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Question

Can symmetry provide more understanding to the topology of
(P2, 4L)?
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McLane arrangements .Z%
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Question
Can % be defined by an irreducible polynomial in Q[z,y, 2]?

Strategy
Work with Aut.Z% and study P?/ Aut.ZZ .
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» Crayt+ 2?22 + 222 - 2oyz(z+y+2) =0

» Symmetric by the natural action of G3.



A symmetric curve

Tricuspidal quartic

» Crayt+ 2?22 + 222 - 2oyz(z+y+2) =0

» Symmetric by the natural action of G3.
C: 2t —24wyz? +32(2® + y3)z — 4822y = 0.
» Symmetric by the action of Dg:

> [ziy:z] e [CoiCy izl

> xryiz]e [yiaz].

v



A symmetric curve

Tricuspidal quartic
» Crayt+ 2?22 + 222 - 2oyz(z+y+2) =0
» Symmetric by the natural action of G3.
» C: 2t - 24xy2? +32(23 + %)z - 48222 = 0.
» Symmetric by the action of Dg:

> [wiyiz] e [CoiCy:z].
> [ziy:z] e [yiaz:z].

Strategy
Study C c P? via P?/Dg



A symmetric curve

Tricuspidal quartic

» Crayt+ 2?22 + 222 - 2oyz(z+y+2) =0

» Symmetric by the natural action of G3.
C: 2t —24wyz? + 32(2 + y3) 2 — 482%y% = 0.
» Symmetric by the action of Dg:

> [ziy:z] e [CoiCy izl

> xryiz]e [yiaz].

v

Strategy
Study C c P? via P?/Dg
» Birational model of P? — P?/Dy:
[z:y: 2] [423y3: (23 + )%t ayz(2® +93)]
» C comes from C; : 2% — 6xy2? + 8xy?z — 32%y? = 0.



Geometry

i



Geometry

x=y
Exc. comp.;--)-------‘-....|

» y=0: Cy is like u? = v

» x =0: ordinary node with flex vertical branch.

» x =y vertical tangent at flex.




Geometry

x=y
Exc. comp.;--)-------‘-....|

» y=0: Cy is like u? = v

» x =0: ordinary node with flex vertical branch.

» x =y vertical tangent at flex.

v

All vertical non-transversal lines are real (3).




Geometry

x=y
Exc. comp.;--)-------‘-....|

» y=0: Cy is like u? = v

» x =0: ordinary node with flex vertical branch.

» x =y vertical tangent at flex.

v

All vertical non-transversal lines are real (3).
Klein bottle from the real blow-up of P? at [0:0:1].

v
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Orbifolds

Definition
An orbifold is a pair (X,0), X topological space and O is the
following data: Vp e X there exist

> G finite group

» V c C" open set (or R™)

» U c X open neighbourhood of p

» %:V/G - U homeomorphism (x:V - U).

» Analytic (or continuous, differentiable) compatibility of the
change of charts.

p e X ~ isotropy group Gp, p regular if G, = {1}.

Examples
C"/G (G finite), weighted projective spaces, ...
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Maps and orbifold fundamental groups

Definition
(X,0x), (Y,0y), (f,fo): (X,0x) = (Y,Oy) orbifold map
composed by an underlying holomorphic (continuous, ...) map

f:X > Y and a law of local liftings.

Definition
X = (X, Ox) connected orbifold, p regular point; 7$™®(X;p) boundary
homotopy classes of orbifold loops.

Examples

» 11 (C/un) generated by the class of 7

/l

[0,1] —— C/pn
t [eXp 2z7rt]

» Orbifold covers and orbifold fundamental groups mimic covers T
and fundamental groups. A



7™ (3, /De)
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Dg



T (31 /D)

Long answer

7P (21 /Dg) = 71 (X1/Dg \ ({non regular points} u blue line))/(u?)
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21/Dg i
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Long answer

7P (21 /Dg) = 71 (X1/Dg \ ({non regular points} u blue line))/(u?)

X1

5(1,0)

<,u,04,8,0’,7’ | :U'2 = 13,“&/3:0'30—7—: 17[0—,0‘] = [Uaﬂ] = 1)
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7™ (3, /De)

Long answer
7P (21 /Dg) = 71 (X1/Dg \ ({non regular points} u blue line))/(u?)

