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ci=Jd, c=|]Jc,cP?
Jj=1 j=1
¢ : (P2,Cq) — (P?,C2) homeomorphism:

@ deg(Cy = deg (> (homology arguments).
@ (Sing(Cq)) = Sing(C>) (respecting topological types).
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- ZariskiPairs |
Combinatorics

r ) o .
ci=Jd, c=|]Jc,cP?
Jj=1 j=1

¢ : (P2,Cq) — (P?,C2) homeomorphism:
@ deg(Cy = deg (> (homology arguments).
@ ¢(Sing(Cq)) = Sing(C>) (respecting topological types).
@ r:=r = r and after relabelling deg (34 = deg Cé

@ Bijection between resolution graphs (respecting strict transforms
of C)).
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Definition
The combinatorics of C is the dual graph of the embedded resolution of
Sing(C) (with marked strict transforms).
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Definition
The combinatorics of C is the dual graph of the embedded resolution of
Sing(C) (with marked strict transforms).

v

Remark
Using Waldhausen graph manifold theory, combinatorics is also the
topological type of (T(C),C).
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Definition
The combinatorics of C is the dual graph of the embedded resolution of
Sing(C) (with marked strict transforms).

v

Remark
Using Waldhausen graph manifold theory, combinatorics is also the
topological type of (T(C),C).

Definition
Cy,Co C IP? form a Zariski pair if
@ Same combinatorics
Q 7w : (P?,Cy) — (P?,Cp) homeomorphism.
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).

J
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).

Alternatives

@ Weak Zariski pairs. Use weak combinatorics: degree and
topological types of singularities.
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).

Alternatives

@ Weak Zariski pairs. Use weak combinatorics: degree and

topological types of singularities.
@ #: P?\ ¢y — P?\ C, homeomorphism.
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).

Alternatives

@ Weak Zariski pairs. Use weak combinatorics: degree and
topological types of singularities.

@ 3y : P2\ Cy — P?\ C, homeomorphism.
@ m(P?\ C1) ¥ m1 (P2 \ C2)
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Example (Zariski)
Sextics with six cusps (lying or not on a conic).

Alternatives

@ Weak Zariski pairs. Use weak combinatorics: degree and
topological types of singularities.

@ 3y : P2\ Cy — P?\ C, homeomorphism.
o m(P?\ Cy) % m (P2 \ C2)
@ Alexander polynomial are different.
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Problem.
Understand why they exist.

J
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Problem.
Understand why they exist.

Remark
First examples of Zariski pairs have positive genus.
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Problem.
Understand why they exist.

Remark
First examples of Zariski pairs have positive genus.

Rational Arrangements
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Problem.
Understand why they exist.

Remark
First examples of Zariski pairs have positive genus.

Rational Arrangements
@ Simpler topology
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Problem.
Understand why they exist.

Remark
First examples of Zariski pairs have positive genus.

Rational Arrangements
@ Simpler topology
@ Construct enough examples
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@ m1(IP?\ C;): Zariski-van Kampen method
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@ m1(IP?\ C;): Zariski-van Kampen method
@ Alexander polynomial:

E. Artal (Universidad de Zaragoza)

Zariski pairs of rational arrangements

)



@ m1(IP?\ C;): Zariski-van Kampen method
@ Alexander polynomial:

» ¢:m(P2\ C) — Z sending meridians to 1.
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@ m1(IP?\ C;): Zariski-van Kampen method
@ Alexander polynomial:

» ¢:7(P?\ C;) — Z sending meridians to 1.
» Ki:=kere
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@ m1(IP?\ C;): Zariski-van Kampen method

@ Alexander polynomial:
» ¢:m(P2\ C) — Z sending meridians to 1.
» Ki:=kere
» M= K/K'is a A := Z[t*"]-module.
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@ m1(IP?\ C;): Zariski-van Kampen method

@ Alexander polynomial:

v

e : m(P?\ C;) — Z sending meridians to 1.
Ki :=kere

M; .= K/K" is a Ay := Z[t*']-module.

