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I Ĉ2 := {((x, y), [u : v]) ∈ C2 × P1 | (x, y) ∈ [u : v]}.
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I Ĉ2
ω( 1

d (p, q)) := Ĉ2/µd.
I Weighted blow-up: σ : Ĉ2
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Cohomology of Σn

From Σn to Σ0
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F 2 = 0
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1
n (−1, 1)
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τ∗D̃ = aS− + bF̃ + (an+ b)F
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S2
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D̃ = τ∗σ
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Geography of the cohomology of Σn

χ = b0 − b1

χ = b0

χ = b2 − b1

χ = −b1

χ = b2



Picard groups and normal surfaces

I Pic(S) = Weil divisor group/linear equivalence.

I σ : Ŝ → S weighted blow-up

I Pic(S) generated by D1, . . . , Dr with relations R1, . . . , Rm =⇒
Pic(Ŝ) generated by D1, . . . , Dr, E with relations
σ∗(R1), . . . , σ∗(Rm) (with integer coefficients!).

I Pic(Ŝ) generated by D1, . . . , Dr, E with relations Rj(Di, E) =⇒
Pic(S) generated by D1, . . . , Dr with relations Rj(Di, 0).

I D Q-divisor: O(D) := O(bDc)
I Projection formula: ϕ : Σ→ S birational morphism of normal

surfaces, D Q-divisor of S, Z effective Z-divisor on the
exceptional divisor of ϕ =⇒ ϕ∗(OΣ(ϕ∗(D) + Z)) ∼= O(D).

I Serre duality works.
I Riemann-Roch χ(S,OS(D))− χ(S,OS) = D·(D+ZK)

2 −∆S(−D),
the correction term is supported on the singular points of S.
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I σ : Ŝ → S weighted blow-up

I Pic(S) generated by D1, . . . , Dr with relations R1, . . . , Rm =⇒
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Pic(Ŝ) generated by D1, . . . , Dr, E with relations
σ∗(R1), . . . , σ∗(Rm) (with integer coefficients!).
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An example

Construction
P1

Z(1)

X(1) Y(1)

F(1)

(1, 1)

(1, 2) (1, 2)

σ τŜ

E(−1) Y(−2)

EY (− 1
2 )

Z(0)EX(− 1
2 )

X(−2)

F(0)

E(0)

EY (0)

Z(0)

EX(0)

F(0)

S



An example

I Pic(P2) = 〈X,Y, Z, F | X = Y = Z = F 〉
I Pic(Ŝ) = 〈X,Y, Z, F,E,EX , Ey | X +E + 2EX = Y +E + 2EY =
Z + EX + EY = F + E〉

I Pic(S) = 〈Z,F,E,EX , EY | F = 2EX = 2EY , Z + EX + EY =
F + E〉

I Pic(S) = ZZ ⊕ ZEX ⊕ Z/2Z(EX − EY )
I Pic(S) = {D = aZ + bF + αEX + βEY | a, b ∈ Z, α, β ∈ {0, 1}}.
I σ∗D = aZ + bF + αEX + βEY
I D̃ = τ∗(σ∗D) = aZ + bF

I τ∗D̃ − σ∗D = (a− α)EX + (a− β)EY + bE

I H0(S;O(D)) set of h(x, y, z) ∈ C[x, y, z] such that

I h homogeneous of degree a+ b
I m(1,1)h(x, y, 1) ≥ b
I m(2,1)h(1, y, z) ≥ a− β
I m(2,1)h(x, 1, z) ≥ a− α
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Counting points

u+ v = a+ bu+ v = b

u− v = b+ β

v − u = b+ α

Tβ

Tα



Remarks

I Formulas for triangles with vertices over Q are related with
Riemann-Roch correction term, leading to closed formulas in the
biruled case.

I Above example S = (P1 × P1)/µ2, (x, y) ∼ (−x,−y).

I When the orders of the singular points are not coprime, Pic will
have torsion.
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Esnault-Viehweg theory

Existence of cyclic covers

I S (smooth) projective surface
I n ∈ N
I D =

∑r
i=1miDi effective divisor

I B divisor such that D ∼ nB
These data determine an n-cyclic cover π : S̃ → S ramified along D.

Theorem (Esnault-Viehweg)

H1(S̃;OS̃) =
n−1⊕
k=0

H1(S;OS(L(k))) where L(k) = −kB+
∑
j=1

⌊
kmi

n

⌋
Di.
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Application to cyclic quotient case

Example

I Σ0 with two sections S0, S∞ and four fibers.
I Apply four weighted Nagata transformations of type (1, 2) over

the fibers, two based on S0 and two other on S∞. Let S the
corresponding surface (with 8 singular double points).

I Pic(S) = 〈S0, F, F1, . . . , F4 | F = 2F1 = · · · = 2F4〉 ∼= Z2 ⊕ (Z/2)3

I B1 = F1 − F2, B2 = F1 + F2 − F3 − F4, 2Di ∼ 0.
I χ(S,O(B1)) = 0, χ(S,O(B2)) = −1.
I b1(B1) = 0, b1(B2) = 1.
I The cyclic cover for B1 is like S.
I The cyclic cover for B2 is C × P1, where C is an elliptic curve.
I Esnault-Viehweg formula holds.
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Thanks for your attention!!
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