_1.

Consequence

Some geometric properties of X can be studied in a hyperplane section. In order to understand
7y, it is enough to study complex surfaces.

Complements of curves

X :=P?\ C, C projective curve of degree d, L generic line m; (L\ C) — m(X)

E. Artal IUMA, Universidad de Zaragoza
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Projection techniques

Projection

Let X" c PV be a submanifold, let HY "1 c PN be generic linear subspace, let P" C PY be a
subspace not containing H. The projection of center H onto P defines a ramified covering
w: X — P

Example
N=3,n=2,H:=[0:0:1], P2 = {z=0}, X = {f(x,y,2) = 0}, f(x,3,2) = 2% +....
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Projection techniques

Let X" c PV be a submanifold, let HY "1 c PN be generic linear subspace, let P C PY be a

subspace not containing H. The projection of center H onto P defines a ramified covering
w:X =P

Discriminant

There exists a hypersurface A C P such that 77 : X \ 77! (A) — P" \ A is an unramified covering.
In the case of the example, A = {disc,f = 0}. ‘CA
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Unramified coverings

Definition
7 : X — Y is an unramified covering if Vy € ¥, 3U open neighbourhood of y such that

0
7= (U) = U Ui and My, : Ui — U is a homeomorphism.

0,:C* > C*, z— 7", 0:C— C*, z— exp(2inz).

IUMA, Univer:




Induction Techniques
0000
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7 : X — Y is an unramified covering if Vy € ¥, 3U open neighbourhood of y such that

0
7= (U) = U Ui and My, : Ui — U is a homeomorphism.

0,:C* > C*, z— 7", 0:C— C*, z— exp(2inz).

Main Property

Coverings of Y are measured by the subgroups of 7 (Y) (m; (C*) = Z).
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Unramified coverings

Definition

7 : X — Y is an unramified covering if Vy € Y, 3U open neighbourhood of y such that

0
7' (U) = U, Ui and my, : U; — U is a homeomorphism.

Example

Riemann surface of a multivalued function (measured by the fundamental group of the
ramification locus)

Main Property
Coverings of Y are measured by the subgroups of 7; (Y) (7 (C*) = Z).

Algebraic field extensions

If 7 is algebraic, it is related with the field extension K(Y) C K(X).
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Unramified coverings

Definition

7 : X — Y is an unramified covering if Vy € Y, 3U open neighbourhood of y such that

0
7' (U) = U, Ui and my, : U; — U is a homeomorphism.

Example

Riemann surface of a multivalued function (measured by the fundamental group of the
ramification locus)

Main Property

Coverings of Y are measured by the subgroups of m; (Y) (7 (C*) = Z).

Algebraic field extensions

If 7 is algebraic, it is related with the field extension K(Y) C K(X).

Consequence

It is interesting to study 7; (P2 \ C), C plane projective curve.

E. JMA, Universidad de Zaragoza
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Singularities of plane curves

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + - = €1 (x,y)my (x,y) + - =xy+...
m Cusp: g(x,y) =l1(x,y)> +- - =2 +g3(xy) +- =2+ +...,83(0,) #0
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Singularities of plane curves

Generic singularities of a discriminant

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + -+ =1 (x,y)my (x,y) +--- =xy+...
m Cusp: g(x,y) =1(x,y)* + - =2 +g3(x,y) +-- =22+ +...,83(0,y) #0

Singularities of plane curves

A curve of equation f(x,y) = 0 has a singularity at (0,0) if (0,0) = % (0,0) = I (0,0) (Taylor

Iy
expansion starts at degree 2)
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Singularities of plane curves

Generic singularities of a discriminant

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + -+ =1 (x,y)my (x,y) +--- =xy+...
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Singularities of plane curves
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expansion starts at degree 2) '
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E. JMA, Universidad de Zaragoza
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Singularities of plane curves

Generic singularities of a discriminant

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + -+ =1 (x,y)my (x,y) +--- =xy+...
m Cusp: g(x,y) =1(x,))*+-- = +g3(xy)+-- =2 +y +...,8(0,) #0

Singularities of plane curves

A curve of equation f(x,y) = 0 has a singularity at (0,0) if (0,0) = % (0,0) = S—C (0,0) (Taylor
expansion starts at degree 2) '

Local equations of simple singularities of plane curves

m Ay 2=Vl =0,n>1.

E. JMA, Universidad de Zaragoza
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Singularities of plane curves

Generic singularities of a discriminant

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + -+ =1 (x,y)my (x,y) +--- =xy+...
m Cusp: g(x,y) =1(x,))*+-- = +g3(xy)+-- =2 +y +...,8(0,) #0

Singularities of plane curves

A curve of equation f(x,y) = 0 has a singularity at (0,0) if (0,0) = % (0,0) = S—C (0,0) (Taylor
expansion starts at degree 2) '

Local equations of simple singularities of plane curves

m A=Vt =0,n>1.

m D, V(u2 — \/'”72) =0,n>4.

