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Topology of hyperplane arrangements
▸ Hyperplane arrangement: A ∶= {H1, . . . , Hr} linear hyperplanes

in Kn+1,KPn or affine hyperplanes in X = Kn, K field.

▸ Combinatorics: matroid, intersection pattern.
▸ Topological properties when K = C:

▸ Orlik-Solomon: H∗
(CPn

∖⋃A ;Z) is combinatorial.
▸ Rybnikov: π1 (CPn

∖⋃A ) is not combinatorial.
▸ Guerville-Ballé: combinatorics and fundamental group do not

determine the topology of (CPn,⋃A ).

▸ Special case: R↪ C complexified real arrangements.

▸ Salvetti: R-combinatorics determines C-topology.
▸ A -Carmona-Cogolludo-Marco: (CP2,⋃A ) is not combinatorial

for R↪ C.

▸ Special case: K
j↪ C, K a number field, arithmetic arrangements.

▸ A -Carmona-Cogolludo-Marco: disctinct j may give distinct
C-topology, K = Q[

√

5].
▸ A -Cogolludo-Guerville-Marco: disctinct j may give distinct

fundamental group, K = Q[exp 2iπ
5 ].
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Line Arrangements (and algebraic curves)

Theorem (Zariski-Lefschetz)
V ⊂ Pn hypersurface, H general hyperplane, i ∶H ∖ V ↪ Pn ∖ V
determines isomorphisms on πk, k < n − 1.

Zariski-van Kampen method
C = {f = 0} ⊂ C2 curve, f(x, y) = yd +

n

∑
j=1

aj(x)yd−j ∈ C[x, y]

square-free.
▸ ∆ ∶= {t ∈ C ∣ discy f(t, y) = 0} ⊂ C finite.

▸ x0 ∈ C ∖∆, f(x0, y0) ≠ 0: a presentation of π1(C2 ∖C; (x0, y0)) is
obtained by moving the lines x = γ(t), γ x0-based loop in C ∖∆.

▸ C ⊂ P2 smooth of degree d, π1(P2 ∖C) ≅ Z/d.
▸ A generic (r + 1)-line arrangement in P2 (only double points),

π1 (P2 ∖⋃A ) ≅ Zr.
▸ Braid monodromy: defined by Chisini, exploited by Moishezon.
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Braid monodromy
▸ ∇ ∶ π1(C ∖∆; x0) ≡ Fr → Bd, geometric basis.

▸ τ ∶= (τ1, . . . , τr) ∈ (Bd)r.
▸ Compatible Br-left Bd-right actions on (Bd)r:

σr,1 ⋅ τ ∶= (τ1τ2τ−1
1 , τ1, τ3, . . . , τr) M(σr,1 ⋅ τ ) =M(τ )

τ ⋅ τ ∶= (τ τ
1 , . . . , τ τ

r ) M(τ ⋅ τ) =M(τ )τ

▸ Two braid monodromies are equivalent if they are in the same
orbit.

▸ Two generic braid monodromies are equivalent if and only if they
represent the same curve.

▸ Conjugacy class of (c(τ ), M(τ )), invariant of the orbit.
▸ Line arrangements: replace Bd by Pd (pure braid group).
▸ Compatible actions of G and Br on Gr.
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Braid monodromy, fundamental groups and topology
Action of the braid group on the free group
Fd = ⟨x1, . . . , xd ∣ _ ⟩

Fd ×Bd Ð→ Fd, x
σj

i ∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xjxj+1x−1
j if i = j,

xj if i = j + 1,

xi otherwise.

Theorem (A -Carmona-Cogolludo)
▸ C1, C2 ⊂ C2 (y-monic), τ i braid monodromies.
▸ Ai arrangements of affine lines containing the vertical lines /⋔ Ci

▸ There is an orientation preserving homeomorphism

(P2, C1, ⋃
L∈A1

L, L∞) → (P2, C2, ⋃
L∈A2

L, L∞)

Then τ 1 and τ 2 are equivalent.

