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m R regular local ring of dimension 2, m the maximal ideal: use
R :=(Ox)p, P € X, X smooth complex surface.

m A pencil is defined by f,g € R such that (f,g) is an m-primary
ideal:

" b= g : (X, P) --»C.
m :={fo:=af —Bgti—[a:p)ep-
B ¢ is not well-defined at P; P is a base point of .
m m(¢) = Ip(f,9) = Ip(fu, fv), u,v € P! different.
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Resolution of a pencil

A sequence T : X — X is a resolution of ¢ if any of the following
equivalent conditions happens:

m The composition ¢ o7 induces a well-defined morphism
$: X 5P =CuU {o0}.
m The strict transforms of the fibers of ® are pairwise disjoint.

Theorem

|

Such a resolution exists. Moreover, there exists a unique minimal one:
any other resolution factorizes through the minimal one.

¥
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Exceptional divisors of a resolution

D :={Dj,...,D,} setof exceptional irreducible components of 7

D € D can be of two types:
@ c;AS‘D is surjective, np := deg of g?>|D: D is a dicritic component.

@ QAS‘ p is constant to v € P': D is v-constant.

Theorem (Abhyankar-Heinzer)

m:X—>Xa sequence of blowing-ups, ) U C D. Then, there
exists a pencil such that U is the set of dicritic components of this
pencil.

¥
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Definitions and properties

A pencil is special if g can be chosen as 6™, where m € Z~( and
0 € m\mQ. D= {ft =i —tém}teCU{oo}.

Types of components in a special pencil.

D € D can be of three types:

c;AS‘ p is surjective: D is a dicritic component.
QAS‘ p is constant to ¢t € C: D is t-constant.

qE‘D is constant to co: D is of co-type.

¥
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Motivation

p € C[z,y] \ C defines a rational map IT : P? --» P! = CU {co}:
m Consider C? < P2, (z,y) —~ [z :y: 1].
= p(z,y) = po+pi1(z,y) + - +pa(z,y) (d = degp) and

~ d —_
Blay,2)==p(2,L) =520y 20 Ip; ().

M([x:y:z]):= p—(xz’g’z).
IT is not well defined at B := {[zo : yo : 0] | pa(z0,y0) = 0}.
For P € B, the germ of II at P defines a special pencil.
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Main Question

m:X > Xbea sequence of blowing-ups over P € X
m Jem\m? meE Zo.
mlUd CD;forDel,np € Z~o.

When does there exist a special pencil (f,0”") such that I/ is the set
of dicritical components with multiplicities {np | D € U}?

Definition

An X -curvette vp of D € D is a smooth curve in X such that
~vp M D at a unique (and generic) point.
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Problem

Main Question

m:X > Xbea sequence of blowing-ups over P € X
m Jem\m? meE Zo.
mlUd CD;forDel,np € Z~o.

When does there exist a special pencil (f,0”") such that I/ is the set
of dicritical components with multiplicities {np | D € U}?

Definition

An X -curvette vp of D € D is a smooth curve in X such that
~vp M D at a unique (and generic) point. An X -curvette dp of D is
the reduced equation of 7w(vp). ¥}
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Curvette indices

Definition

Let D, E € D; the curvette index c¢(D, E) equals Ip(dp,dg) for
generic curvettes.
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Proposition (Abhyankar)
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Curvette indices

Let D, E € D; the curvette index c¢(D, E) equals Ip(dp,dg) for
generic curvettes.

Proposition (Abhyankar)

Let (f,6™) be a special pencil, let 7 : X — X be a resolution, let U
be the set of dicritical components of the pencil with multiplicities
{np | D €U}. Then, VE € U we have:

mVE(é):ZnD c(D,E), (1)
Deu
where v (9) is the valuation at E of w*(9). ¥
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Theorem

The equations (1) provide a sufficient condition to give a positive
answer to the main question.

TUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e] le]e}

Necessary and sufficient conditions

Theorem

The equations (1) provide a sufficient condition to give a positive
answer to the main question.

Idea of the proof

TUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e] le]e}

Necessary and sufficient conditions

Theorem

The equations (1) provide a sufficient condition to give a positive
answer to the main question.

Idea of the proof

m For D € U choose np generic X-curvettes 6p 4, ¢ =1,...,np.

TUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e] le]e}

Necessary and sufficient conditions

Theorem
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Necessary and sufficient conditions

Theorem

The equations (1) provide a sufficient condition to give a positive
answer to the main question.

Idea of the proof

m For D € U choose np generic X -curvettes 6p;, ¢ =1,...,np.

m Take f:=T]pe [ 12 0D,
m The desired pencil is (f, ™).

E. Artal TUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e]e] e}

Suite of the proof

Types of components in ( f, ™).

D & D can be of four types:




Sets of dicritic components for a special pencil
[e]e]e] e}

Suite of the proof

Types of components in ( f, ™).

D & D can be of four types:
(/B‘D is constant to co: vp(f) < vp(d™).




Sets of dicritic components for a special pencil
[e]e]e] e}

Suite of the proof

Types of components in ( f, ™).
D & D can be of four types:
(13|D is constant to co: vp(f) < vp(d™).

@D is constant to 0 € C: vp(f) > vp(d™).

TUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e]e] e}

Suite of the proof

Types of components in ( f, ™).

D & D can be of four types:
(13|D is constant to co: vp(f) < vp(d™).

c;A5|D is constant to 0 € C: vp(f) > vp(d™).

QAS‘D is constant to t € C*: vp(f) = vp(6™).

E. Artal IUMA, Universidad de Zaragoza




Sets of dicritic components for a special pencil
[e]e]e] e}

Suite of the proof

Types of components in ( f, ™).

D & D can be of four types:
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Suite of the proof

Types of components in ( f, ™).
D & D can be of four types:
(13|D is constant to co: vp(f) < vp(d™).
c;A5|D is constant to 0 € C: vp(f) > vp(6™).
$|D is constant to t € C*: vp(f) =vp(™).
D is a dicritic component: vp(f) = vp(d™) = (1).
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Types of components in ( f, ™).
D & D can be of four types:
(13|D is constant to co: vp(f) < vp(d™).
c;A5|D is constant to 0 € C: vp(f) > vp(6™).
$|D is constant to t € C*: vp(f) =vp(™).
D is a dicritic component: vp(f) = vp(d™) = (1).

m Rule out (F3) using intersection numbers
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Suite of the proof

Types of components in ( f, ™).

D & D can be of four types:
(13|D is constant to co: vp(f) < vp(d™).
c;A5|D is constant to 0 € C: vp(f) > vp(6™).

$|D is constant to t € C*: vp(f) =vp(™).
D is a dicritic component: vp(f) = vp(d™) = (1).

m Rule out (F3) using intersection numbers

m No other component is a dicritic: no connected component of the
preimage of O can be compact. ¥}
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Happy Birthday, Ram




	Pencils
	Special pencils
	Sets of dicritic components for a special pencil

