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José I. Cogolludo UZ
Hiro-o Tokunaga TMU



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Contents

1 Pencils of curves 3

2 First Examples 6

3 Tame and special curves of torus type 8

4 A special toric sextic 10

5 Computation of fundamental groups 15



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

1. Pencils of curves

. Zariski sextics Z : f2(x, y, z)3 + f3(x, y, z)2 = 0
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1. Pencils of curves

. Zariski sextics Z : f2(x, y, z)3 + f3(x, y, z)2 = 0

. π1(P2 \ Z) ∼= Z/2Z ∗ Z/3Z An explanation?

h : P2 \ Z → P1 \ {−1} ⊂ P1 = C ∪ {∞}

[x : y : z] 7→
f3(x, y, z)2

f2(x, y, z)3

h∗ : π1(P2 \ Z) � π1
orb(P1 \ {−1})∼= Z/2Z ∗ Z/3Z
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Orbifold:
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Orbifold: Complex curve Ω with D := {(pj, mj)}r
j=1,
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Orbifold: Complex curve Ω with D := {(pj, mj)}r
j=1,

p1, . . . , pr ⊂ Ω distinct, mj ∈ Z>0
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Orbifold fundamental group of (Ω, D):
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j=1,

p1, . . . , pr ⊂ Ω distinct, mj ∈ Z>0
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Orbifold: Complex curve Ω with D := {(pj, mj)}r
j=1,

p1, . . . , pr ⊂ Ω distinct, mj ∈ Z>0

Orbifold fundamental group of (Ω, D):

πorb
1 (Ω, D; ∗) := π1(Ω \D)/〈µmj+1

j 〉rj=1,µj meridian of pj.

Orbifold of a rational function:
ρ : P2 99K P1 non constant rational function,

{p1, . . . , pr} = {p |ρ∗(p) multiple}, mj multiplicity,

D := {(pj, mj)}r
j=1 orbifold of ρ
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Theorem 1. C ⊂ P2 curve, ρ : P2 99K P1 non constant
rational function of irreducible generic fiber
D orbifold of ρ.
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rational function of irreducible generic fiber
D orbifold of ρ.

Suppose ρ|P2\C well-defined; let Ω := ρ(P2 \ C).
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There exists natural surjection:
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Theorem 1. C ⊂ P2 curve, ρ : P2 99K P1 non constant
rational function of irreducible generic fiber
D orbifold of ρ.

Suppose ρ|P2\C well-defined; let Ω := ρ(P2 \ C).

There exists natural surjection:

ρ∗ : π1(P2 \ C) � πorb
1 (Ω, D).

Example

Replace rational function by pencil of curves; pencil
of type (2, 3) ≡torus decomposition.
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Theorem 1. C ⊂ P2 curve, ρ : P2 99K P1 non constant
rational function of irreducible generic fiber
D orbifold of ρ.

Suppose ρ|P2\C well-defined; let Ω := ρ(P2 \ C).

There exists natural surjection:

ρ∗ : π1(P2 \ C) � πorb
1 (Ω, D).

Example

Replace rational function by pencil of curves; pencil
of type (2, 3) ≡torus decomposition.

Useful for obtaining properties of fundamental groups
without computation
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2. First Examples

I Zariski’s example or replace (2, 3) by pairwise co-
prime (p, q)



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

2. First Examples

I Zariski’s example or replace (2, 3) by pairwise co-
prime (p, q)

For (2, 3) we will say torus type.
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2. First Examples

I Zariski’s example or replace (2, 3) by pairwise co-
prime (p, q)

For (2, 3) we will say torus type.

I Let C ⊂ P2 tricuspidal quartic

f(x, y, z) := x2y2+y2z2+x2z2−2xyz(x+y+z) = 0. (1)
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2. First Examples

I Zariski’s example or replace (2, 3) by pairwise co-
prime (p, q)

For (2, 3) we will say torus type.

I Let C ⊂ P2 tricuspidal quartic

f(x, y, z) := x2y2+y2z2+x2z2−2xyz(x+y+z) = 0. (1)

Rational curve:

[t : s] 7→ [t2s2 : (t + s)2s2 : t2(t + s)2].