M, ® Q= & AT /(D).

v

v

v
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@ m1(IP?\ C;): Zariski-van Kampen method

@ Alexander polynomial:
» ¢:7(P?\ C;) — Z sending meridians to 1.
» Ki:=kere
» M= K/K'is a Ay := Z[t*"]-module.
> M@ Q= el AY/(A).

o A:=TI_, &
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@ m1(IP?\ C;): Zariski-van Kampen method

@ Alexander polynomial:

» ¢:7(P?\ C;) — Z sending meridians to 1.
» Ki:=kere

» M= K/K'is a Ay := Z[t*"]-module.

> M@ Q= el AY/(A).

o A:=TI_, &

Remark
If C is reducible is an invariant of (P2, C) and not of 7 (P? \ C). J
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@ m1(IP?\ C;): Zariski-van Kampen method

@ Alexander polynomial:

v

e : m(P?\ C;) — Z sending meridians to 1.
Ki :=kere

M; = K/K' is a Ay := Z[t*']-module.
M@ Q = &]_\/(4).

o A:=TI_, &

v

v

v

Remark
If C is reducible is an invariant of (P2, C) and not of 7 (P? \ C).

Important

It can be computed algebraically (Zariski,Libgober, Esnault,
Degtyarev).

v
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@ Compute Oka polynomials; different choices of ¢
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@ Compute Oka polynomials; different choices of ¢
@ Characteristic varieties
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@ Compute Oka polynomials; different choices of ¢
@ Characteristic varieties

» Consider (P2 \ (C;U L)), C; h L line.
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties
» Consider (P2 \ (C;U L)), C; h L line.
» c:m(P?\ (C;UL)) — Z" abelianization.
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties
» Consider (P2 \ (C;U L)), C; h L line.
» ¢:m(P?\ (C;UL)) — Z" abelianization.
> K= keI’E:H1(P2\(C,‘UL);Z).
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties
» Consider (P2 \ (C;U L)), C; h L line.
» ¢:m(P?\ (C;UL)) — Z" abelianization.
» K :=kere = Hi(P?\ (C;U L); Z).
» M= K/K'isaA, :=Z[t,..., t5']-module.
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties

Consider 71(P? \ (C;U L)), C; h L line.

e :m(P?\ (C;U L)) — Z' abelianization.

Ki := kere = H; (P2 \ (C; U L); Z).

M= K/K'isa A, :=Z[tY,..., tF']-module.

Fitting ideals of M; @ C define subvarieties of Spec AS = (C*)".

v

v

v

v

v
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties

Consider 71(P? \ (C;U L)), C; h L line.

e :m(P?\ (C;U L)) — Z' abelianization.

Ki := kere = H; (P2 \ (C; U L); Z).

M= K/K'isa A, :=Z[tY,..., tF']-module.

Fitting ideals of M; ® C define subvarieties of Spec A¢ = (C*)".
Most irreducible components can be computed algebraically.

v

v

v

v

v

v
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@ Compute Oka polynomials; different choices of ¢

@ Characteristic varieties

Consider 71(P? \ (C;U L)), C; h L line.

e :m(P?\ (C;U L)) — Z' abelianization.

Ki := kere = H; (P2 \ (C; U L); Z).

M= K/K'isa A, :=Z[tY,..., tF']-module.

Fitting ideals of M; ® C define subvarieties of Spec A¢ = (C*)".
Most irreducible components can be computed algebraically.

v

v

v

v

v

v

@ Galois coverings by algebraic properties (Tokunaga).
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Arithmetic Zariski pairs

Remark
All above invariants have to do with finite coverings. J
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Arithmetic Zariski pairs

Remark
All above invariants have to do with finite coverings.

Definition
Cy,Co form an arithmetic Zariski pair if they are a Zariski pair and admit
conjugated equations with coefficients in a number field.

v
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Arithmetic Zariski pairs

Remark
All above invariants have to do with finite coverings.

Definition
Cy,Co form an arithmetic Zariski pair if they are a Zariski pair and admit
conjugated equations with coefficients in a number field.

v

@ Braid monodromy (A-Carmona-Cogolludo)
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Arithmetic Zariski pairs

Remark
All above invariants have to do with finite coverings.

