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Monodromy

Theorem (Monodromy Theorem)
f with r factors.

1. The eigenvalues of p are roots of unity, i.e., A(t) (characteristic
polynomial of p*) is a product of cyclotomic factors.

2. The Jordan blocks for an eigenvalue ( # 1 are of size at most 2

3. The eigenvalue 1 has multiplicity r — 1 and the corresponding
Jordan blocks are of size at most 1.

Spectral numbers or exponents (Steenbrink, Varchenko)

"
> o<y << <2, A(t) = H(t — exp (2imn;))
j=1

» Spec(f) :=(n1,...,nu) defined via the mixed Hodge structure
» It does not change in the u-constant strata.

» Jordan 2-blocks induce distinct exponents.
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Analytic version of the monodromy

Kashiwara, Malgrange

> Via D-module theory (K) or Gauss-Manin theory (M), construct a
C-vector space H of dimension p and an endomorphism ¢ : H - H
such that exp(—2imp) is conjugated to p*

> b-exponents: Br vector of roots (with multiplicity) of the
characteristic polynomial of ¢

» It can change in the u-constant stratum.

» Jordan 2-blocks induce coincident b-exponents.
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Bernstein-Sato Polynomial

Differential operators

» DJs] is the ring of differential operators

v

ne Ny

P=>"3"3

i=1 j=1 k=1

a a i f;',j,k(x?y)e(c{xvy}

C{x,y} [}.s] - f*, free C{x,y} [}, s]-module of rank 1, with
natural D[s]-module structure.

0 # {B(s) € C[s] | 3P € D[s] such that P - f(x)**! = B(s) - f(x)°}
Bernstein-Sato polynomial bf(s) monic generator; s + 1 | br(s).

Reduced Bernstein-Sato polynomial b¢(s) := S+(1), be(—s) is the
minimal polynomial of .
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Some features of Bernstein-Sato polynomial
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Computable: Gauss-Manin (M. Schulze), non-commutative Groebner
basis (Levandovskyy, Martin-Morales) in Singular, Asir.

Geography of the roots of br(—s):

0

1 . 2
o —

b----®

Ict Ict Ict lct

min Spec(f) = Ict, 1 > « exponent = a b-exponent.

Y ¢ p-constant stratum of f is algebraically stratified by Bernstein
polynomial.

Problem: b*" generic Bernstein polynomial
Problem: Locate jumping strata.

Varchenko's upper semicontinuity if monodromy has not multiple
eigenvalues (# 1)
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Hypothesis
fe R[X,y], f>0en [O7 1]2, ai, b1,a, b €N

seUc(C»—>// F3(x, y) x@sthry aps+b, AX Ay
Xy

Conclusion
» 7(s) meromorphic with poles in Qg
» Order of the poles at most two (one almost always)
» Even when R — Qg the residues may be transcendental.

Question
What happens if f > 0 in [0,1]?\ {(0,0)}? Study f near the origen.
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Strategy

T51.,5.(5): //f‘—S A=ty dydy = //P FstixPi=ty =1 gy
br(s)

Theorem
> a€Qso
» —a pole of J3, s,(s) with transcendental residue.
> Ts;.8(s), Bi = 1, is holomorphic at —(av — 1)
» Then, —« is a root of the Bernstein-Sato polynomial.
Rough sketch of the proof.

v du

TR s O
Integration b ts = 17 yPm d -1
ntegration by parts /DX y 8x“8y e dx y (B1 )

1 — _
, aquv 1fs , , au+v lfs
52*1 d 7/ 31*2 62*1 d d
y “Thov y X"ty —Av Ixdy
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1,1 1,1
1
— FsxPi=1yB2=1 ey, — //p,f5+1 Br=1y,B2=1 s ef
jﬁl,ﬁz(s) /0~/0 X y xay br(3) Jo Jo X y Ixdy

Theorem
> o e Qs

» —a pole of J3, s,(s) with transcendental residue.
> Ts;.8(s), Bi = 1, is holomorphic at —(av — 1)
» Then, —a is a root of the Bernstein-Sato polynomial.

