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Definitions and examples

Definition
I" simplicial graph, Vi set of vertices, Er C {A C V, | #A = 2} edges

GF = <gvav elr | [gvagw] = 17{U7w} € EF>

right-angled Artin group.

Examples
» [' = n vertices, Gr =F,,.
>F:]_[;.l:11“j, Gr =Gr, x---xGr,.
» I 1-skeleton of an n-simplex, Gr = 7"+,
» I multipartite graph of I'y, ..., T, Gr = H;”Zl Gr,.



Test examples

Test Example I

V4

U3

Iy U5 Gr, =F> x 7', x Z
U1

V2




Test examples

Test Example 1

V4 V3

I'y Us Gr, =, x

U1 V2

Test Example 11

Vg V3

INT; Vs Vg an =F; x

X 7.

XIFQ



More test examples

Test Example II1

Trrr o s

Ve

Vg

U1 V2

U3



More test examples

Test Example II1

Lrrr s

Vg

Vg

U1 V2

Test Example IV

U3

I'rv

a



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}

Flag Complex of T' (= its 1-skeleton).



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}
Flag Complex of T' (= its 1-skeleton).

Examples



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}
Flag Complex of T' (= its 1-skeleton).

Examples

» A tree, an n-polygon (n > 3) equals its flag complex.



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}
Flag Complex of T' (= its 1-skeleton).

Examples

> A tree, an n-polygon (n > 3) equals its flag complex.

» The flag complex of the 1-skeleton of a simplex is the simplex.



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}
Flag Complex of T' (= its 1-skeleton).

Examples

> A tree, an n-polygon (n > 3) equals its flag complex.

» The flag complex of the 1-skeleton of a simplex is the simplex.

» The flag complexes of 'y, I';;7, [’y are contractible.



Flag Complex

Definition
I simplicial graph (Vr and Er as before).

Br :={A C V| T contains the complete graph on A}
Flag Complex of T' (= its 1-skeleton).

Examples

> A tree, an n-polygon (n > 3) equals its flag complex.

» The flag complex of the 1-skeleton of a simplex is the simplex.

» The flag complexes of 'y, I';;7, 'y are contractible.

» The flag complex of I';; is the octahedron (2-dimensional).
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> (X,,A,), v € Vg, pairs of topological spaces.

v

H (X0, A= U [ Xox []4vc ] X..
veEVK ceK veo vio vEVEK

» Denote (X, A)K if the factors coincide.

» Real toric complex Tg(K) = (St, 1)K

» Complex toric complex T¢(K) = (C*, 1)K
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Polyhedral product spaces

v
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K simplicial complex, Vi set of vertices.
(X, Ay), v € Vi, pairs of topological spaces.
The polyhedral product space of (X,, A,), v € Vg, over K is:

H (X0, A= U [ Xox []4vc ] X..
veEVK ceK veo vio vEVEK
Denote (X, A)¥ if the factors coincide.
Real toric complex Tr(K) = (S*,1)¥
Complex toric complex T¢(K) = (C*,1)%
TR(K) >~ Tc(K)
Tr(Br) CW-complex structure with zero differential.

Te(Br) is a (singular) algebraic complex variety.
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Toric complexes and Artin kernels

Theorem
T' simplicial graph
1. Tl(TR(BF)) = Wl(Tc(BF)) = GF.
2. Tr(Br), Tc(Br) are Eilenberg-McLane K(Gr,1) spaces.

Definition
I simplicial graph, x : Vi = Z* (n, = x(t)), ged{n, |v € Vp} = 1.

Denote by x the induced epimorphism Gr — Z (g, ¢ ker x, Vv € V).

The Artin kernel associated to y is Ax = ker x.

a
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Goals

ALGEBRA

>GF
> x:Gr = Z, gy = ny

| Te : T]%(BF) — TR(BF)
> H.(A};C) = H.(T5(Br); C)
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Goals

ALGEBRA

>GF

X:Gr = Z, gy — ny

v

v

Te : T]%(BF) — TR(BF)
H,(A}; C) = H.(T(Br); C)
C[t*']-module

vy

v

v

GEOMETRY

Tc(Br)

Te(Br) 5 €, (z,) = [] a2
vEVR veEVD

Fy,=f1e),0<ex1

H.(F\;C)

Monodromy ¢ on H,(F,;C)
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Finiteness and other properties

Theorem
1. dimg¢ H*(A%;(C) < 400 forx <k < K is (k — 1)-connected.
2. For ¢ <k,

¢ t:l:l
Hy(A};C H 5,

where ®,(t) is the n'-cyclotomic polynomial and m; < €+ 1.