Definition
Cy,Co form an arithmetic Zariski pair if they are a Zariski pair and admit
conjugated equations with coefficients in a number field.

v

@ Braid monodromy (A-Carmona-Cogolludo)

@ Moduli spaces of surfaces of general type (Kharlamov-Kulikov):
oriented Zariski pairs, complex conjugated.
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Arithmetic Zariski pairs

Remark
All above invariants have to do with finite coverings.

Definition
Cy,Co form an arithmetic Zariski pair if they are a Zariski pair and admit
conjugated equations with coefficients in a number field.

v

@ Braid monodromy (A-Carmona-Cogolludo)

@ Moduli spaces of surfaces of general type (Kharlamov-Kulikov):
oriented Zariski pairs, complex conjugated.

@ In case of sextics with simple singular points, lattice theory
(Degtyarev-Shimada).
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.
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Sextics with simple singular points
@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =%/ PGL(3; C).
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y /PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y /PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.

o lfpy=19and .# # ) — dim.# = 1 and it is easy to look for
disconnected .7 .
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y /PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.

o Ify=19and .# # () = dim.# =1 and it is easy to look for
disconnected ..

@ In many cases, candidates to arithmetic Zariski pairs.
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y /PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.

o Ify=19and .# # () = dim.# =1 and it is easy to look for
disconnected ..

@ In many cases, candidates to arithmetic Zariski pairs.

@ First example in the litterature A4g in Q(v/5) (Yoshihara).
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y /PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.

o Ify=19and .# # () = dim.# =1 and it is easy to look for
disconnected ..

@ In many cases, candidates to arithmetic Zariski pairs.

@ First example in the litterature A4g in Q(v/5) (Yoshihara).

@ Degtyarev: all candidates are Zariski pairs (up to some technical
point)
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Sextics with simple singular points

@ Double covering of P? is a K3-surface.

@ X space of all curves with a given combinatorics,
A =Y/ PGL(3;C).

@ Two curves in the same connected component of ¥ are
topologically equivalent.

o Ify=19and .# # () = dim.# =1 and it is easy to look for
disconnected .7 .

@ In many cases, candidates to arithmetic Zariski pairs.

@ First example in the litterature A4g in Q(v/5) (Yoshihara).

@ Degtyarev: all candidates are Zariski pairs (up to some technical
point)

Remark

In the original Zariski pair: two connected components (Degtyarey,
Shimada).
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@ _ -Carmona’98.
@ (3 nodal cubic; a smooth conic Cs is a bi-inflection conic if

ConN Reg(C3) = {P, Q}, P 75 Q, and (Cg 'C3)P = (Cg -C3)Q = 3.
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Rational Zariski pairs First example

° -Carmona '98.

@ C3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
ConN Reg(C3) = {P, Q}, P % Q, and (Cg 'C3)P = (Cg -C3)Q = 3.

@ Geometrical group structure of Reg(C3) (= C*) with trivial element
P; an inflection point:

Qi-...-Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qspn}

counting multiplicities.
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Rational Zariski pairs First example

° -Carmona '98.

@ C3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
ConN Reg(C3) = {P, Q}, P % Q, and (Cg 'C3)P = (Cg -C3)Q = 3.

@ Geometrical group structure of Reg(Cs) (= C*) with trivial element
Py an inflection point:

Q... - Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qsn}

counting multiplicities.
@ X (P, Q) intersects C3 in an inflection point
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Rational Zariski pairs First example

° -Carmona '98.

@ (3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
C2NReg(Cs) = {P,Q}, P# Q,and (C2 - C3)p = (C2- C3)q = 3.

@ Geometrical group structure of Reg(Cs) (= C*) with trivial element
P; an inflection point:

Q... - Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qsn}

counting multiplicities.
@ Y (P, Q) intersects C3 in an inflection point €.
@ Take one nodal cubic and two transversal bi-inflection conics.
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Rational Zariski pairs First example

° -Carmona ’98.

@ C3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
ConN Reg(C3) = {P, Q}, P 75 Q, and (Cz 'C3)p = (Cg -Cs)o = 3.

@ Geometrical group structure of Reg(C3) (= C*) with trivial element
P; an inflection point:

Q... - Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qsn}

counting multiplicities.
@ X (P, Q) intersects C3 in an inflection point
@ Take one nodal cubic and two transversal bi-inflection conics.

@ Two possible types of curves (the associated inflection points
coincide or not).
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Rational Zariski pairs First example

° -Carmona ’98.