Lt tangent line at Pt from [t : 1]: C +2Lt is of torus
type:
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• Conic through cuspidal points and tangent at Pt
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• Conic through cuspidal points and tangent at Pt

• Nodal cubic: tangent to the cusps, nodal point at
Pt with one tangent branch
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• Conic through cuspidal points and tangent at Pt

• Nodal cubic: tangent to the cusps, nodal point at
Pt with one tangent branch

T := Lζ = Lζ̄ : l(x, y, z) := x + y + z = 0 bitangent line:
C + 2T admits two torus type decompositions.
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• Conic through cuspidal points and tangent at Pt

• Nodal cubic: tangent to the cusps, nodal point at
Pt with one tangent branch

T := Lζ = Lζ̄ : l(x, y, z) := x + y + z = 0 bitangent line:
C + 2T admits two torus type decompositions.

Remark 2. Another possibility for C and T . Let X :

x = 0, line through two cusps.
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• Conic through cuspidal points and tangent at Pt

• Nodal cubic: tangent to the cusps, nodal point at
Pt with one tangent branch

T := Lζ = Lζ̄ : l(x, y, z) := x + y + z = 0 bitangent line:
C + 2T admits two torus type decompositions.

Remark 2. Another possibility for C and T . Let X :

x = 0, line through two cusps.

f(x, y, z) + 4x3l =x2y2 + y2z2 + x2z2 − 2xyz(x + y + z)

+4x3(x + y + z)

=
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• Conic through cuspidal points and tangent at Pt

• Nodal cubic: tangent to the cusps, nodal point at
Pt with one tangent branch

T := Lζ = Lζ̄ : l(x, y, z) := x + y + z = 0 bitangent line:
C + 2T admits two torus type decompositions.

Remark 2. Another possibility for C and T . Let X :

x = 0, line through two cusps.

f(x, y, z) + 4x3l =x2y2 + y2z2 + x2z2 − 2xyz(x + y + z)

+4x3(x + y + z)

=(x(y + z)− yz + 2x2)2.

Double conic tangent to two cusps and passing through
the contact points of the tacnode
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3. Tame and special curves of torus type

Tame curves of torus type
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3. Tame and special curves of torus type

Tame curves of torus type
Generique elements in a pencil (compare with Oka-
Pho).
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Curves of torus type with several torus decomposi-
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Special curves of torus type
Curves of torus type with several torus decomposi-
tions.

• Tricuspidal quartic + double bitangent
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3. Tame and special curves of torus type

Tame curves of torus type
Generique elements in a pencil (compare with Oka-
Pho).

Special curves of torus type
Curves of torus type with several torus decomposi-
tions.

• Tricuspidal quartic + double bitangent

• Dual of a smooth cubic:
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3. Tame and special curves of torus type

Tame curves of torus type
Generique elements in a pencil (compare with Oka-
Pho).

Special curves of torus type
Curves of torus type with several torus decomposi-
tions.

• Tricuspidal quartic + double bitangent

• Dual of a smooth cubic:

f6(x, y, z) = 4(xy)3 + (x3 + y3 − z3)2.
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Theorem 3. D special toric curve. The corresponding
morphisms

π1(P2 \D) � Z/2Z ∗ Z/3Z

have different kernels.
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Theorem 3. D special toric curve. The corresponding
morphisms

π1(P2 \D) � Z/2Z ∗ Z/3Z

have different kernels.

Question 4. What happens with the Alexander poly-
nomial of a reduced special toric curve?



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.

There exists a Cremona transformation inducing an
isomorphism between P2 \ (C6 ∪ L) and P2 \ (C ∪ T ): T

bitangent, L tangent at C3,9.
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.

There exists a Cremona transformation inducing an
isomorphism between P2 \ (C6 ∪ L) and P2 \ (C ∪ T ): T

bitangent, L tangent at C3,9.

• Blow up P ; P1 := P ∩ L.
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.

There exists a Cremona transformation inducing an
isomorphism between P2 \ (C6 ∪ L) and P2 \ (C ∪ T ): T

bitangent, L tangent at C3,9.

• Blow up P ; P1 := P ∩ L.

• Blow up P1; T := P1 ∩ Sing(C).
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.

There exists a Cremona transformation inducing an
isomorphism between P2 \ (C6 ∪ L) and P2 \ (C ∪ T ): T

bitangent, L tangent at C3,9.