Symplectic curves
▸ Moishezon: There are symplectic curves which are not isotopic to

algebraic curves (use Moishezon groups)

▸ Problem:

τ ∈ (Bd)d(d−1), τj = σ
αj

1 , αj ∈ Bd, c(τ ) =∆2
d

?Ô⇒ τ ∼ (σ1, . . . , σd−1)d.
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Moishezon groups
τ ∈ (Bd)r, c(τ ) =∆2

d.

Gaff ∶ = ⟨x1, . . . , xd ∣ xi = x
τj

i ⟩
GP ∶ = ⟨x1, . . . , xd ∣ xi = x

τj

i , x1 ⋅ . . . ⋅ xd = 1⟩

▸ If τ comes from an affine curve C

Gaff(τ ) ≅ π1(C2 ∖C)

▸ if C ⊂ P2, L generic, C2 = P2 ∖L, C = C ∖L, and τ comes from C:

GP(τ ) ≅ π1(P2 ∖C).

Theorem (A -Carmona-Cogolludo)
▸ C1, C2 ⊂ C2 (y-monic), τ i braid monodromies.
▸ Ai arrangements of affine lines containing the vertical lines /⋔ Ci

▸ There is an orientation preserving homeomorphism

(P2, C1, ⋃
L∈A1

L, L∞) → (P2, C2, ⋃
L∈A2

L, L∞)

Then τ 1 and τ 2 are equivalent.

Symplectic curves
▸ Moishezon: There are symplectic curves which are not isotopic to

algebraic curves (use Moishezon groups)

▸ Problem:

τ ∈ (Bd)d(d−1), τj = σ
αj

1 , αj ∈ Bd, c(τ ) =∆2
d

?Ô⇒ τ ∼ (σ1, . . . , σd−1)d.



Braid monodromy, fundamental groups and topology
Moishezon groups
τ ∈ (Bd)r, c(τ ) =∆2

d.

Gaff ∶ = ⟨x1, . . . , xd ∣ xi = x
τj

i ⟩
GP ∶ = ⟨x1, . . . , xd ∣ xi = x

τj

i , x1 ⋅ . . . ⋅ xd = 1⟩

▸ If τ comes from an affine curve C

Gaff(τ ) ≅ π1(C2 ∖C)

▸ if C ⊂ P2, L generic, C2 = P2 ∖L, C = C ∖L, and τ comes from C:

GP(τ ) ≅ π1(P2 ∖C).

Theorem (A -Carmona-Cogolludo)
▸ C1, C2 ⊂ C2 (y-monic), τ i braid monodromies.
▸ Ai arrangements of affine lines containing the vertical lines /⋔ Ci

▸ There is an orientation preserving homeomorphism

(P2, C1, ⋃
L∈A1

L, L∞) → (P2, C2, ⋃
L∈A2

L, L∞)

Then τ 1 and τ 2 are equivalent.

Symplectic curves
▸ Moishezon: There are symplectic curves which are not isotopic to

algebraic curves (use Moishezon groups)

▸ Problem:

τ ∈ (Bd)d(d−1), τj = σ
αj

1 , αj ∈ Bd, c(τ ) =∆2
d

?Ô⇒ τ ∼ (σ1, . . . , σd−1)d.



Braid monodromy, fundamental groups and topology
Moishezon groups
τ ∈ (Bd)r, c(τ ) =∆2

d.

Gaff ∶ = ⟨x1, . . . , xd ∣ xi = x
τj

i ⟩
GP ∶ = ⟨x1, . . . , xd ∣ xi = x

τj

i , x1 ⋅ . . . ⋅ xd = 1⟩

▸ If τ comes from an affine curve C

Gaff(τ ) ≅ π1(C2 ∖C)

▸ if C ⊂ P2, L generic, C2 = P2 ∖L, C = C ∖L, and τ comes from C:

GP(τ ) ≅ π1(P2 ∖C).

