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Blow-ups

> [z:y]:={(tz,ty) € C* |t € C}.

> Phi={[z:y] C (z,y) € C*\ {0}}
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Blow-ups
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> Blow-up: 0 : C? - C2, E ~1(0) 2 PL. Via charts, extension
to points in smooth Surfaces ( ,Y) € C2 — (z,zy).
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Blow-ups

>

>

>

[z :y] == {(tz,ty) € C*> |t € C}.
Pto={[z:y] C (z,y) € C*\ {0}}

C? == {((z,y), [u:v]) € C2 x P | (2,y) € [u: 0]}

Blow-up: o : C? - C?, E := 771(0) 2 P'. Via charts, extension
to points in smooth surfaces, (z,y) € C? — (x,zy).

Strict transform: 6=(A) := o~1(A\ {0}) (denoted usually A).

Total transform: 6*(A) := A+ m(A)FE (denoted usually A).

E-o*(A)=0, B2 = -1, # 1 (A) - 7 Y(B) = A- B — m(A)m(B).



Blow-ups

> [2:yl, = {(tPx,t%) € C* [t € C}, w = (p,q), P, q € Lo,
coprime.
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» Total transform: 6*(A) := A+ m(A)E (denoted usually A).
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Blow-ups
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Blow-ups

> [z:yl, = {(tPz,t%) € C* |t € C}, w:= (p,q), p,q € Lo,
coprime.

> PLi= {[r:yl. C (a,9) € C2\ {0}} = P!

> C2 = {((z,y),[u:v],) € C? x PL | (x,9) € [u:v].}.
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Blow-ups

> [z:yl, = {(tPz,t7y) € C? |t € C}, w:= (p,q), P, q € Lo,
coprime.

> P i={[z:ylo C (z,y) € C2\ {0}} = P!
> C2 = {((z,y),[u:v],) € C* xPL | (z,y) € [u:v],}.
» Weighted blow-up: ¢ : C2 — C2, E := 7~ 1(0) = PL. Via charts,

extension to points in smooth surfaces,
(z,9) € 5(=1,q) = (2P, 2%).

» Strict transform: 671(A) := 0=1(A\ {0}) (denoted usually A).

» Total transform: 6*(A) := A+ my(A)E (denoted usually A).

> E-0*(A) =0, B> = —L 7 1(4). 7 (B) = A B — Melmu(B),

pq pq

a



Weighted Blow-ups for quotient surfaces
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Weighted Blow-ups for quotient surfaces

> L(p,q) :i=C?/(x,y) ~ ((Px,(%), ¢ € pa-

> C2(1(p.q) = C*/pta.

» Weighted blow-up: o : @i(%(p, q) — (p.q), E:==n"1(0) = PL.
Via charts, extension to points in surfaces with cyclic quotient

singularities. Two singular points %(—d, q), %(p, —d).



Weighted Blow-ups for quotient surfaces

> 4(p.q) = C?/(z,y) ~ (¢Pz, (%), ¢ € pa.

> C2(5(p,9) = C?/pa-

> Weighted blow-up: o : @f}(é(p, q)) = 2(p,q), E:=n"1(0) = PL.
Via charts, extension to points in surfaces with cyclic quotient
singularities. Two singular points %(—d7 q), %(p, —d).

> E-0*(A)=0,E>= % 7 1(A)- 7 1(B) = A- B - Meld)mu(B),

pq’ dpq



Weighted Blow-ups for quotient surfaces
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Weighted Blow-ups for quotient surfaces

> 1(p,q) = C*/(z,y) ~ (P, (%), € € pra-

> C2(5(p. ) == C?/pa.

> Weighted blow-up: o : @i(é(p, q)) = 2(p,q), E:==7"1(0) = PL.
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pq’ pq

X2 =0
Y ={y=0} Y2 =4

1(1,9) ' X ={z=0}
1<g<d

2 d.-l
E? = —4 1(-d,1)



Weighted Blow-ups for quotient surfaces

> 1(p,q) = C*/(z,y) ~ (P, (%), € € pra-

> C2(5(p. ) == C?/pa.

> Weighted blow-up: o : @i(é(p, q)) = 2(p,q), E:==7"1(0) = PL.
Via charts, extension to points in surfaces with cyclic quotient
- e o . 1 1
singularities. Two singular points ;(—cl7 q), a(p, —d).