@ C3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
ConN Reg(C3) = {P, Q}, P 75 Q, and (Cz 'C3)p = (Cg -C3)Q = 3.

@ Geometrical group structure of Reg(C3) (= C*) with trivial element
P; an inflection point:

Q... - Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qsn}

counting multiplicities.
@ X (P, Q) intersects C3 in an inflection point
@ Take one nodal cubic and two transversal bi-inflection conics.

@ Two possible types of curves (the associated inflection points
coincide or not).

@ Different fundamental groups (direct computation and counting
representations on finite groups)
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Rational Zariski pairs First example

° -Carmona ’98.

@ C3 nodal cubic; a smooth conic Cs is a bi-inflection conic if
ConN Reg(C3) = {P, Q}, P 75 Q, and (Cg 'C3)p = (C2 -C3)Q = 3.

@ Geometrical group structure of Reg(C3) (= C*) with trivial element
P; an inflection point:

Q... - Qzp <= IDps.t. degDp=n,C3NDp={Qy,...,Qsn}

counting multiplicities.
@ X (P, Q) intersects C3 in an inflection point
@ Take one nodal cubic and two transversal bi-inflection conics.

@ Two possible types of curves (the associated inflection points
coincide or not).

@ Different fundamental groups (direct computation and counting
representations on finite groups)

@ Trivial Alexander polynomial but different characteristic varieties @
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@ Combinatorics = intersection patterns.
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@ Combinatorics = intersection patterns.
@ First Zariski pair (Rybnikov '94):
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@ Combinatorics = intersection patterns.
@ First Zariski pair (Rybnikov '94):

» 13 lines with non-real equations.
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@ Combinatorics = intersection patterns.

@ First Zariski pair (Rybnikov '94):
» 13 lines with non-real equations.

» Fundamental groups non-isomorphic: homological rigidity +
truncated Alexander invariants
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@ Combinatorics = intersection patterns.

@ First Zariski pair (Rybnikov '94):
» 13 lines with non-real equations.

» Fundamental groups non-isomorphic: homological rigidity +
truncated Alexander invariants

@ Arithmetic Zariski pair of arrangements of lines
(___ -Carmona-Cogolludo-Marco).
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@ Combinatorics = intersection patterns.
@ First Zariski pair (Rybnikov '94):

» 13 lines with non-real equations.

» Fundamental groups non-isomorphic: homological rigidity +
truncated Alexander invariants

@ Arithmetic Zariski pair of arrangements of lines
(_ -Carmona-Cogolludo-Marco).

» 11 lines, conjugate equations in Q(v/2).
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@ Combinatorics = intersection patterns.

@ First Zariski pair (Rybnikov '94):
» 13 lines with non-real equations.

» Fundamental groups non-isomorphic: homological rigidity +
truncated Alexander invariants

@ Arithmetic Zariski pair of arrangements of lines
(_ -Carmona-Cogolludo-Marco).

» 11 lines, conjugate equations in Q(v/2).
» Distinguished by braid monodromy
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@ Combinatorics = intersection patterns.

@ First Zariski pair (Rybnikov '94):
» 13 lines with non-real equations.

» Fundamental groups non-isomorphic: homological rigidity +
truncated Alexander invariants

@ Arithmetic Zariski pair of arrangements of lines
(___ -Carmona-Cogolludo-Marco).

» 11 lines, conjugate equations in Q(v/2).
» Distinguished by braid monodromy
» Are fundamental groups non isomorphic?
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Zariski pairs of arrangements of conics and lines via Cremona
Transformations.

J
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Rational Zariski pairs Arrangements of conics

Zariski pairs of arrangements of conics and lines via Cremona
Transformations.

Namba-Tsuchihashi example.

@ Two conics are bitangent if they are smooth and are tangent at
two different points.
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Rational Zariski pairs Arrangements of conics

Zariski pairs of arrangements of conics and lines via Cremona
Transformations.

Namba-Tsuchihashi example.

@ Two conics are bitangent if they are smooth and are tangent at
two different points.

@ Take C : {c = 0} a smooth conic, {¢ =0} =: L h C line: C and
{c+ a? = 0}, a € C*, are bitangent.
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Rational Zariski pairs Arrangements of conics

Zariski pairs of arrangements of conics and lines via Cremona
Transformations.