Theorem (A -Carmona-Cogolludo)
▸ C1, C2 ⊂ C2 (y-monic), τ i braid monodromies.
▸ Ai arrangements of affine lines containing the vertical lines /⋔ Ci

▸ There is an orientation preserving homeomorphism

(P2, C1, ⋃
L∈A1

L, L∞) → (P2, C2, ⋃
L∈A2

L, L∞)

Then τ 1 and τ 2 are equivalent.

Symplectic curves
▸ Moishezon: There are symplectic curves which are not isotopic to

algebraic curves (use Moishezon groups)

▸ Problem:

τ ∈ (Bd)d(d−1), τj = σ
αj

1 , αj ∈ Bd, c(τ ) =∆2
d

?Ô⇒ τ ∼ (σ1, . . . , σd−1)d.



Braid monodromy, fundamental groups and topology
Theorem (Kulikov-Teicher, Carmona)
If C1, C2 ⊂ P2 have equivalent braid monodromies there is an
orientation preserving homeomorphism (P2, C1) → (P2, C2).
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Braid monodromy, fundamental groups and topology
Theorem (A -Carmona-Cogolludo)
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Variants
One can replace Br by the pure braid group in the action of braid
monodromies.
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Line arrangements associated to an odd polygon

Theorem (A -Carmona-Cogolludo-Marco)
There is no ordered oriented homeomorphism of P2 sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement

,
but there is one sesquilinear automorphism with coefficients in
Q [cos 2π

5 ] = Q [
√

5]
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Line arrangements associated to an odd polygon

Theorem (A -Carmona-Cogolludo-Marco)
There is no ordered oriented homeomorphism of P2 sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement,
but there is one sesquilinear automorphism with coefficients in
Q [cos 2π

5 ] = Q [
√

5]

Automorphisms
The automorphism group of the arrangement is D10 (dihedral group).
The automorphism group Aut of the combinatorics satisfies:

1Ð→ D10 → Aut→ Gal(Q [cos 2π

5
]/Q) → 1

Polygon arrangements
What happens with odd polygon arrangements?
▸ Braid monodromy can be computed using orbifold techniques

▸ Computational problems to distinguish braid monodromies.
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Line arrangements associated to an odd polygon
Theorem (A -Carmona-Cogolludo-Marco)
There is no ordered oriented homeomorphism of P2 sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement,
but there is one sesquilinear automorphism with coefficients in
Q [cos 2π

5 ] = Q [
√

5]

Automorphisms
The automorphism group of the arrangement is D10 (dihedral group).
The automorphism group Aut of the combinatorics satisfies:

1Ð→ D10 → Aut→ Gal(Q [cos 2π

5
]/Q) → 1

Polygon arrangements
What happens with odd polygon arrangements?
▸ Braid monodromy can be computed using orbifold techniques

▸ Computational problems to distinguish braid monodromies.
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Chebyshev curves

Definition

Stabbed constrained

Chebyshev curve

D1
n ∶ (y − ζ1z)z(x2 − z2) (

x − T2n+1(y)

)

= 0

where T2n+1(t) is the T -Chebyshev polynomial.

τ 1 = (σ2 ⋅ σ4 ⋅ σ5 ⋅ σ4, σ1 ⋅ σ3)

τ 2 = (σ2 ⋅ σ3 ⋅ σ2 ⋅ σ5, σ1 ⋅ σ4)



Snake curves

Definition

Stabbed

Constrained snake curve

D1
n ∶ (y − ζ1z)

z(x2 − z2) (xz2n − z2n+1T2n+1 (
y

z
)) = 0

where T2n+1(t) is the T -Chebyshev polynomial.

τ 1 = (σ2 ⋅ σ4 ⋅ σ5 ⋅ σ4, σ1 ⋅ σ3)

τ 2 = (σ2 ⋅ σ3 ⋅ σ2 ⋅ σ5, σ1 ⋅ σ4)
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Snake curves

Definition
Stabbed constrained snake curve

D2
n ∶ (y − ζ2z)z(x2 − z2) (xz2n − z2n+1T2n+1 (

y

z
)) = 0

where T2n+1(t) is the T -Chebyshev polynomial.

