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» Hyperplane arrangement: 7 := {Hq,..., H,} linear hyperplanes
in K™ KP" or affine hyperplanes in X = K", K field.

Combinatorics: matroid, intersection pattern.
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Topological properties when K = C:
» Orlik-Solomon: H* (CP"™ \ U «;Z) is combinatorial.
» Rybnikov: m (CP" \ U &) is not combinatorial.
» Guerville-Ballé: combinatorics and fundamental group do not
determine the topology of (CP",U.«).

v

Special case: R — C complexified real arrangements.
> Salvetti: R-combinatorics determines C-topology.

» A__-Carmona-Cogolludo-Marco: ((CIP’Q, U ) is not combinatorial
for R - C.

» Special case: K =N C, K a number field, arithmetic arrangements.

> A__-Carmona-Cogolludo-Marco: disctinct j may give distinct
C-topology, K = Q[/5].
> A__-Cogolludo-Guerville-Marco: disctinct j may give distinct

fundamental group, K = Q[exp 2%]
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Theorem (Zariski-Lefschetz)

V cP™ hypersurface, H general hyperplane, i: H\NV <> P*\V
determines epimorphism on T, 1.

In particular, for m, it is enough to study P2~ C and 7y (L ~ C) (free
group) generates.
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Zariski-van Kampen method
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Braid monodromy

» V:m(C\A;xg) =F,. - B, geometric basis.
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Braid monodromy

v

V:m(CN Ajzg) =F,. > By, geometric basis.
> mi=(71,...,7) € (Ba)".

Pseudo-Coxeter element: ¢(7) =7y ... 7p.

v

» Monodromy group: M (7) := (1, - 7).
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Braid

monodromy

V:m(CN Ajxzg) =F,. —» By, geometric basis.
T:=(11,...,7) € (Bag)".

Compatible B,-left By-right actions on (Bg)":

Op1-T = (T17’27'1_1,T1,7'3,...,Tr) M(op1-7)=M(T)
T-17:=(7],...,7") M(r-1)=M(7T)"

Two braid monodromies are equivalent if they are in the same
orbit.

Two generic braid monodromies are equivalent if and only if they
represent the same curve.

Conjugacy class of (¢(7), M (7)), invariant of the orbit.
Line arrangements: replace By by P4 (pure braid group).
Compatible actions of G and B, on G".



Braid monodromy, fundamental groups and topology

Action of the braid group on the free group

Fd=($1,...,$d|_)
xjxjﬂx;-l if 1 =7,
]FdXIBd—>]Fd, IL".5= Z; lfl=j+1,

T; otherwise.

a
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Moishezon groups
T € (Bd)r, C(T) = Az‘
Gaﬂ.;: <x1,...,xd|xi :xzj)

GP::(:L’l,...,xd|.’E,L':$Zj,x1'...'md=].)
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GP::({L’l,...,xd|.’[,L':£Ezj,x1'...'md=].)

» If 7 comes from an affine curve C

G (1) =21 (C*\ C)



Braid monodromy, fundamental groups and topology

Moishezon groups
Te(By)", c(T) = A3

G =2y, g | ai =)

GP::<:L’1,...,"Ed|xi:$;j,$1'...'xd:].)

» If 7 comes from an affine curve C
G (1) =21 (C*\ C)
» if C cP?, L generic, C2=P?>\L,C=C~ L, and T comes from C:

GF (1) z2m (P?\C).



Braid monodromy, fundamental groups and topology

Theorem (Kulikov-Teicher, Carmona)

If C1,C5 c P? have equivalent braid monodromies there is an
orientation preserving homeomorphism (P?,Cy) — (P?,C5).
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Theorem (A_-Carmona-Cogolludo)

» 1,0y c C? (y-monic), T; braid monodromies.
> of; arrangements of affine lines containing the vertical lines § C;
> There is an orientation preserving homeomorphism
(P27017 U L,Lm) - (]P’Q,CQ, U L,Loo)
Legt Legass
Then 71 and T2 are equivalent.