Namba-Tsuchihashi example.

@ Two conics are bitangent if they are smooth and are tangent at
two different points.

@ Take C : {c = 0} a smooth conic, {¢ =0} =: L h C line: C and
{c + af? = 0}, a € C*, are bitangent.

@ Combinatorics %y: C1,Co,C3 conics such that C1 th C» and C;, C3 are
bitangent, i = 1,2.
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Rational Zariski pairs Arrangements of conics

Zariski pairs of arrangements of conics and lines via Cremona
Transformations.

Namba-Tsuchihashi example.

@ Two conics are bitangent if they are smooth and are tangent at
two different points.

@ Take C : {c = 0} a smooth conic, {¢ =0} =: L h C line: C and
{c + af? = 0}, a € C*, are bitangent.

@ Combinatorics %p: C1,Co,C3 conics such that C1 th Co and C;, C3 are
bitangent, i = 1, 2.

@ Moduli space of % is connected
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Rational Zariski pairs Arrangements of conics

Definition
Cy,Co smooth conics, P € IP? special to Cy,C» (relative to Cp) if Pis a
double point of a conic Cp in the pencil £(C1, Co).
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Rational Zariski pairs Arrangements of conics

Definition
Cy,Co smooth conics, P € IP? special to Cy,C» (relative to Cp) if Pis a
double point of a conic Cp in the pencil £(C1, Co).

Lemma

C1,C2,C3 smooth conics. If P is special to C;, C3 (relative to Cp ),
i=1,2, then P is special to C1,C» (relative to a product of lines in

Y(Cp,1,Cp) CEED.
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Rational Zariski pairs Arrangements of conics

Definition
Cy,Co smooth conics, P € IP? special to Cy,C» (relative to Cp) if Pis a
double point of a conic Cp in the pencil £(C1, Co).

Lemma

C1,C2,C3 smooth conics. If P is special to C;, C3 (relative to Cp ),
i=1,2, then P is special to C1,C» (relative to a product of lines in
Y(Cp,1,Cp) CEED.

Namba-Tsuchihashi combinatorics.
Combinatorics %5: Cy,C», C3,C4 conics such that:
() C3 0 Cq

V.
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Rational Zariski pairs Arrangements of conics

Definition
Cy,Co smooth conics, P € IP? special to Cy,C» (relative to Cp) if Pis a
double point of a conic Cp in the pencil £(C1, Co).

Lemma

C1,C2,C3 smooth conics. If P is special to C;, C3 (relative to Cp ),
i=1,2, then P is special to C1,C» (relative to a product of lines in
Y(Cp,1,Cp) CEED.

Namba-Tsuchihashi combinatorics.
Combinatorics %5: Cy,C», C3,C4 conics such that:
() C3 M Cq
@ Cq4,(Co,C; in combinatorics %y, i = 3, 4.

V.
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Moduli space
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Moduli space
@ If C1,Co,C3 is in %p: associated point P.
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Moduli space
@ If C1,Co,C3 is in %p: associated point P.

@ If C1,C5,C3,C4 is in ©4: associated points Ps, Py.
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Rational Zariski pairs Arrangements of conics

Moduli space
@ If C1,Co,C3 is in %p: associated point P.
@ If Cq1,C5,C3,C4 is in ©y: associated points Ps, Py.

@ Two connected components .#Z.., depending on either P; = P, or
Ps # Py.

E. Artal (Universidad de Zaragoza) Zariski pairs of rational arrangements Symp. Alg. Geom. 15/23



Rational Zariski pairs Arrangements of conics

Moduli space
@ If C1,Co,C3 is in %p: associated point P.
@ If Cq1,C5,C3,C4 is in ©y: associated points Ps, Py.

@ Two connected components .Z., depending on either P; = P, or
P3 # Py.

Proposition (___ -Cogolludo-Tokunaga)
C1,C2,C3,Cy is in ¢}
P; = P, < there exists a conic through the eight tacnodes
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Consequences
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Consequences
@ Existence of a tower of dihedral covers (if P3 = Py).
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Rational Zariski pairs Arrangements of conics

Consequences
@ Existence of a tower of dihedral covers (if P3 = Py).
@ Alexander polynomials: > +1 and 1.
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Rational Zariski pairs Arrangements of conics

Consequences
@ Existence of a tower of dihedral covers (if P3 = Py).
@ Alexander polynomials: > + 1 and 1.