(oo, Bl p? =1, paf=1,a°=p*=1) 2Dy



Braid monodromy of C;

Exc. comp.

y=0

03020102
[ —
T3

y=0



monodromy of C;

T1 = 0309 € By

To i= 0109010302071 = A\y

T3 1= 03020109

717273 = A2 generator of the center of B,
75 = A2,



>

>

monodromy of C;

T1 = 0309 € By

T 1= 010201030201 = Ay

T3 := 03020102

T1ToT3 = Ai generator of the center of By
75 = A2,

Fundamental group of P? \ (C; u {zy(z —y) =0})

>

>

Ti _ -1 _
(T1, 72,23, T4, y1,Y2,Y3 | T, = Y TiyYj, T1T2T3T4Y1Y2y3 = 1)

2
o2 = (21 ... x)w(xy . oxy) 7t



Braid monodromy of C;

> 71 :=0302 € By

> Ty = 010201030201 = Ay

> T31= 03020102

> T1ToT3 = Ai generator of the center of By

» 3= AL

Fundamental group of P2\ (C; u {zy(z -y) =0})

> (21,20, 3, T4, Y1, Y2, Y3 | T = Y5 wyy, w1202324Y1Y2Y3 = 1)

A% 2 (x1...24)2(z1...24)7"

Orbifold fundamental group G; of /D¢ \ C;

>y e p=yi=1

> x

> yy <> B==y3(z1...14) = 1, compatible with 75 = Ay!

» y3 <> o= y3(z1...74) = 1, compatible with 75 = A3



>

>

monodromy of C;

T1 = 0309 € By

T 1= 010201030201 = Ay

T3 := 03020102

T1ToT3 = Ai generator of the center of By
75 = A2,

Fundamental group of P? \ (C; u {zy(z —y) =0})

>

>

Ti _ -1 _
(T1, 72,23, T4, y1,Y2,Y3 | T, = Y TiyYj, T1T2T3T4Y1Y2y3 = 1)

2
o2 = (21 ... x)w(xy . oxy) 7t

Orbifold fundamental group G of 3 /D¢ \ C;

>

>

T1T2T3T4 = y% = yg‘ =1= Hy=(y;) =Ds

Hy = (x;) = (w2, 73 | 22m379 = 337273, 2523 = 1) of order 12.
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>

monodromy of C;

T1 = 0309 € By

T 1= 010201030201 = Ay

T3 i= 03090102

T1ToT3 = Ai generator of the center of By

3 _ A2
Ty = AJ.

Fundamental group of P? \ (C; u {zy(z —y) =0})

>

>

Ti _ -1 _
(T1, 72,23, T4, y1,Y2,Y3 | T, = Y TiyYj, T1T2T3T4Y1Y2y3 = 1)

2
o2 = (21 ... x)w(xy . oxy) 7t

Orbifold fundamental group G of 3 /D¢ \ C;

>

v

v

v

T1T2T3T4 = y% = yg‘ =1= Hy=(y;) =Ds

Hl = <x2> = ($2,$3 | ToX3Lo = £I,'3$2(E3,(E§£L’§ = ].) of order 12.

G1 = Hy xDg, yrzayias' =1, [y2, 23] = 1, y3 ' woy2 = wowzz;'] = 1
H1 = 7T1(P2 N C)
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G35 action on Ceva arrangement

3(1-2) —@

¥1/C3 1
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G35 action on Ceva arrangement

1(1,-2) (] [ ] 1(1,-1

F1,2) - e \5(1,1)




G35 action on Ceva arrangement

3(1,0)

X

a



G35 action on Ceva arrangement

23 = 3pyz + 2x1? T=Yy
Exc. comp. r---- B

y=0 y=0

0102 g1 020102
T3 T1 T2 P #A .



G35 action on Ceva arrangement

> T1:=01,T2 = A3, T3:= 0102 € By

— 2 3 _ 2
> T1ToT3 = A3, T3 = A3.



