On fundamental groups of Milnor fibres of
rational homology disk smoothings of surface
singularities

Enrique ARTAL BARTOLO

Departamento de Matematicas
Facultad de Ciencias
Instituto Universitario de Matematicas y sus Aplicaciones
Universidad de Zaragoza

Singularities in the Midwest
Madison, May 10th 2021

Joint work in progress with J.M. Wahl @
Y



Smoothings

Definition



Smoothings

Definition

» (X,0) germ of a complex normal surface singularity.



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.

» 3 its link (a plumbing 3-dimensional manifold).

a



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.
» 3 its link (a plumbing 3-dimensional manifold).

» (X,0) a 3-dimensional isolated Cohen-Macaulay singularity



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.
» 3 its link (a plumbing 3-dimensional manifold).
» (X,0) a 3-dimensional isolated Cohen-Macaulay singularity
» Smoothing: f:(X,0) — (C,0) plus (f71(0),0) = (X,0).



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.
» 3 its link (a plumbing 3-dimensional manifold).
» (X,0) a 3-dimensional isolated Cohen-Macaulay singularity
» Smoothing: f:(X,0) - (C,0) plus (f71(0),0) = (X,0).
» Milnor fiber of f: F:= f71(5), 0< 6 < 1, smooth, OF = ¥.



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.

» 3 its link (a plumbing 3-dimensional manifold).

v

(X,0) a 3-dimensional isolated Cohen-Macaulay singularity
Smoothing: f:(X,0) - (C,0) plus (f71(0),0) = (X,0).
Milnor fiber of f: F:= f71(5), 0< 8 «< 1, smooth, OF = ¥.
b1(F) =0, bo(F) = p, Milnor number.

v

v

v



Smoothings

Definition
» (X,0) germ of a complex normal surface singularity.

» 3 its link (a plumbing 3-dimensional manifold).

v

(X,0) a 3-dimensional isolated Cohen-Macaulay singularity
Smoothing: f:(X,0) - (C,0) plus (f71(0),0) = (X,0).
Milnor fiber of f: F:= f71(5), 0< 8 «< 1, smooth, OF = ¥.
b1(F) =0, bo(F) = p, Milnor number.

f QHD-smoothing: © =0
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Fundamental group of the Milnor fibers
» G q cyclic
» W(p,q,7), N(p,q,7), M(p,q,r): abelian (Fowler, Wahl)
» A%(p), B*(p), C*(p): non-abelian (Wahl)
> Bg’(p), Cg’(p), Cg’(p): unknown
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Theorem (Laufer, Wahl, Bhupal, Stipsicz, Fowler)

The weighted homogeneous surface singularities admitting a QHD
smoothing are the following families:

> Gn,q (previous > M(p,q,r) > A*(p)
example) » B3(p) 4
> B
> W(p,q,r) > C5(p) )
> N(p.q,7) > C3(p) > C4(p)

Theorem (A, Wahl)

The fundamental group of the Milnor fiber of a QHD smoothing of
B3(p) is a non abelian group of order 4(p+2)(p + 3).
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X rational surface
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X \ F = D' rational simple normal crossing divisor: dual graph T’
a tree.

v

Boundary of regular neighborhood of D': -%
3 regular birational morphism ® : X — P2, ®(D’) = D.
D" =3 1(D)\ D'

» & is a composition of blow-ups

v
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» D’ union of strict transforms of some exceptional components
P2\ D& X\ D = 1 (P2\ D) % (X ~ D)
keri, = (uc | C component of D)
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Fowler’s model for CS (p)

McLane line arrangement with a line joining two triple points.
No real picture!

Wahl’s model for C3(p)

C3:y?z=a(x+2)
Coiy?=—(v+2)(22+2)
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71 (P2\ D) abelian == m(F) abelian for a QHD smoothing of C3(p).
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Original Wahl’s model: Cs (nodal), Cs, L.
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Second proof: Using a Cremona transformation to Hirzebruch X3
Original Wahl’s model: Cs (nodal), Cs, L.

> CgﬂCz:Cgﬁﬁi{P,Q}cheg.

> (C3:C2)p=5,(Cs-C2)g =1.

4 (C::,-,C)P=l7 (Cg-E)Q=2.
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Non-abelian fundamental group

Theorem
For B3(p), let N :=2(p+2)(p+3)

m(F)=(S,T|SN =1,T7-8. 771 = §=(2p+5) 72 _ gr+2)
is mon abelian of order 2N.
There is a linear representation (w primitive N-root of unity):
m(F) —2% G c GL(4,C)

0 0 o0
w @) 9 g

0 w2p+5 0
0 0 wt

wP*? 0 0
0 0 0
0 0 1
0 0 w®g
The action is free outside 0.

-

OO ococog
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M = HY(9) simply connected, x(M) = 2N.
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Smoothing of B3(p)

» G(X,Y,Z,W) = ZW + X2(P+2) 4 yp+2y 2(p+2)
H(X,Y,Z,W):=XW+YZ
V = {G = 0}, isolated singularity at the origin.

v
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v

X =V/G, isolated singularity at the origin.
» H:V - C induces h: X - C.

M = HY(9) simply connected, x(M) = 2N.
F=h7Y0), M - F unramified G-covering.
m(F) =G, x(F) =1,

hH(0) = B3 (p).
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Thanks for your attention!!