* = = T . _ me (A)m, (B
> B.0*(A)=0,E>= -9 71(4).- 7 1(B) = A- B~ TelAmu(B),

pq’ pq
X2:b X2:b—%
YZ{yZO} Y2:a
2 _dl1l/_
i) | x={z=0) B2 = gl (-d.)
Y2=0- L
1§q<d dq



Smooth ruled rational surfaces

Hirzebruch surface X2,
Tn t 2 — P38 section $2 = —n (unique if n > 0), g = P! x PL.



Smooth ruled rational surfaces

Hirzebruch surface X2,
Tn t Bp — P38 section S? = —n (unique if n > 0), X = P! x PL.

Nagata tranformations

S2 =—n S2 =_n S2 =—n+1
F2=—-1
F2=0 — — |F2=0
F2=_1
52 =n 52 =n-1 52 =n-1




Smooth ruled rational surfaces

Hirzebruch surface X2,
Tn t Bp — P38 section S? = —n (unique if n > 0), X = P! x PL.

Weighted Nagata tranformations
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disjoint sections and two fibers whose intersections contain the
singularities of S.
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Rational ruled toric surfaces

Definition

RRTS projective quotient singular surface S, 7 : S — P!, with two
disjoint sections and two fibers whose intersections contain the
singularities of S.

Lemma

S RRTS, Py singular points over a fiber: they are of type %(1, +n).

Theorem
35S RRTS (S+, sections, and and Fy, Fy fibers) with

1. F;N Sy of type (lsi,imp) d;,m; coprime, 0 < n; < d;,.
2. 82 =—1reQ
if and only if T+ +Z2—7’EZ InsuchacaseS+fr

Proof.
Weighted Nagata transformations.
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Smooth case

Picard group of %,
Pic(X,) =ZS; ® ZF
Cohomology of ¥
> HO(P! xPY; O(aS_ +bF)) = {f € Clz,y] | deg, f < a,deg, f < b}
> 1(aS_ + bF) = {(a+1)(b—|—1) 1fa,b.2 -1
0 otherwise
> b2(aS_ + bF) = b%(—(a+2)S_ — (b+ 2)F) (Serre’s duality)
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> v2(aS_ +bF) =
(o ) { 0 otherwise



Smooth case

Picard group of >,
Pic(¥,) = ZSy © ZF

Cohomology of ¥

>

>

HO(P' xP; O(aS_+bF)) = {f € Clz,y] | deg, f < a,deg, f < b}

P(as. +bF) = 4 @+ DO+D ifab>—1

. otherwise

b*(aS_ +bF) = b"(—(a+2)S_ — (b+2)F) (Serre’s duality)

b2(aS_ + bF) = {(““W)H) if a,b < —1
- 0

otherwise

x(aS— +bF) = (a+1)(b+ 1) (Riemann-Roch)



Smooth case

Picard group of ¥,
Pic(S,) = ZS, & ZF
Cohomology of >
> HO(P' xP';0(aS_40bF)) = {f € Clz,y] | deg, f < a,deg, f < b}
> 1(aS_ + bF) = {(a+1)(b+1) 1fa,b.2 -1
0 otherwise
> b2(aS_ + bF) = b%(—(a+2)S_ — (b+ 2)F) (Serre’s duality)
> 12(aS- 4 bF) {(a+1)(b+1) if a,b < —1
0 otherwise
» x(aS_ +bF) = (a+1)(b+ 1) (Riemann-Roch)
(a+1)(b+1) if(a+1)(b+1)<0

otherwise

> b'(aS_ +bF) = {;



Smooth case

Picard group of ¥,
Pic(S,) = ZS, & ZF
Cohomology of ¥
> HO(P' xP';0(aS_40bF)) = {f € Clz,y] | deg, f < a,deg, f < b}
. .
> 1(aS_ + bF) = {(a+1)(b+1) if a,b = 1
0 otherwise
> b2(aS_ + bF) = b%(—(a+2)S_ — (b+ 2)F) (Serre’s duality)
. <
> 12(aS- 4 bF) {(a+1)(b+1) if a,b < —1
0 otherwise
» x(aS_ +bF) = (a+1)(b+ 1) (Riemann-Roch)
a+1)(b+1) if(a+1)(b+1)<0
otherwise

> bl(aS_ +bF) = {(;(

» At most one cohomology group does not vanish for fixed a, b.

n



Cohomology of ¥,
From 33, to Xy

F?2=0

?