G35 action on Ceva arrangement

> T1=01,T2 = A377—3 =0102 € ]B'?’
> TIT2T3 = Aﬁ, 7'9:,3 = A%-
Fundamental group of P2\ (C; u {zy(z —y) =0})

X | =yt =1)
L1, 22,3,Y1,Y2,Y3 | L;° =Y, LiYj, L1L2L3Y1Y2Y3 =

A2

» 2 = (21m023) 2 (21 20m3)



G35 action on Ceva arrangement

> T1=01,T2 = A377—3 =0102 € ]BB
> TIT2T3 = A%a 7'9? = Ag-
Fundamental group of P2\ (Cy u {xy(x —y) =0})

> (21,29, |27 =y twy,, vyw0n =1)
1,%2,13,Y1,Y2,Y3 | L;" =Y, LiYj, L1L2L3Y1Y2Y3

2
» B = (z17923) (01 2273) 7!

Orbifold fundamental group Gy of X;/Dg \ (C; u{z =y})

>y, Yo o = y5(x12013) = 1, Y3 & o = y3 (z12223) = 1
» (31 generators T3, Yy1,Ys3

G relations [y1, 23] = [y1, y3y1y3] = (y323)* = 1,43 = y1y311)
:Gp > 637 3 = ()a Yy = (172)7 Ys = (1’273)

71 (P2 N C) = ker ®.

v

v

v



G, action on Ceva arrangement &

» € o {(2 -y (y? - 22) (22 -2?) =0}, AutC =&,
»[zry:iz]e[~Tiyiz], ...
> 1—>,LL2><,LL2—>G4—>63—>1
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» P2 is the underlying space of the orbifold P2y x .
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» € o {(2 -y (y? - 22) (22 -2?) =0}, AutC =&,
»[zry:iz]e[~Tiyiz], ...
> 1—>IUJ2><1U,2—>G4—>63—>1

Lemma

» P2 is the underlying space of the orbifold P2y x .

> The non-reqular points are xyz = 0.



G, action on Ceva arrangement &

» G o {(2% -y (Y - 22) (22 - 2%) = 0}, AutC = &,
»[zry:iz]e[~Tiyiz], ...
> 1> poxpus >64—>63->1

Lemma
» P2 is the underlying space of the orbifold P2y x .
> The non-reqular points are xyz = 0.

» The isotropy groups in the azxes outside the vertices are ps

v

The isotropy groups for the vertices are jio X fio



G, action on Ceva arrangement &

>

>

>

‘5<—>{(x2—y2)(y2—22)(z2—x2) =0}, AutC =6,
[x:y:z][-z:y:2], ...
1—>ILLQ><IU,2—>G4—>63—>1

Lemma

>

>

v

v

P2 is the underlying space of the orbifold P2 /pa x pio.

The non-reqular points are xyz = 0.

The isotropy groups in the axes outside the vertices are pio
The isotropy groups for the vertices are jio X fio

Kummer covering [x:y: 2] — [z 1 y*: 2%] in mind



G, action on Ceva arrangement &

» G o {(2?-y*)(y? - 2%) (22 -2%) =0}, AutC =6,
»[zry:iz]e[~Tiyiz], ...
> 1—>ILLQ><IU,2—>G4—>G3—>1

Lemma
» P2 is the underlying space of the orbifold P2y x .
> The non-reqular points are xyz = 0.
» The isotropy groups in the azxes outside the vertices are ps
> The isotropy groups for the vertices are po X pig
» Kummer covering [x:y:z] — [z 1 y%: 2%] in mind
» The image of € is (v —y)(y—2)(z—x) =0.
> In particular its union with the non reqular points is again a
Ceva arrangement.



G, action on Ceva arrangement &

» G o {(2?-y*)(y? - 2%) (22 -2%) =0}, AutC =6,
»[zry:iz]e[~Tiyiz], ...
> 1—>ILLQ><IU,2—>G4—>G3—>1

Lemma
» P2 is the underlying space of the orbifold P2y x .
> The non-reqular points are xyz = 0.
» The isotropy groups in the azxes outside the vertices are ps
> The isotropy groups for the vertices are po X pig
» Kummer covering [x:y:z] — [z 1 y%: 2%] in mind
» The image of € is (v —y)(y—2)(z—x) =0.
> In particular its union with the non reqular points is again a
Ceva arrangement.

Strategy
Study the birational model of (P?/pus x p2)/ 3.