τ 1 = (σ2 ⋅ σ4 ⋅ σ5 ⋅ σ4, σ1 ⋅ σ3)

τ 2 = (σ2 ⋅ σ3 ⋅ σ2 ⋅ σ5, σ1 ⋅ σ4)
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where T2n+1(t) is the T -Chebyshev polynomial in Q [cos 2π
2n+1].
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τ 2 = (σ2 ⋅ σ4 ⋅ σ5 ⋅ σ4 ⋅ σ7, σ1 ⋅ σ3 ⋅ σ6)
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Snake curves

Definition
Stabbed constrained snake curve

Dn ∶ (y − ζz)z(x2 − z2) (

xz2n − z2n+1T2n+1 (
y

z
)

)

= 0

where T2n+1(t) is the T -Chebyshev polynomial in Q [cos 2π
2n+1].

Theorem
For τ = σ3 ⋅ σ2 ⋅ σ1 ⋅ σ5 ⋅ σ4 ⋅ σ3, let τ̃ 2 ∶= τ 2 ⋅ τ . Then c(τ 1) = c(τ̃ 2) = γ.

τ 1 = (
α1³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

σ2 ⋅ σ4 ⋅ σ5 ⋅ σ4,

β1³¹¹¹¹¹·¹¹¹¹¹µ
σ1 ⋅ σ3)

τ̃ 2 = (α2, β2)

τ 1 ∼ τ 2 ⇐⇒ ∃δ ∈ CB6(γ) s.t. β2 = βδ
1

?⇐⇒ ∃n ∈ Z s.t. β2 = βγn

1
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General Strategy
τ 1, τ 2 ∈ (Bd)r equivalent?
▸ Check combinatorial structure: conjugacy classes of entries and

pseudo-Coxeter elements.

▸ Conjugate such that c(τ 1) = c(τ 2) = γ. Replace Bd by CBd
(γ) for

the conjugation action.
▸ ρ ∶ Bd → F , F finite group. Consider compatible action on F r by

Br and ρ(CBd
(γ)) ⊂ CF (ρ(γ)).

▸ Shortcut: are ρ(M(τ 1)), ρ(M(τ 2)) conjugate by ρ(CBd
(γ))?

▸ Ω1 orbit of ρ(τ 1) (usually expensive): ρ(τ 2) ∈ Ω1?
▸ Standard representation ρ ∶ Bd →Sd is too small.
▸ R finite ring, Z[t±1] → R, t↦ t0 ∈ R×:

Bd GL(d − 1;Z[t±1]) GL(d − 1; R) = FBurau
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Snake curves II
τ 1, τ̃ 2 ∈ (B2(n+1))2 equivalent? (c(τ 1) = c(τ̃ 2))
▸ R = Z/3, t0 = −1.

B2(n+1) GL(2n + 1;Z[t±1]) GL(2n + 1;Z/3) = FBurau

▸ CB2(n+1)(γ) = ⟨γ⟩, C = ⟨ρ(γ)⟩ (of order 2n + 1).
▸ Compute Ω̃1 ∶= {ρ(τ 1) ⋅ g ∣ g ∈ C}.
▸ Checked for n = 2, . . . , 7: ρ(τ̃ 2) ∉ Ω̃1.
▸ Order of F for n = 5: ≈ 3 ⋅ 1057, image ≈ 9 ⋅ 1030

▸ Order of F for n = 6: ≈ 2.4 ⋅ 1080, image ≈ 7.65 ⋅ 1042

▸ Order of F for n = 7: ≈ 1.26 ⋅ 10107, image ≈ 5.25 ⋅ 1056
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¡¡¡Feliz cumpleaños,
Joven Luis!!!