Rough sketch of the proof.

hol hi
2™ factor of RHS 4 0o morPe o o
simple pole with algebraic residue
LHS simple pole with transcendental residue =—-

2" factor of RHS holomorphic + 1% factor of RHS simple pole
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Dual graph

519 1 1315 17
{1} 1420 147 147 14> 14> 14

(N,v) Ng = valg(f)
ve = 1+ valg(dx A dy)

® @
(5,2) (20,7) (14,5) (7,3)

7 9 1 11 13 7 3 17 9 19 21 11 23 5 13

2072072720720’ 10747202 107207 20”107 207 4’ 10



5 9 11 13 15 17
Example Il {1} {ﬁ’.vﬁ’ﬁ’ﬂ7ﬁvﬁ}

(N,V) NE = vaIE(f)
Dual graph ve =1+ valg(dx A dy)
[ J L J
(5,2) (20,7) (14,5) (7,3)
{11 1 13 7 3 17 9 19 21 11 23 5 13
20 7 20 ’ 20 720’ 10> 4 20 10 > 20 ’ 20’10’20’ 4’10

> Specn[0,1] = {5, 35+ 16 3+ 26 10> 20 Y {3 U {5 13- 33



Example IIl {1} 0% % 855}
(N,v) Ng = valg(f)
ve =1+ valg(dx A dy)

e @
(5.2) (20,7) (14,5) (7,3)

7 9 L0138 7 3 17 9 19 2111 235 13
20 7 20° 720’20’ 107 4 207 10 > 20 > 207107 20’ 4> 10
11 7 3 17 9 1 1 13
> Specﬂ[O N={%% 1331050 Y{51U{x 0 o}
> 1 double root (Jordan 2-block)

Dual graph




1
Example III {1} {1%, 5, 14, 143 14 7. .}

Dual graph (n, ) Ne = valg(f)
ve =1+ valg(dx A dy)

(4 @
(5,2) (20,7) (14,5) (7,3)
{ 7 o u 7 3 17 9 19
20 °20°p2p 20 710 4 20 10 * 20

> Spec (0.1 = {5, 8 1y 50 5. 2} U L1} U 3.

> 1 double root (Jordan 2-block)

> 13 21 15 11 23 17 5 13 c {%%) roots of bft(—S).

)

HER

11 13

140 14

207 207 147 102 207 147 4° 10
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Example 11| (1) {&72’14714’14’..}

Dual graph (n, ) Ne = valg(f)
ve = 1+ valg(dx A dy)

(4 @
(5,2) (20,7) (14,5) (7,3)
{ 7 o u 7 3 17 9 19
20 °20°p2p 20 710 4 20 10 * 20

» Specn[0,1] = 2—707% %,%7%,%,%}U{§,1}U{14,

> 1 double root (Jordan 2-block)
L2l 15 12317 5 13132
207207 147 107 207 147 4> 10 < 1207 20

> 5 = 21831 yoot of by (—s)

)

HER

11 13

140 14

) => roots of by,(—s).




Example Il { 1SS | )

Dual graph (N, 1) Ne = valg(f)
ve =1+ valg(dx A dy)

t?’é_%j (4 7 )
(5,2) (20,7) (14,5) (7,3)
EE:Hs:5 55 HERIN
20 ° ’ 20 0 v’ 10 * 4 ° 20 ° 10 ° 20 ° ) ) 5 5
> SPECﬂ[OJ] {%7%,%7%7%’%7%}U{%’l}u{14’ii’ ii}
> 1 double root (Jordan 2-block)

13 21 15 11 23 17 5 13 13 27 T
> 3530 14 10> 50 14+ 4+ 15 € |30+ 56) = roots of bg(—s).

> 5 = 21831 yoot of by(—s)
> — 2 pole with transcendental residue for 7y 1(s) (t # —3%) and 3t

never pole = 3 root of by (—s), t # —352.




1
Example Il (1) {15_475714714’14,..}

Dual graph (n, ) Ne = valg(f)
lI/E =1+ valg(dx A dy)
_ 385
R () @) (s ()

)

7 P u 7 3 1 9 1
20 'f200° (2| 20 [ 10> 2 20 10> 20 > [
7 11 7 3 17 9 19 1 11 13
> Spec[0,1] = {55, 5 15+ 7+ 26+ 10- 20} Y 13- L ULy 13- 13}

> 1 double root (Jordan 2-block)

13 21 15 11 23 17 5 13 13 27 T
> 3530 14 10> 50 14+ 4+ 15 € |30+ 56) = roots of bg(—s).

