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Realization and moduli space I

Examples and comments I

I Point combinatorics Cn: L = {`1, . . . , `n}, #P ≤ 1.

I #MK(Cn) = 1 if n = 1, 2, 3.
I dim MK(Cn) = 1 parametrized by cross-ratio (up to

permutations).

I Generic combinatorics Gn: L = {`1, . . . , `n}, #p = 2,∀p ∈P.
I MK(Gn) connected if K = R,C.
I Ceva combinatorics:
I Pappus combinatorics
I C non-Pappus combinatorics (the three points are not aligned):

MK(C ) = ∅
I If C has no double points: MR(C ) = ∅
I AC : (x3 − y3)(y3 − z3)(z3 − x3) = 0.
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Combinatorics and Topology

K = C, P2 := P2(C)

Positive results: Arnol’d, Brieskorn, Orlik-Solomon
Ring structure of H∗(Cn+1 \

⋃
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Combinatorial objects for C

I ZL =
⊕
`∈L

Zx`,

ZL
/
Z

(∑
`∈L

x`

)
=: HC

1
∼= H1(P2 \ A;Z) if C (A) = C

I xp =
∑
`∈p

x`

{xL ∧ xP ∈ HC
1 ∧HC

1 | P < L} = HC
2
∼= H2(P2 \ A;Z)

I H0
C = Z, Hj

C
∼= Hj(P2 \ A;Z) dual of HC

j , j = 1, 2.
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Negative results

Theorem (Rybnikov)
@ϕ : π1(P2 \ N+)→ π1(P2 \ N−) group automorphism inducing the
identity on homology.

Corollary
@ρ : (P2,N+)→ (P2,N−) homeomorphism respecting orientations and
ordering.

Orientation
∃ρ : (P2,N+)→ (P2,N−) homeomorphism respecting ordering and
reversing orientation: complex conjugation.

Order
∃ρ : (P2,N+)→ (P2,N−) homeomorphism respecting orientation:
GL(2,F3) \ SL(2,F3).
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Rybnikov example

Rybnikov’s combinatorics
B = N1 ∪xz(x−z)=0 N2 (gluing in general position)

Theorem
π1(P2 \ B++) 6∼= π1(P2 \ B+−)

Guidelines of the proof.
Assume they are isomorphic.

1. The isomorphism induces the ±identity on HB
1 (purely

combinatorial: homological rigidity of a combinatorics).
2. It does not happen using truncated Alexander invariant with the

same ideas as in McLane’s.
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Braid Monodromy and Topology

Moduli space
#MC(A ) = 2

Theorem (_, Carmona, Cogolludo, Marco)
There is no homeomorphism Φ : (P2,A√5)→ (P2,A−√5).

Comments

I Key argument: braid monodromy.
I No extra information about homeomorphism type of P2 \ A±√5.
I Finite presentations of G± = π1(P2 \ A±√5).
I G± have the same finite quotients (not known if isomorphic!).
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Guerville’s example

Theorem
M (G91) = {G91,ζ | ζ4 + ζ3 + ζ2 + ζ + 1 = 0}; they admit
Galois-conjugate equations in the cyclotomic field K5.
There is no oriented homeomorphism (P2,G91,ζ1)→ (P2,G91,ζ2) if
ζ1 6= ζ2.

Corollary
There is no homeomorphism (P2,G91,ζ)→ (P2,G91,ζ2).

Proof.
Use a linking number.

Fundamental groups
The groups π1(P2 \ G91,ζ) and π1(P2 \ G91,ζ2) have isomorphic
profinite completions while the groups π1(P2 \ G91,ζ) and
π1(P2 \ G91,ζ4) are isomorphic.



Guerville’s example

Theorem
M (G91) = {G91,ζ | ζ4 + ζ3 + ζ2 + ζ + 1 = 0}; they admit
Galois-conjugate equations in the cyclotomic field K5.
There is no oriented homeomorphism (P2,G91,ζ1)→ (P2,G91,ζ2) if
ζ1 6= ζ2.

Corollary
There is no homeomorphism (P2,G91,ζ)→ (P2,G91,ζ2).

Proof.
Use a linking number.

Fundamental groups
The groups π1(P2 \ G91,ζ) and π1(P2 \ G91,ζ2) have isomorphic
profinite completions while the groups π1(P2 \ G91,ζ) and
π1(P2 \ G91,ζ4) are isomorphic.



Guerville’s example

Theorem
M (G91) = {G91,ζ | ζ4 + ζ3 + ζ2 + ζ + 1 = 0}; they admit
Galois-conjugate equations in the cyclotomic field K5.
There is no oriented homeomorphism (P2,G91,ζ1)→ (P2,G91,ζ2) if
ζ1 6= ζ2.

Corollary
There is no homeomorphism (P2,G91,ζ)→ (P2,G91,ζ2).

Proof.
Use a linking number.

Fundamental groups
The groups π1(P2 \ G91,ζ) and π1(P2 \ G91,ζ2) have isomorphic
profinite completions while the groups π1(P2 \ G91,ζ) and
π1(P2 \ G91,ζ4) are isomorphic.



Guerville’s example

Theorem
M (G91) = {G91,ζ | ζ4 + ζ3 + ζ2 + ζ + 1 = 0}; they admit
Galois-conjugate equations in the cyclotomic field K5.
There is no oriented homeomorphism (P2,G91,ζ1)→ (P2,G91,ζ2) if
ζ1 6= ζ2.

Corollary
There is no homeomorphism (P2,G91,ζ)→ (P2,G91,ζ2).

Proof.
Use a linking number.

Fundamental groups
The groups π1(P2 \ G91,ζ) and π1(P2 \ G91,ζ2) have isomorphic
profinite completions while the groups π1(P2 \ G91,ζ) and
π1(P2 \ G91,ζ4) are isomorphic.



Main result I

Theorem
The groups π1(P2 \ Aζ) and π1(P2 \ Aζ2) are not isomorphic (while
their profinite completions are).

First step
ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ2) isomorphism =⇒ ϕ∗ = ±1

H
G91
1

.

I Purely combinatorial statement.



Main result II

Theorem
The groups π1(P2 \ Aζ) and π1(P2 \ Aζ2) are not isomorphic (while
their profinite completions are).

First step
ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ2) isomorphism =⇒ ϕ∗ = ±1

H
G91
1

.

Second step
There is no isomorphism such that ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ2)
isomorphism =⇒ ϕ∗ = 1

H
G91
1

I It depends on the actual presentations of the groups.
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Some data about the proof

I We obtain a system S of 2912 linear equations in 253 unknowns
(sizes are of combinatorial nature)

I Existence of ϕ =⇒ existence of integer solutions in S.
I Solve S with Sagemath.
I Solution over Q: Q-affine space of dim = 12
I Smallest ring where S admit solutions is Z

[ 1
5
]
.

I Whole process 314.02s CPU time (mostly for the construction of
the system!).
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Main result III

Theorem
The groups π1(P2 \ Aζ) and π1(P2 \ Aζ2) are not isomorphic (while
their profinite completions are).

First step
ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ2) isomorphism =⇒ ϕ∗ = ±1

H
G91
1

.

Second step
There is no isomorphism such that ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ2)
isomorphism =⇒ ϕ∗ = 1

H
G91
1

Third step
There is no isomorphism such that ϕ : π1(P2 \ Aζ)→ π1(P2 \ Aζ3)
isomorphism =⇒ ϕ∗ = 1

H
G91
1



Tack!


