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Definitions

Definition
A group G is quasi-projective if there exists a quasi-projective
manifold X such that π1(X) ∼= G.

Definition
(S3, L) is an algebraic link if (S3, L) ∼= (S3

ε, f
−1(0)∩ S3

ε), 0 < ε� 1, for
0 6= f =

∏r
j=1 fj

irr.
∈ C{x, y} reduced.

Definition
An irreducible 3-manifold is a graph manifold if its JSJ-decomposition
consists of Seifert pieces.

Example
Exteriors of algebraic links are graph manifolds (with boundary).

Example
If f is quasihomogeneous, the complement of the germ f−1(0) is
homeomorphic to a quasi-projective manifold (ε =∞ basically works).
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Graph manifolds and resolution graphs
Oriented graph manifolds (orientable bases and trivial cocycle)
They can be represented by a plumbed manifold M via a graph Γ:

I Vertices v ∈ V (with weights ([gv], ev)).
I Arrowheads t ∈ H.
I Edges e ∈ E .
I Arrows f ∈ F .

Minimal resolution graph

I π : (X,D)→ (C2, 0) (minimal) embedded resolution of C,
π∗(C) =

∑r
j=1 Ĉj +

∑n
k=1 mkDk is SNC.

I Γ dual graph: vertices (Dk), arrowheads (Ĉj), edges and arrows
(double points), weighted with self-intersections and gv = 0.

I Γ is the graph of the exterior of the algebraic link (plumbing
tubular neighbourhoods)
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(double points), weighted with self-intersections and gv = 0.

I Γ is the graph of the exterior of the algebraic link (plumbing
tubular neighbourhoods)



Graph manifolds and resolution graphs
Oriented graph manifolds (orientable bases and trivial cocycle)
They can be represented by a plumbed manifold M via a graph Γ:
I Vertices v ∈ V (with weights ([gv], ev)).
I Arrowheads t ∈ H: corresponding to boundary components of M .

I Edges e ∈ E .
I Arrows f ∈ F .

Minimal resolution graph

I π : (X,D)→ (C2, 0) (minimal) embedded resolution of C,
π∗(C) =

∑r
j=1 Ĉj +
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j=1 Ĉj +

∑n
k=1 mkDk is SNC.

I Γ dual graph: vertices (Dk), arrowheads (Ĉj), edges and arrows
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(double points), weighted with self-intersections and gv = 0.

I Γ is the graph of the exterior of the algebraic link (plumbing
tubular neighbourhoods)



Graph manifolds and resolution graphs
Oriented graph manifolds (orientable bases and trivial cocycle)
They can be represented by a plumbed manifold M via a graph Γ:
I Vertices v ∈ V (with weights ([gv], ev)).
I Arrowheads t ∈ H.
I Edges e ∈ E .
I Arrows f ∈ F .

Minimal resolution graph

I π : (X,D)→ (C2, 0) (minimal) embedded resolution of C,
π∗(C) =

∑r
j=1 Ĉj +
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Characteristic Varieties
I G group (finitely presented, say G = π1(X), X CW -complex).

I H := G/G′ ∼= Z` ⊕
⊕m

j=1 Z/dj
I Λ := C[H], TG := Spec Λ subtorus of (C∗)`+m.
I TG = H1(X;C∗) = Hom(G;C∗) = Hom(H;C∗).
I ξ ∈ TG =⇒ Cξ local system of coefficients on X.
I Vk(G) := {ξ ∈ T | dimH1(X;Cξ) = k}
I Chark(G) := {ξ ∈ T | dimH1(X;Cξ) ≥ k} = Vk(G) are the

characteristic varieties of G.
I Outside 1 they coincide with zero locus of the Fitting ideals of
G′/G′′ ⊗ C as Λ-module

I They can be computed using Fox calculus on a presentation of G.
I Chark(G) are algebraic subvarieties defined over Q.
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Obstructions

Arapura
Irreducible components of characteristic varieties of quasi-projective
groups are subtori translated by torsion elements.