D =aS_ +bF o*D = aS_ + bF + bF D=r1.0"D=aS_ +bF

7D = aS_ 4 bF + (an + b)F
¢



Cohomology of ¥,

H%,;0(aS +bF) ={f € Clz,yl|deg, f < a,deg, f < bm(n1)f > an}



Cohomology of ¥,
HY(%n;0(aS +bF)={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}

(0,b) o
(O,na)g o o ¢
e o ¢

e ¢

«\e ¢

nu -+ v =na
(a,0)



Cohomology of ¥,

HY(%n;0(aS +bF) ={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}

Theorem
> x(aS_ +bF) = (a+1)(b+1) —n("}")



Cohomology of ¥,

HY(%n;0(aS +bF) ={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}
Theorem

> x(aS_ +bF) = (a+1)(b+1) —n("}")

» b°(aS_ + bF) = 0 if min(a,b) < —1



Cohomology of ¥,

HY(%n;0(aS +bF) ={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}

Theorem
> x(aS_ +bF) = (a+1)(b+1) —n("}")
» b°(aS_ + bF) = 0 if min(a,b) < —1
> b%(aS_ + bF) = x(F) ifa,b > —1 and b > na



Cohomology of X,

HO(ETHO(GS—%F))g{f € C[$7y”degaf f S G,degy f S b,m(n,l)f Z an}

Theorem
> x(aS_ +bF) = (a+1)(b+1) —n("}")
» 5%(aS_ + bF) =0 if min(a,b) < —1
> b%(aS_ + bF) = x(F) ifa,b > —1 and b > na

)

):

> 0°(aS_ +bF) = x(F) + #T if a,b > —1 and b < na, where
T:= {(Ua'U)GZzOXZNJ|nu+v<na—b}



Cohomology of ¥,

HY(%n;0(aS +bF) ={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}

Theorem
> x(aS_ +bF) = (a+1)(b+1) —n("}")
» b°(aS_ + bF) = 0 if min(a,b) < —1
> b%(aS_ + bF) = x(F) ifa,b > —1 and b > na
>

WO (aS_ +bF) = x(F) + #T if a,b> —1 and b < na, where
T = {(u,v) € Z>o X Zso | nu+v < na — b}

> 0?(aS_ +bF) =0"(—(a+2)S- — (b+n+2)F)



Cohomology of ¥,

HY(%n;0(aS +bF) ={f € Clz,ylldeg, f < a,deg, f < bm,1)f > an}

Theorem
> x(aS_ +bF) = (a+1)(b+1) —n("}")
» b°(aS_ + bF) = 0 if min(a,b) < —1
> b%(aS_ + bF) = x(F) ifa,b > —1 and b > na
> 10(aS_ +bF) = x(F) +#T if a,b > —1 and b < na, where
T :={(u,v) € Z>g X Lo | nu+v < na — b}
b (aS— +bF) =b(—(a+2)S_ — (b+n+2)F)
b*(aS_ +bF) = #T ifa,b > —1 and b < na

vy



Geography of the cohomology of X,

X =-b!

x =0’




Picard groups and normal surfaces

» Pic(S) = Weil divisor group/linear equivalence.
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Picard groups and normal surfaces

» Pic(S) = Weil divisor group/linear equivalence.

> o:55 8 weighted blow-up
» Pic(S) generated by D1, ..., D, with relations Rq,..., Ry =

Pic(S) generated by D1, ..., D,, E with relations
c"(R1),...,0"(Rm) (with integer coeflicients!).
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Picard groups and normal surfaces

» Pic(S) = Weil divisor group/linear equivalence.

»o:5- 8 weighted blow-up
> Pic(S) generated by D, ..., D, with relations Ry,..., Rm =

Pic(S) generated by Di, ..., D,, E with relations
o"(R1),...,0"(Rm) (with integer coefficients!).

» Pic(S) generated by Dy, ..., D,, E with relations R;(D;, E) =
Pic(S) generated by Dy, ..., D, with relations R;(D;,0).
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» Pic(S) = Weil divisor group/linear equivalence.
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Pic(S’) generated by D,...,D,, E with relations
o"(R1),...,0"(Rm) (with integer coefficients!).