Braid monodromy, fundamental groups and topology

Theorem (A_-Carmona-Cogolludo)
» C,Co c C? (y-monic), T; braid monodromies.
> of; arrangements of affine lines containing the vertical lines § C;
> There is an orientation preserving homeomorphism
(P27017 U LyLOO) - (P2;027 U LaLoo)
Legt, Legts
Then 11 and T4 are equivalent.

Variants
One can replace B, by the pure braid group in the action of braid

monodromies.
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» Moishezon: There are symplectic curves which are not isotopic to
algebraic curves (use Moishezon groups)



Braid monodromy, fundamental groups and topology

Theorem (A_-Carmona-Cogolludo)

» 1,0y c C? (y-monic), T; braid monodromies.
> of; arrangements of affine lines containing the vertical lines § C;
> There is an orientation preserving homeomorphism
(IP’27017 U L,Lm) - (Pz,cz, U L,Loo)
Legt Legass
Then 71 and T2 are equivalent.

Symplectic curves

» Moishezon: There are symplectic curves which are not isotopic to
algebraic curves (use Moishezon groups)

» Problem:

; ?
TeBa)™V 7= 00 aj e By, e(T) = A2 = T~ (01,...,04.1)".
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There is no ordered oriented homeomorphism of P? sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement
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but there is one sesquilinear automorphism with coefficients in
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Line arrangements associated to an odd polygon

Theorem (A_-Carmona-Cogolludo-Marco)

There is no ordered oriented homeomorphism of P? sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement,
but there is one sesquilinear automorphism with coefficients in

Qfeos ] =Q[V5]

Automorphisms

The automorphism group of the arrangement is Do (dihedral group).
The automorphism group Aut of the combinatorics satisfies:

1—>]D)10—>Aut—>Gal((@[cos%T]/Q) -1
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Line arrangements associated to an odd polygon

Theorem (A_-Carmona-Cogolludo-Marco)

There is no ordered oriented homeomorphism of P? sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement,
but there is one sesquilinear automorphism with coefficients in

Q[cos ] = Q[ V53]
Automorphisms

The automorphism group of the arrangement is Do (dihedral group).
The automorphism group Aut of the combinatorics satisfies:

1—>D10—>Aut—>Gal(Q|:COSQ§:|/Q) -1

Polygon arrangements
What happens with odd polygon arrangements?

» Braid monodromy can be computed using orbifold techniques



Line arrangements associated to an odd polygon

Theorem (A_-Carmona-Cogolludo-Marco)

There is no ordered oriented homeomorphism of P? sending the
pentagon-ordered arrangement to the pentagram-ordered arrangement,
but there is one sesquilinear automorphism with coefficients in

Q[cos ] = Q[ V53]
Automorphisms

The automorphism group of the arrangement is Do (dihedral group).
The automorphism group Aut of the combinatorics satisfies:

1—>D10—>Aut—>Gal(Q|:COSQ§:|/Q) -1

Polygon arrangements
What happens with odd polygon arrangements?
» Braid monodromy can be computed using orbifold techniques

» Computational problems to distinguish braid monodromies.



Chebyshev curves

Definition

Chebyshev curve

z—Topa(y) =0

where Ty,,11(t) is the T-Chebyshev polynomial.



Snake curves

Definition

Constrained snake curve
Y
Z(.TQ—ZQ) ($Z2n_22n+1T2n+1 (7 =0
z

where To,,11(t) is the T-Chebyshev polynomial.




Snake curves

Definition

Stabbed constrained snake curve
DL i (y- s - %) (222" - 220 Ty (1) ) =0

where To,,11(t) is the T-Chebyshev polynomial.