Dimca-Papadima-Suciu

I Σ irreducible component of Σk(G), d := dim Σ > 2 =⇒ its
parallel translation through 1 is a component of Σd−1(G) and not
of Σd(G)

I Σ irreducible component of Σk(G) of dimension 1 =⇒ 1 /∈ Σ.
I Σ1 $ Σ2 irreducible components of Σk1(G),Σk2(G), respectively,
k1 > k2 =⇒ Σ1 is a point.

I Σ1 6= Σ2 irreducible components of Σ1(G) =⇒ Σ1 ∩ Σ2 is finite.

A-Cogolludo-Matei

I ξ ∈ Σ1 ∩ Σ2 distinct irreducible components of Σk1(G),Σk2(G),
respectively, =⇒ ξ ∈ Σk1+k2(G)
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Consequences

Corollary (Dimca-Papadima-Suciu)
Let L ⊂ S3 be a link with r ≥ 3 connected components. If π1(S3 \L) is
quasi-projective, then the multivariable Alexander polynomial of L is
expressed as p(u) where u is a monomial in x1, . . . , xr

Remark
This is how Papadima rules out almost all non quasi-homogeneous
algebraic link groups.

Corollary (A-Cogolludo-Matei)
Let G be a quasi-projective group, A ⊂ Vk(G), B ⊂ V`(G) such that
k < ` and B ⊂ A. Then B is finite.

Remark
A finite index subgroup of a quasi-projective group is also
quasi-projective.
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Alexander polynomials

A’Campo’s formula for algebraic links (Eisenbud-Neumann)

−3 −2−1
2 36

y2 − x3 = 0

∆(t) = (t6 − 1)(t− 1)
(t2 − 1)(t3 − 1) = t2 − t+ 1
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A’Campo’s formula for algebraic links (Eisenbud-Neumann)
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A’Campo’s formula for algebraic links (Eisenbud-Neumann)

−3

−2

−3 −2−1
4

6

12 1326
(y2 − x3)2 − x2y3 = 0
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Alexander polynomials

A’Campo’s formula for algebraic links (Eisenbud-Neumann)
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−2

−2 −1
4

6

12 14
(y2 − x3)(y2 − x3 − x2y) = 0

∆(t1, t2) = ((t1t2)6 − 1)((t1t2)7 − 1)
((t1t2)2 − 1)((t1t2)3 − 1) = ((t1t2)2− (t1t2) + 1)(t1t2)7 − 1

(t1t2)− 1



A direct computation

−2 −3 −2−1
(2, 1) (4, 2) (5, 2)(10, 4)

(y − x2)(y2 − x5) = 0

I G = π1(S3 \ L) = 〈t, s | [t2, s2] = 1〉.

I G′/G′′ ⊗ C = Z[T, S]/〈(T + 1)(S + 1)〉.
I Σ1(G) = {1} ∪ {T = −1} ∪ {S = −1}, Σ2(G) = {1}.
I G is not quasi-projective.
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The results
Theorem (A-Cogolludo-Matei)
Let M be a graph manifold, Γ its plumbing graph (with oriented bases
and trivial cocycle). Assume that the intersection matrix of Γ is
non-degenerated. If Γ has at least two vertices with positive genus,
then π1(M) is not quasiprojective.

Theorem
Γ minimal resolution graph of a germ of quasihomogeneous plane
curve singularity: there is at most one branching vertex (i.e. with
valency > 2)
Theorem (A-Cogolludo-Matei)
Let L be an algebraic link, and let π : M → S3 be the branched
covering associated to the semistable normalization (cyclic cover of
order the lcm of the multiplicities of a minimal graph resolution). Let
Γ̃ be the graph of the exterior of π−1(L) in M . Any branching vertex
of Γ lifts to at least one vertex of Γ̃ with positive genus.
Corollary
If the minimal resolution graph of an algebraic link L has more than
one branching vertex then π1(S3 \ L) is not quasi-projective
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π1 : M → S3, 6 : 1
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