E. JMA, Universidad de Zaragoza
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Singularities of plane curves

Generic singularities of a discriminant

g(x,y) = 0 local equation of the discriminant
m Two folding intersecting lines: g(x,y) = g2 (x,y) + -+ =1 (x,y)my (x,y) +--- =xy+...
m Cusp: g(x,y) =1(x,))*+-- = +g3(xy)+-- =2 +y +...,8(0,) #0

Singularities of plane curves

A curve of equation f(x,y) = 0 has a singularity at (0,0) if (0,0) = % (0,0) = S—C (0,0) (Taylor
expansion starts at degree 2) '

Local equations of simple singularities of plane curves

m A=Vt =0,n>1.
m D, v(u? V") =0,n>4.

m Eg: > —v* =0; Eq: u(uz — v?’) =0;Es: u> —v> =0.

E. JMA, Universidad de Zaragoza
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Zariski foundational paper
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m Looking for multivalued functions on P? ramified on C = looking for finite quotients of
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Zariski foundational paper

m O. Zariski, On the problem of existence of algebraic functions of two variables possessing
a given branch curve, Amer. J. Math. 51 (1929), 305-328.

m Looking for multivalued functions on P? ramified on C = looking for finite quotients of
m (P2\ C).
m Choose a generic line Ly, Ly M C. By Lefschetz Hyperplane Section Theorem:

(a1,-.a01 | _)={ar,-..,aq | ag-...-ay-ay = 1) = m (Ly\ C) - m (P*\ C)
m P Ly\C generic, P € Lo, th C. Choose equations: P:=[0:1:0], Lo :x =0, L : z=0.

2, a4
: ~ a3 o . o VY | I — VPV N R N N |
= Braids define a finite set of relations of the type a; = a;, [ai,uj} =1, gia;a; = ajaa;, ...,
where d, is conjugated to a;.

m Relations obtained by turning around on

m Van Kampen proved this set of relations is complete.
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Zariski foundational paper

O. Zariski, On the problem of existence of algebraic functions of two variables possessing
a given branch curve, Amer. J. Math. 51 (1929), 305-328.

Looking for multivalued functions on P? ramified on C = looking for finite quotients of
m (P2\ C).
Choose a generic line Ly, Ly M C. By Lefschetz Hyperplane Section Theorem:

(a1,-.a01 | _)={ar,-..,aq | ag-...-ay-ay = 1) = m (Ly\ C) - m (P*\ C)
P € Ly\ C generic, P € Lo, N C. Choose equations: P:=[0:1:0], Ly :x =0, Le : z=0.

2, a4
1 3 TN C 4 o VY | I — VPV N R N N |
Braids define a finite set of relations of the type a; = a;, [ai,uj} =1, gia;a; = ajaa;, ...,

Relations obtained by turning around on

where d, is conjugated to a;.

Van Kampen proved this set of relations is complete.

Theorem of Seifert-van Kampen.
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Zariski foundational paper

O. Zariski, On the problem of existence of algebraic functions of two variables possessing
a given branch curve, Amer. J. Math. 51 (1929), 305-328.

Looking for multivalued functions on P? ramified on C = looking for finite quotients of
m (P2\ C).
Choose a generic line Ly, Ly M C. By Lefschetz Hyperplane Section Theorem:

(a1,-.a01 | _)={ar,-..,aq | ag-...-ay-ay = 1) = m (Ly\ C) - m (P*\ C)
P € Ly\ C generic, P € Lo, N C. Choose equations: P:=[0:1:0], Ly :x =0, Le : z=0.

2, a4
1 3 TN C 4 o VY | I — VPV N R N N |
Braids define a finite set of relations of the type a; = a;, [ai,uj} =1, gia;a; = ajaa;, ...,

Relations obtained by turning around on

where d, is conjugated to a;.

Van Kampen proved this set of relations is complete.

7 (IP2\ C) is finitely presented < Theorem of Seifert-van Kampen.
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Method of Zariski-van Kampen

heorem

C smooth = m (P*\ C) is abelian.
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Method of Zariski-van Kampen

Theorem

C smooth = m (P*\ C) is abelian.

Theorem (Zariski)

C nodal = (P> \ C) is abelian.

E. Artal

fopolo
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Method of Zariski-van Kampen

Theorem

C smooth = m (P*\ C) is abelian.

Theorem (Zariski)
C nodal = (P> \ C) is abelian.

Theorem (Severi)

The space of irreducible nodal curves with given number of nodes is connected

Equisingular families

It two curves are in a connected family of equisingular curves, then they are isotopic

E. Artal

fopolo
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Method of Zariski-van Kampen

Theorem

C smooth = m (P*\ C) is abelian.

Conjecture (Zariski)
C nodal = mr; (P?\ C) is abelian.

Conjecture (Severi)

The space of irreducible nodal curves with given number of nodes is connected

Equisingular families

It two curves are in a connected family of equisingular curves, then they are isotopic

E. Artal

fopolo
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Method of Zariski-van Kampen

Theorem

C smooth = m (P*\ C) is abelian.