7'1:(”2'51'03‘01-01'03)




Snake curves

Definition

Stabbed constrained snake curve
D21 (y- Go)a(e? - 2%) (222" - 220 Ty (1) ) =0

where To,,11(t) is the T-Chebyshev polynomial.

71:(02'01'03‘01-01'03)

T9=(02-03-09-05,01-04)




Snake curves

Definition

Stabbed constrained snake curve
Dys (g ()a(a? = 22) (222" - 220 Ty (Y)

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos

=0

27
2n+1

]

/




Snake curves

Definition

Stabbed constrained snake curve

2 )
22— Z2n+1T2n+1 (7) =0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 22711]'

7'1:(0'2'0'4'0'6'0'7'0'670'1'0'3'0'5)




Snake curves

Definition

Stabbed constrained snake curve

2 )
22— Z2n+1T2n+1 (7) =0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 22711]'

7'1:(0'2'0'4'0'6'0'7'0'670'1'0'3'0'5)

7'2:(0'2'0'4‘0'5'0'4'0'770'1'0'3'0'6)




Snake curves

Definition
Stabbed constrained snake curve

2 2 )
22 _ n+1T2n+1 (7) =0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 22711]'

7'1:(0'2'0'4'0'6'0'7'0'670'1'0'3'0'5)
7'2:(0'2'0'4‘0'5'0'4'0'770'1'0'3'0'6)

7-3:(0'2'0—3'0'2'0'5'0'770'1'04'06)




Snake curves

Definition

Stabbed constrained snake curve

w22 -2l (g) -0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 25711]'

Theorem
Fort=03-00-01-05-04-03, let To:=To-7. Then ¢(11) = c(72) = 7.



Snake curves

Definition

Stabbed constrained snake curve

w22 -2l (g) -0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 22711]'

Theorem
Fort=03-00-01-05-04-03, let To:=To-7. Then ¢(11) = c(72) = 7.
i B1

—_—
T1=(02-04-05°04,01°03)

7o = (a2, B2)



Snake curves

Definition

Stabbed constrained snake curve

w22 -2l (g) -0
z

where Ty,,11(t) is the T-Chebyshev polynomial in Q [cos 22711]'

Theorem
Fort=03-00-01-05-04-03, let To:=To-7. Then ¢(11) = c(72) = 7.
i B1

—_—
T1=(02-04-05°04,01°03)

7o = (a2, B2)

T1~T9 < 35 Cp(7v) s.t. Bg:ﬁf JRIN IneZ s.t. Bgzﬁi’n



General Strategy

71,72 € (Byg)" equivalent?

» Check combinatorial structure: conjugacy classes of entries and
pseudo-Coxeter elements.
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» Conjugate such that ¢(71) = ¢(72) = v. Replace By by Cg,(7) for
the conjugation action.
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pseudo-Coxeter elements.

» Conjugate such that ¢(71) = ¢(72) = v. Replace By by Cg,(7) for
the conjugation action.

» p:By — F, F finite group. Consider compatible action on F" by
B, and p(Cg,(7)) € Cr(p(7))-
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» Conjugate such that ¢(71) = ¢(72) = v. Replace By by Cg,(7) for
the conjugation action.

» p:By — F, F finite group. Consider compatible action on F" by

B, and p(Cg,(7)) € Cr(p(7)).
» Shortcut: are p(M(71)),p(M(72)) conjugate by p(Cg,(7))?



General Strategy

71,72 € (Byg)" equivalent?

» Check combinatorial structure: conjugacy classes of entries and
pseudo-Coxeter elements.

» Conjugate such that ¢(71) = ¢(72) = v. Replace By by Cg,(7) for
the conjugation action.

» p:By — F, F finite group. Consider compatible action on F" by

B, and p(Cg,(7)) € Cr(p(7))-
» Shortcut: are p(M(71)), p(M(72)) conjugate by p(Cp,(v))?
> Q; orbit of p(71) (usually expensive): p(72) € Q17



General Strategy

71,72 € (Byg)" equivalent?