S, orbifold

%(17_2) ’ . ' %(la_Q)
L 1(0,1)
1/ pa x pi2 3 1 — 3
i 3(1,0) i
%(1,2)””. ************* i‘é(lﬂ)



&4 orbifold




&4 orbifold

%(17_2) . ' %(la_l)
; £(0,1)
/64 A= -]

=}



&4 orbifold

3_« 9 2
z° = 3xyz + 2xy r=y
Exc. comp. >

y=0 N y=0
r
z=0
0102 01 020102
— —— S———



Generalized Ceva arrangements

Theorem
6 = {(2" - y*)(y* - 2°) (2> - 2%) = 0}
G1=(23,91,3 | [y1, 23] = [y1, (y3y1)2] = (y3x3)3 = ifg = 1,2/:»% = Y1Y3Y1)

G —2 e,

x3 — (1,2)(3,4)
y— (1,2)
ys — (1,2,3)

7T1(P2 \(gg) :ker@g



Generalized Ceva arrangements

Theorem
G ={(z* - y*)(y* - 2*)(z* - 2%) = 0}
Hy = (a1,a0,a3 | a3 = a3 = a3 = ajazaz = 1, [a;,a;] = 1)
Hy=HyxG3, af =a

G1 = (ws,y1,3 | [y1, 23] = [y1, (ysy1)*] = (ysws)® = 3 = 1,43 = yaysyn)
G, —2— H,
T3 —— a3
y — (1,2)
ys — (1,2,3)

7T1(P2 \(gg) :ker@g



Generalized Ceva arrangements

Theorem

%’n’ - {(x71, _ y”,)(y“, _ Z'n,)(z’”, _ x'fl) — O}
H, ={(a1,a2,a3 | ai = a3 = a3 = aragas = 1,[a;,a;] =1)
H,=H,»Gs, a=a;0
G1 = (z3,y1,93 | [y1, 23] = [y1, (y3y1)?] = (y323)° = 25 = 1,93 = y1y3y1)
el NN H,
T3 ——— as
Yy ——— (172)
Ys — (17273)

T (]P>2 \N%,) =ker®,
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Proposition
Aut AL = SL(2;F3) (of order 24).
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McLane arrangements .Z%
Proposition
Aut AL = SL(2;F3) (of order 24).

Group structure and action
» Z(SL(2;F3)) generated by —Is.
> 1= pg x ug > PSL(2;F3) - puz > 1

» The action on P? has a fixed point p.



McLane arrangements .Z%
Proposition
Aut AL = SL(2;F3) (of order 24).

Group structure and action
Z(SL(2;F3)) generated by —Is.
> 1= o x o —>PSL(2,F3) - uz —>1

v

v

The action on P? has a fixed point p.

v

The singular points of McLane arrangements are contained in
four lines through p, each one containing two triple points.



McLane arrangements .Z%
Proposition
Aut AL = SL(2;F3) (of order 24).

Group structure and action
Z(SL(2;F3)) generated by —Is.
> 1= o x o —>PSL(2,F3) - uz —>1

v

v

The action on P? has a fixed point p.

v

The singular points of McLane arrangements are contained in
four lines through p, each one containing two triple points.

v

The action of the center has also a line of fixed points containing
the double points.
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McLane quotient
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W2 X [y action



McLane quotient

11(1,2)

®

(1,2)

s

o

(0,1)

1
2

(1,2)
w3 action

'q

(0,1)

1
)

Yo g x prg —<K—



McLane quotient

£(2,3) 3(0,1)

(1,0)

Yo/ PSL(2; Fs5) J

523 30,1



McLane quotient

8
1l
<

Exc. comp. >
S

‘/ Z:O

Y
y = y=0

y=0 , y

=0 3
02030920403020103 02030409 AS
——

T3

T1 T



McLane quotient

» a3 = A2 € By, 75 = A2os.
Fundamental group of P2\ (C; u {zy(z —y) =0})

> (1, s, Y1, Y2,y | 2 = yjlwiijl o T5Y1Yey3 = 1)

» A% = (z1...25)2x(21 ... 25)7"



McLane quotient

» a3 = A2 € By, 75 = A2os.
Fundamental group of P2\ (C; u {zy(z —y) =0})

> (1, s, Y1, Y2,y | 2 = yjlwiijl o T5Y1Yey3 = 1)

» A% = (z1...25)2x(21 ... 25)7"

Orbifold fundamental group G of o/ PSL(2;F3) \ (4
>y e p=—yi=1
4 yQHﬂ:yg(I1$5)=l
»yz o a=ys3(z;...75) =1