Theorem (Fulton-Deligne)
C nodal = mr; (P?\ C) is abelian.

Conjecture (Severi)

The space of irreducible nodal curves with given number of nodes is connected

Equisingular families

It two curves are in a connected family of equisingular curves, then they are isotopic

E. Artal

fopolo
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Method of Zariski-van Kampen

Theorem

C smooth = m (P*\ C) is abelian.

Theorem (Zariski)
C nodal = (P> \ C) is abelian.

Theorem (Harris)

The space of irreducible nodal curves with given number of nodes is connected

Equisingular families

It two curves are in a connected family of equisingular curves, then they are isotopic

E. Artal

fopolo
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Zariski pairs I

Cubic surf:

X C P2 smooth cubic surface with equation £3 4 (x,y,2)1% + 2 (x,9,2)t + £ (x,y,2) = 0.




Zariski pairs I

1bic surfa

X C P2 smooth cubic surface with equation #> + £ (x,y,2)t +£3 (x,¥,2) = 0.
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Zariski pairs I

Cubic surfaces

X C P2 smooth cubic surface with equation #> + £ (x,y,2)t +£3 (x,¥,2) = 0.

Discriminant of cubic surfaces
A C P2 curve of equation 4f (x,y,z)® +27f3(x,v,2)? = 0
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Zariski pairs I

Cubic surfaces

X C P2 smooth cubic surface with equation #> + £ (x,y,2)t +£3 (x,¥,2) = 0.

Discriminant of cubic surfaces
A C P2 curve of equation 4f; (x,y,z)> +27f3 (x,y,2)> = 0—

Im (P?\A) — 23 = ((1,2),(1,2,3))

E. Artal IUMA, Universidad de Zaragoza




Fundamental group of singul:
[e]e] e}

Zariski pairs I

Cubic surfaces

X C P2 smooth cubic surface with equation #> + £ (x,y,2)t +£3 (x,¥,2) = 0.

Discriminant of cubic surfaces
A C P2 curve of equation 4f; (x,y,z)> +27f3 (x,y,2)> = 0—

Im (P?\A) — 23 = ((1,2),(1,2,3))

m (P2\A) = Z/27.% 7./37.

idad de Zaragoza




Manifolds and Algebraic Varieti Complex algebraic varieti Induction Technique Fundamental group of singular algebraic curves

[e]e] o]

Zariski pairs I

Cubic surfaces

X C P2 smooth cubic surface with equation #> + £ (x,y,2)t +£3 (x,¥,2) = 0.

Discriminant of cubic surfaces
A C P2 curve of equation 4f; (x,y,z)> +27f3 (x,y,2)> = 0—

Im (P?\A) — 23 = ((1,2),(1,2,3))

Theorem
m (P2\A) = Z/27.% 7./37.

A is a sextic with six cusps and the cusps are in a conic




Zariski pairs 11

If C is a sextic with six cusps not on a conic, A (P> \ A) — X3 = ((1,2),(1,2,3)).
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Zariski pairs 11

Sextics with six cusps

If C is a sextic with six cusps not on a conic, A (P> \ A) — X3 = ((1,2),(1,2,3)).

On the irregularity of cyclic multiple planes, Ann. Math. 32 (1931), 445-489:

Zariski proves that the property of the six cusps on a conic has an effect on the first Betti
number of the cyclic covering of P? ramified along the curve.
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Zariski pairs 11

Sextics with six cusps

If C is a sextic with six cusps not on a conic, A (P> \ A) — X3 = ((1,2),(1,2,3)).

Remark
On the irregularity of cyclic multiple planes, Ann. Math. 32 (1931), 445-489:

Zariski proves that the property of the six cusps on a conic has an effect on the first Betti
number of the cyclic covering of P? ramified along the curve.

Remark

The topological discriminant group of a riemann surface of genus p, Amer. J. Math. 59 (1937),
335-358:

He shows the existence of sextic with six cusps not on a conic by deformation of the dual of a
smooth cubic (sextic with nine cusps). Explicit equations much later by Oka and Artal (in the
nineties).

E. JMA, Universidad de Zaragoza

Topol
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Zariski pairs 11

Sextics with six cusps

If C is a sextic with six cusps not on a conic, A (P> \ A) — X3 = ((1,2),(1,2,3)).

Remark

On the irregularity of cyclic multiple planes, Ann. Math. 32 (1931), 445-489:

Zariski proves that the property of the six cusps on a conic has an effect on the first Betti
number of the cyclic covering of P? ramified along the curve.

Remark

The topological discriminant group of a riemann surface of genus p, Amer. J. Math. 59 (1937),
335-358:

He shows the existence of sextic with six cusps not on a conic by deformation of the dual of a
smooth cubic (sextic with nine cusps). Explicit equations much later by Oka and Artal (in the
nineties).

gtyarev, 2
Theorem (Degtyarev, 2006) ‘{7‘

The family of sextics with six cusps has two connected components
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