@ Different number of positive dimensional irreducible components
of characteristic varieties = non-isomorphic fundamental groups
(direct proof by Namba-Tsuchihashi).
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@ First candidate example: sextics with A4g point (Yoshihara).
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@ First candidate example: sextics with A4g point (Yoshihara).
@ Much candidates later from Yang’s list.
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Rational Zariski pairs Arithmetic Zariski pairs

@ First candidate example: sextics with A4g point (Yoshihara).

@ Much candidates later from Yang’s list.

@ Some of them produce Zariski pairs after adding lines (braid
monodromy):
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Rational Zariski pairs Arithmetic Zariski pairs

@ First candidate example: sextics with A4g point (Yoshihara).

@ Much candidates later from Yang’s list.
@ Some of them produce Zariski pairs after adding lines (braid
monodromy):

» Choose a base point such that braid monodromies are
non-equivalent.
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Rational Zariski pairs Arithmetic Zariski pairs

@ First candidate example: sextics with A4g point (Yoshihara).

@ Much candidates later from Yang’s list.
@ Some of them produce Zariski pairs after adding lines (braid
monodromy):

» Choose a base point such that braid monodromies are
non-equivalent.
» Add the non-tranversal lines through the base point.
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Rational Zariski pairs Arithmetic Zariski pairs

@ First candidate example: sextics with A4g point (Yoshihara).

@ Much candidates later from Yang’s list.

@ Some of them produce Zariski pairs after adding lines (braid
monodromy):

» Choose a base point such that braid monodromies are
non-equivalent.
» Add the non-tranversal lines through the base point.

@ Degtyarev shows that any candidate of arithmetic Zariski pair for
sextic curves is a Zariski pair (up to some technical details).
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Rational Zariski pairs Arithmetic Zariski pairs

@ First candidate example: sextics with A9 point (Yoshihara).
@ Much candidates later from Yang’s list.

@ Some of them produce Zariski pairs after adding lines (braid
monodromy):

» Choose a base point such that braid monodromies are
non-equivalent.
» Add the non-tranversal lines through the base point.

@ Degtyarev shows that any candidate of arithmetic Zariski pair for
sextic curves is a Zariski pair (up to some technical details).

@ One special example in torus type curves (Oka-Eyral)
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, As, Ao disconnected:
equations in Q(v/3).

Thank you for your attention
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, A5, Ao disconnected:
equations in Q(v/3).

@ Oka and Eyral compute fundamental groups and find
non-homeomorphic real figures GED.

Thank you for your attention
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, A5, Ao disconnected:
equations in Q(v/3).

@ Oka and Eyral compute fundamental groups and find
non-homeomorphic real figures €.

@ Both curves are birationally equivalent @&®.

Thank you for your attention
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, A5, Ao disconnected:
equations in Q(v/3).

@ Oka and Eyral compute fundamental groups and find
non-homeomorphic real figures €.

@ Both curves are birationally equivalent €.

@ Fundamental groups are isomorphic.

Thank you for your attention
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, A5, Ao disconnected:

equations in Q(v/3).

@ Oka and Eyral compute fundamental groups and find
non-homeomorphic real figures €.

@ Both curves are birationally equivalent €.
@ Fundamental groups are isomorphic.

@ Braid monodromies of the figure are not equivalent.

Thank you for your attention
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Rational Zariski pairs Arithmetic Zariski pairs

Oka-Eyral example

@ Moduli space of sextic curves with Eg, Eg, A5, Ao disconnected:
equations in Q(v/3).

@ Oka and Eyral compute fundamental groups and find
non-homeomorphic real figures €.

@ Both curves are birationally equivalent €.
@ Fundamental groups are isomorphic.
@ Braid monodromies of the figure are not equivalent.

@ Adding lines, we obtain Zariski pairs with homeomorphic
complement.

Thank you for your attention
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Figures
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Figures
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Real picture of Oka-Eyral examples

E; E;
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Figure: Sequence of blowups
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