• Blow up P ; P1 := P ∩ L.

• Blow up P1; T := P1 ∩ Sing(C).

• Blow up T and blow-down L.
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4. A special toric sextic

C3,9: two branches A + B, A smooth, B type A6,
A ·B = 4.

Moduli space of sextic curves C3,9 + 3A2

(Oka-Pho) Connected of dimension 1.

There exists a Cremona transformation inducing an
isomorphism between P2 \ (C6 ∪ L) and P2 \ (C ∪ T ): T

bitangent, L tangent at C3,9.

• Blow up P ; P1 := P ∩ L.

• Blow up P1; T := P1 ∩ Sing(C).

• Blow up T and blow-down L.

• Blow down P1 and P .
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Generic result
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Generic result

• Triple conic: Conic through cuspidal points and
tangent to C3,9
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Generic result

• Triple conic: Conic through cuspidal points and
tangent to C3,9

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch
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Generic result

• Triple conic: Conic through cuspidal points and
tangent to C3,9

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch

Generic Fibre Sextic with three cusps and one point
of local coordinates u3 − v6 = 0.
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Generic result

• Triple conic: Conic through cuspidal points and
tangent to C3,9

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch

Generic Fibre Sextic with three cusps and one point
of local coordinates u3 − v6 = 0.

ρ1 : π1(P2 \ C6) � 〈a, b | a2 = b3 = 1〉 (2)
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Start from a pencil having the another tacnode as
base point:
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Start from a pencil having the another tacnode as
base point:

• Triple curve: quartic through cuspidal points hav-
ing an A6-singular point tangent to C3,9
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Start from a pencil having the another tacnode as
base point:

• Triple curve: quartic through cuspidal points hav-
ing an A6-singular point tangent to C3,9

• Double curve: Sextic tangent to cuspidal points
having a two-branch singular point at C3,9 with one
tangent branch
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Start from a pencil having the another tacnode as
base point:

• Triple curve: quartic through cuspidal points hav-
ing an A6-singular point tangent to C3,9

• Double curve: Sextic tangent to cuspidal points
having a two-branch singular point at C3,9 with one
tangent branch

• Fibre of C6: C6 + 6L.
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Start from a pencil having the another tacnode as
base point:

• Triple curve: quartic through cuspidal points hav-
ing an A6-singular point tangent to C3,9

• Double curve: Sextic tangent to cuspidal points
having a two-branch singular point at C3,9 with one
tangent branch

• Fibre of C6: C6 + 6L.

ρ2 : π1(P2 \ C6) � 〈a, b | a2 = b3 = (ab)6 = 1〉 (3)
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Start from one pencil involving C and T associate to
two cusps, see Remark 2:
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Start from one pencil involving C and T associate to
two cusps, see Remark 2:

• Triple conic: Conic through two cuspidal points
and tangent to C3,9 with intersection number 8
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Start from one pencil involving C and T associate to
two cusps, see Remark 2:

• Triple conic: Conic through two cuspidal points
and tangent to C3,9 with intersection number 8

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch; this
branch has intersection number 9
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Start from one pencil involving C and T associate to
two cusps, see Remark 2:

• Triple conic: Conic through two cuspidal points
and tangent to C3,9 with intersection number 8

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch; this
branch has intersection number 9

Generic Fibre Sextic with two cusps and one point of
type C3,9.
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Start from one pencil involving C and T associate to
two cusps, see Remark 2:

• Triple conic: Conic through two cuspidal points
and tangent to C3,9 with intersection number 8

• Double cubic: Nodal cubic tangent to cuspidal
points; node at C3,9 with one tangent branch; this
branch has intersection number 9

Generic Fibre Sextic with two cusps and one point of
type C3,9.

ρi : π1(P2 \ C6) � 〈a, b | a2 = b3 = 1〉, i = 3, 4, 5. (4)

C is special
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Theorem 5 (Oka-Pho). The fundamental group of
the complement of any irreducible tame curve of torus
type is Z/2Z ∗ Z/3Z.
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Theorem 5 (Oka-Pho). The fundamental group of
the complement of any irreducible tame curve of torus
type is Z/2Z ∗ Z/3Z.