» Pic(S) generated by Dy, ..., D,, E with relations R;(D;, E) =
Pic(S) generated by Ds, ..., D, with relations R;(D;,0).

» D Q-divisor: O(D) := O(|D])



Picard groups and normal surfaces

» Pic(S) = Weil divisor group/linear equivalence.

»o:5- 8 weighted blow-up
> Pic(S) generated by D, ..., D, with relations Ry,..., Rm =

Pic(S’) generated by D,...,D,, E with relations
o"(R1),...,0"(Rm) (with integer coefficients!).

» Pic(S) generated by Dy, ..., D,, E with relations R;(D;, E) =
Pic(S) generated by Ds, ..., D, with relations R;(D;,0).

» D Q-divisor: O(D) := O(|D])
» Projection formula: ¢ : ¥ — S birational morphism of normal

surfaces, D Q-divisor of S, Z effective Z-divisor on the
exceptional divisor of ¢ = . (Os(¢*(D) + Z)) = O(D).
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Picard groups and normal surfaces

» Pic(S) = Weil divisor group/linear equivalence.

»o:5- 8 weighted blow-up
> Pic(S) generated by D, ..., D, with relations Ry,..., Rm =
Pic(S’) generated by D,...,D,, E with relations
o"(R1),...,0"(Rm) (with integer coefficients!).

» Pic(S) generated by Dy, ..., D,, E with relations R;(D;, E) =
Pic(S) generated by Ds, ..., D, with relations R;(D;,0).

» D Q-divisor: O(D) := O(|D])

» Projection formula: ¢ : ¥ — S birational morphism of normal
surfaces, D Q-divisor of S, Z effective Z-divisor on the
exceptional divisor of ¢ = . (Os(¢*(D) + Z)) = O(D).

» Serre duality works.

» Riemann-Roch x(5,0s(D)) — x(S,0s) = % — Ag(—D),
the correction term is supported on the singular points of S.
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Counting points

u+;=g

u+v=a-+b
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Remarks

» Formulas for triangles with vertices over Q are related with
Riemann-Roch correction term, leading to closed formulas in the
biruled case.

» Above example S = (P! x PY)/ua, (z,y) ~ (—x, —y).

» When the orders of the singular points are not coprime, Pic will
have torsion.
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Esnault-Viehweg theory

Existence of cyclic covers
» S (smooth) projective surface
> neN
> D =>"_, m;D; effective divisor
» B divisor such that D ~ nB
These data determine an n-cyclic cover m : S — S ramified along D.

Theorem (Esnault-Viehweg)

n—1
H'(S;05) = @Hl(S; Os(L®)) where L®) = —kB + E L ZL J D;.
k=0 j=1
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Application to cyclic quotient case

Example

> Y, with two sections Sy, S and four fibers.

» Apply four weighted Nagata transformations of type (1,2) over
the fibers, two based on Sy and two other on S.,. Let S the
corresponding surface (with 8 singular double points).

Pic(S) = (So, F, Fi, ..., Fy | F = 2F, = --- = 2Fy) 2 7% & (1/2)?
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Yo with two sections Sy, S and four fibers.

Apply four weighted Nagata transformations of type (1,2) over
the fibers, two based on Sy and two other on S.,. Let S the
corresponding surface (with 8 singular double points).
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Application to cyclic quotient case

Example

>
>

vVvyVvyvVvyVvyYyvyy

Yo with two sections Sy, S and four fibers.

Apply four weighted Nagata transformations of type (1,2) over
the fibers, two based on Sy and two other on S.,. Let S the
corresponding surface (with 8 singular double points).

Pic(S) = (So, F, Fy,...,Fy | F =2F) = --- = 2F,) & 72 & (Z/2)3
By =F, —Fy, By =F, +Fy, — F3 — Fy, 2D; ~ 0.

X(S,O(By)) = 0, (8, O(B2)) = 1.

b(B1) =0, b*(By) = 1.

The cyclic cover for Bj is like S.

The cyclic cover for By is C' x P!, where C is an elliptic curve.

Esnault-Viehweg formula holds.



Thanks for your attention!!
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