>

Check combinatorial structure: conjugacy classes of entries and
pseudo-Coxeter elements.

Conjugate such that ¢(71) = ¢(72) = 7. Replace B4 by Cpg,(7) for
the conjugation action.

p:Byg = F, F finite group. Consider compatible action on F" by
B, and p(Cg,(7)) € Cr(p(7))-

Shortcut: are p(M(71)), p(M(7T2)) conjugate by p(Cp,(7))?

Q orbit of p(71) (usually expensive): p(72) € Q17

Standard representation p: By - &4 is too small.



General Strategy

71,72 € (Byg)" equivalent?

>

v

Check combinatorial structure: conjugacy classes of entries and
pseudo-Coxeter elements.

Conjugate such that ¢(71) = ¢(72) = 7. Replace B4 by Cpg,(7) for
the conjugation action.

p:Byg = F, F finite group. Consider compatible action on F" by
B, and p(Cg,(7)) € Cr(p(7))-

Shortcut: are p(M(71)), p(M(7T2)) conjugate by p(Cp,(7))?
Q orbit of p(71) (usually expensive): p(72) € Q17

Standard representation p: By - &4 is too small.

R finite ring, Z[t*'] - R, t = tg € R*:

By P GL(d - 1;Z[1*]) —— GL(d-L;R) = F



Snake curves I1I

71,72 € (Baguen))? cquivalent? (e(r1) = e(72))
> R=17/3, to = -1.

Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F



Snake curves I1I

71,72 € (Baguen))? cquivalent? (e(r1) = e(72))
> R=17/3, to = -1.

Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> 032@“)(7) =(7), C ={p(7)) (of order 2n +1).



Snake curves I1I

71,72 € (Baguen))? cquivalent? (e(r1) = e(72))
> R=17/3, to = -1.

Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> Chyn(7) = (1), € = (p(7)) (of order 2n +1).
» Compute Q; := {p(T1)-g|geC}.



Snake curves 11
71,72 € (Ba(ns1y)? equivalent? (c(71) = ¢(72))
» R=7/3, to = -1.
Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> CBygay (1) = (1), C = (p(7)) (of order 2n +1).
» Compute Q; := {p(T1)-g|geC}.
» Checked for n=2,...,7: p(T2) ¢ Q.



Snake curves 11
71,72 € (Ba(ns1y)? equivalent? (c(71) = ¢(72))
» R=7/3, to = -1.
Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> Chyiny (1) = (1), € = (p(7)) (of order 2n +1).
Compute Q; := {p(71)-g|geC}.

Checked for n=2,...,7: p(72) ¢ Q.

Order of F for n =5: ~3-10°7, image ~ 9-103°
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Snake curves I1I

71,72 € (Baguen))? cquivalent? (e(r1) = e(72))
> R=17/3, to = -1.

Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> Chyiny (1) = (1), € = (p(7)) (of order 2n +1).
Compute Q; := {p(71)-g|geC}.

Checked for n=2,...,7: p(72) ¢ Q.

Order of F for n =5: ~3-10°7, image ~ 9-103°
Order of F for n = 6: ~2.4-10%°, image ~ 7.65-10*2
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Snake curves I1I

71,72 € (Baguen))? cquivalent? (e(r1) = e(72))
> R=17/3, to = -1.

Boni1) —% GL(2n + 1 Z[t*']) —— GL(2n+1;Z/3) = F

> Chyiny (1) = (1), € = (p(7)) (of order 2n +1).
Compute Q; := {p(71)-g|geC}.

Checked for n=2,...,7: p(72) ¢ Q.

Order of F for n =5: ~3-10°7, image ~ 9-103°

Order of F for n = 6: ~2.4-10%°, image ~ 7.65-10*2
Order of F for n=7: ~1.26-10'°7, image ~ 5.25 - 10°¢

v

v

v

v

v



ijjFeliz cumpleanos,
Joven Luis!!!