» =1



McLane quotient

> 71773 = AZ € Bs, 73 = Ao,
Fundamental group of P2\ (C; u {zy(xz -y) =0})

> (@1, @51, 02,3 | T = yjlwiyjﬂh o T5Y1Yey3 = 1)

» A% = (z1...25)x(21 ... 25)7"

Orbifold fundamental group Gy of ¥o/ PSL(2;F3) N C;

> (1 generators: xs,Y1,Ys
» (G relations:
Y3 = v1ysyn, [y1 ' ys, 5] = (@5, (w591)] = of = (@sy12593) " = 1
> G =ker®
Gy —2— SL(2;Fs)

s — I
11
n—— (17

ys — (¢ o1



McLane equations

» Py:=3zt+ 61‘2y2 _ y4
> Qu =3z - 622y% -yt
> Pg = 61?,?/(3:54 + y4)

> F:Z8_6P4z4—8pgz2—3p42
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> % :
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» Singular fibers of elliptic fibrations
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> A (2P -y (P -2 (P - a®) = 0
> % :
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Hesse . and dual-Hesse % arrangements

Equations and properties
> A (2P -y (Y -2 (P - 2) = 0
> % :

zyz(23+y3+23-3zy2) ((23+y°+23)?2

+3xyz(x®+3zyz+y3+23)) = 0

» Singular fibers of elliptic fibrations
Proposition

Aut 72 = Aut # = F2 x SL(2; F3)

Series of Aut.;Z
> Hy =T [z x pz |, Aut A/ Hy 2 SL(2;F3)

> Ha/Hy 2 Z(SL(2F3)) 2 [jia ], Aut o /Hz = 2y

> H3/H2 E, Aut%/[‘[g E
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Elliptic fibrations and quotient surfaces

» 7:X — P? blow-up of the base points of (z® +y> + 23, 2y2)
» ¢: X — P! with four exceptional fibers (strict transform of J#),
Py, a,b € us, exceptional components.

-2

Pio¢
P10§

* P015
— Poic

— Pp11 =[0:1:-1] = 0-section

Py
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Elliptic fibrations and quotient surfaces

» 7:X — P? blow-up of the base points of (z® +y> + 23, 2y2)

» ¢: X — P! with four exceptional fibers (strict transform of J#),
Py, a,b € us, exceptional components.

> MW () = 3 x ps.
Proposition
> Xi:=X/ps x pg
» p(Puee) = P 0-section of 1
» () =2 H multisection of 2-torsion

> 1 with four singular fibers

b

>
=
[aw]

(1,-1) P

A
k
Wl



Elliptic fibrations and quotient surfaces

» 7:X — P? blow-up of the base points of (z® +y> + 23, 2y2)

» ¢: X — P! with four exceptional fibers (strict transform of J#),
Py, a,b € us, exceptional components.

> MW () = 3 x ps.

Proposition
ZQEXl/IuQEX/(.TH—.I), ()02!22 —>]P>1.




Elliptic fibrations and quotient surfaces

» 7:X — P? blow-up of the base points of (z® +y> + 23, 2y2)
» ¢: X — P! with four exceptional fibers (strict transform of J#),
Py, a,b € us, exceptional components.

> MW () = 3 x ps.

Proposition
1(1,2) (1,2);
1(0,1) 4= o’ o P,P?--1
H — | 1
H o o
LN ST ST
%(1’0) (5] ’ 13 )



An old friend

23 _ 3ryz + 2'77]/2
EXC. comp. T

r=y
r

Q
=
Q

[\v]

Y
<
1
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1. 3Cy rigid po-invariant.
2. 3Cs rigid ps-invariant, only isolated fixed points.

3. 3C3 symplectic po x po-invariant.
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1, 2 Computations thanks to orbifolds.
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A plus of symplectic geometry

Problem
Find all curves C c P? such that degC = 8 and SingC = 8E¢g Failed!

Theorem
There are (at least) three curves as above pairwise
non-homeomorphic:

1. 3Cy rigid po-invariant.
2. 3Cs rigid ps-invariant, only isolated fixed points.

3. 3C3 symplectic po x po-invariant.

Proof.
1, 2 Computations thanks to orbifolds.
3 Wrong pictures with the tricuspidal quartic.

Question
Is C3 isotopic to an algebraic curve? Not to Cy,Cs!



Happy birthday;,
Alex and Laurentiu!