Question 6. Under which conditions the epimorphism
associated to a rational function and a curve is an
isomorphism?
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5. Computation of fundamental groups

(a) Real affine
picture

(b) Base
for braid
monodromy

−1

ζ̄ τ1

ζ τ4

0 τ2 1 τ3

Almost direct computation from the real curve (Zariski-
Van Kampen with asymptotes).
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.

(b) (yzxz)−1 meridian of the line T .
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.

(b) (yzxz)−1 meridian of the line T .

(c) Meridians near one tacnode: z and (yzxz)−1.
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.

(b) (yzxz)−1 meridian of the line T .

(c) Meridians near one tacnode: z and (yzxz)−1.

(d) Meridians near the other tacnode: y and (zyzx)−1.
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.

(b) (yzxz)−1 meridian of the line T .

(c) Meridians near one tacnode: z and (yzxz)−1.

(d) Meridians near the other tacnode: y and (zyzx)−1.

(e) Meridian of L if Cremona for first tacnode:(yzx)−2.
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π1(P2 \ (C ∪ T )) = 〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz〉

Also obtained by Oka

Properties 7.

(a) Each cuspidal relation comes from a cuspidal point.

(b) (yzxz)−1 meridian of the line T .

(c) Meridians near one tacnode: z and (yzxz)−1.

(d) Meridians near the other tacnode: y and (zyzx)−1.

(e) Meridian of L if Cremona for first tacnode:(yzx)−2.

(f) Meridian of L if Cremona for second tacnode:(zyx)−2.
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Consequences
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Consequences
Tricuspidal quartic (Zariski) See Properties 7(b)

π1(P2 \ C) = 〈x, z | xzx = zxz, x2z2 = 1〉
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Consequences
Tricuspidal quartic (Zariski) See Properties 7(b)

π1(P2 \ C) = 〈x, z | xzx = zxz, x2z2 = 1〉

Bicuspidal quartic+Bitangent Kill one cusp, see Prop-
erties 7(a)

〈x, z | xzx = zxz〉
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Consequences
Tricuspidal quartic (Zariski) See Properties 7(b)

π1(P2 \ C) = 〈x, z | xzx = zxz, x2z2 = 1〉

Bicuspidal quartic+Bitangent Kill one cusp, see Prop-
erties 7(a)

〈x, z | xzx = zxz〉

C3,9 + 3A2 (Oka-Pho) See Properties 7(e).
π1(P2 \ C6) =

〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz, (xyz)2 = 1〉
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Kernel of epimorphisms
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Kernel of epimorphisms

ρ3 of (4)
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Kernel of epimorphisms

ρ3 of (4)
Kernel normally generated by y−1z, see Properties 7(a):
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Kernel of epimorphisms

ρ3 of (4)
Kernel normally generated by y−1z, see Properties 7(a):

π1(P2 \ C)
ρ3−→ Z/2Z ∗ Z/3Z

onto ↘ ↗ ∼=
π1(P2 \ Ct)
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ρ1 of (2)
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ρ1 of (2)

Kernel normally generated by y2zyzx:
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
Long homotopy exact sequence of Milnor fibration:
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
Long homotopy exact sequence of Milnor fibration:

Meridian of curve2 ·Meridian of line−1 = 1
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
Long homotopy exact sequence of Milnor fibration:

Meridian of curve2 ·Meridian of line−1 = 1

From Properties 7(d): y2zyzx = 1.
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
Long homotopy exact sequence of Milnor fibration:

Meridian of curve2 ·Meridian of line−1 = 1

From Properties 7(d): y2zyzx = 1.

Adding this relation to

〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz, (xyz)2 = 1〉
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ρ1 of (2)

Kernel normally generated by y2zyzx:

Paths contained in fibers are in the kernel.

Kill local fundamental group of Milnor fiber of the
other tacnode, local equations u2(u + v2) = 0.
Long homotopy exact sequence of Milnor fibration:

Meridian of curve2 ·Meridian of line−1 = 1

From Properties 7(d): y2zyzx = 1.

Adding this relation to

〈x, y, z | xyx = yxy, xzx = zxz, yzy = zyz, (xyz)2 = 1〉

Get canonical epimorphism onto Z/2Z ∗ Z/3Z.
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