Remark
1. In that case H, (A%; C) = H,(Fy;C) (equivariantly with respect
to the C[t*!] and the monodromy action)
2. As a consequence, Monodromy Theorem holds for Hy, ¢ < k:

eigenvalues are roots of unity and Jordan blocks are of size at
most £+ 1.
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Idea of the proof

Assume M = Br is (n — 1)-connected and study
9:Cp(M) = Cp_1(M), 0 : Cpyr (TR(M)) — C(Tx(M)), more
precisely, the Fitting ideals of the corresponding matrices.

{Minors of d(o1,...,0.) — (T1,...,7)} < {(K, L) admissible n-pairs}
K:Mn,]_U{O']_,...,O'r}, L:Mnfl\{le-wTr}

Lemma
A minor does not vanish if and only if (K, L) is acyclic. In that case

its value 1s
m x| 1~

c€K\M,,_1 TEL\M, _>

I~

TEMp_1\Mn_2

Remark 0

The statement about roots of unity is proved.
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Jordan blocks I

To study the behavior for one cyclotomic, say ®4, fix a primitive
d*P-root of unity ¢ and consider the complex

Co(TX(K)) ®cpeer) C[[T]), t=C+T.
A minor associated to (K, L)

I x| I x

c€K\ M, 1 TEL\Mp_2

I~

TEM, 1\ Mp_2

L= Unlt . TSOmC powcr.
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Jordan blocks I

To study the behavior for one cyclotomic, say ®4, fix a primitive
d*P-root of unity ¢ and consider the complex

C*(Tﬁé(K)) ®C[ti1] (C[[T]], t=(C+T.

Fitting ideals
The Fitting ideals will be a sequence
C[t*1] > (TN) D (TN7m) 5o D (TN Imttme) 5 (0),
ny > +-- > ng. The multiplicity of ¢ in the characteristic polynomial
is NV and there are Jordan blocks of size nq,...,ng.
Strategy

1. Mark in red (resp. blue) the vertices v such that d|n, (resp.

d fno)

2. The multiplicity of a simplex is the number of red vertices.
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Strategy

3. The multiplicity of M,, D K D M,,_1 (resp. M,,_1 D L D M,_»)
is the sum of the multiplicities of the n-simplices (resp.
(n — 1)-simplices).

4. Find an acyclic pair (K, L) (with fixed number j of n-simplices)
reaching the minimum m; of the multiplicities. The
corresponding ideal is 7"~ where mg is the sum of
multiplicities of all (n — 1)-simplices.
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Jordan Blocks I1I

Strategy

3. The multiplicity of M,, D K D M,,_1 (resp. M,,_1 D L D M,_»)
is the sum of the multiplicities of the n-simplices (resp.
(n — 1)-simplices).

4. Find an acyclic pair (K, L) (with fixed number j of n-simplices)
reaching the minimum m; of the multiplicities. The
corresponding ideal is 777~ where my is the sum of
multiplicities of all (n — 1)-simplices.

5. Start with K, L acyclic

6. Consider filtrations
M, =MD 5 MM 55 MO 5 MO S My D M,y =M™,

My_y=M", >M" V5.5 5 M9 5 M,

n—
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Pick up a spanning forest in Ml(0> (as many components as the
ones in M1(0>): all the edges are of multiplicity 0.

Connect them as much as possible in Ml(l) (with multiplicity-1
edges).

Add eventually multiplicity-2 edges to obtain a spanning tree K.
The multiplicity of K is independent of the choices.



Jordan Blocks II1

7. Fix n =1 for simplicity. A minimal tree is obtained as follows:
» Pick up as L a blue vertex.
» Pick up a spanning forest in M 1(0) (as many components as the
ones in M1(0>)5 all the edges are of multiplicity 0.
» Connect them as much as possible in Ml(l) (with multiplicity-1
edges).

» Add eventually multiplicity-2 edges to obtain a spanning tree K.

» The multiplicity of K is independent of the choices.

8. For the next Fitting ideal, we may consider an acyclic (K1, L)
obtained from (K, L) by taking out an n-simplex of K (of
multiplicity < n + 1) and adding an (n — 1)-simplex to L (of
multiplicity > 0). Hence the multiplicity decreases at most by
n + 1 and the second statement of Monodromy Theorem holds.
The number of such blocks is:

dime Im (anl(ﬂféojl) - f{nfl(]\/[rs”)))
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