> 2 = 2131 yoot of by (—s)
385

> —2 pole with transcendental residue for Tia(s) (t # —38) and 1
never pole = 3 root of b (—s), t # —35.

> 2= 3345 pole with transcendental residue for Z3 5(s)
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Example Il (1) {&72,14714’14,..}

Dual graph (n, ) Ne = valg(f)
ve =1+ valg(dx A dy)

_ 38
t# — 56 (5,2) (20,7) (14,5) (77.3)

7 B ou 7 3 1w 9 19
20 ° ’2720’ > 10 4 20 10 - 20 > AN i §
7 u 7 3 17 9 19 1 11 13
Specﬂ[O 1={% %1% 35050 V{33 0{gn 5
> 1 double root (Jordan 2-block)

13 21 15 11 23 17 5 13 13 27 T
> 3530 14 10> 50 14+ 4+ 15 € |30+ 56) = roots of bg(—s).

> 2 = 2131 o0t of br.(—s)

> —2 pole with transcendental residue for Tia(s) (t # —38) and 1
never pole = 3 root of b (—s), t # —35.

_ 29 _ 3 3+4 5
20 T

> f% is not a pole of Z; 1(s)

)

v

poIe with transcendental residue for Z3 5(s)
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Example Il (1) {&72’14714’14,..}

Dual graph (n, ) Ne = valg(f)
ve =1+ valg(dx A dy)
t# -3 °
208
(5,2) (20,7) (14,5) (7,3)
e LT ERENNT T
20 *[20 /2| 20 'l 10> 4> 20> 10 20 ' | R’
11 7 3 17 9 1 11
> Spem[o U={% 2172 1 2 Y0 U{HG 5
> 1 double root (Jordan 2-block)
13 21 15 11 23 17 5 13 - [13 27 7
> 50°20° 142 10° 20° 14° 4° 10 € [E’ %) = roots of bft(—S).
5 _ 21431 7
> 5 = =5 root of b (—s)
> — 2 pole with transcendental residue for 7y 1(s) (t # — 38
never pole = 3 root of b (—s), t # —35.
> 23— 3344 poIe with transcendental residue for Z3 5(s)
> 729—0 is not a pole of 77 1(s)
» other Zg, g,(s) are always holomorphic

HER

13
1)

) and 3%
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Example Il (1) {&72’14714’14’..}

Dual graph (n, ) Ne = valg(f)
ve =1+ valg(dx A dy)
_ 385 ®
28 (52) (20,7) (14,5) (7.3)
7 i u 7 3 17 9 19 .l .}
20 ° »12 20 ° > 10> 4° 20 ° 10 °* 20 ° ) >
_ 7 11 7 3 17 9 1 11 13

SpecN[0,1] = {55, 35 10+ - 36 100 20} Y 13+ 1} U {14 14 13}

vvyyVvVyy

1 double root (Jordan 2-block)
13 21 15 11 23 17 5 13 - [13 27 7
2002001410 200 14> 42 To € 207 20) = roots of by (—s).

5 _ 21431 7
7 = —14— root of b (—s)

— 5 pole with transcendental residue for 7y 1(s) (t # —35) and 1%
1 7 385
never pole = 5 root of b (—s), t # —55.

_ 29 _ 3 3+4 5
20 T
9

—5g IS not a pole of 77 1(s)

other Zg, 3,(s) are always holomorphic

29 7
5 root of bfi% (—s)

poIe with transcendental residue for Z3 5(s)



Yano's Conjecture

Dual graph of an irreducible germ

(N, v1) (N2, 1) (Ng—1,vg-1)  (Ng,vg)

ai a

/. /
(No,l/o) P1 P2 Pg—1

(NSV)) (NEh) (Ny_yvy) (NGw)




Yano's Conjecture

Dual graph of an irreducible germ

(Ny,v1) (Nay 1) (Ng—1,vg-1)  (Ng,vg)

° dai an dg—1 ag
(Ng, o) p1 P2 Pe-1 | Pg
(Mg, v1) (N3, 13) (Ng_1,v5_1) (N, L)

Yano's Conjecture

By for f generic in a u-constant stratum with resolution graph as above
is formed by the exponents of the monomials of R(t) (counted with
multiplicity).



About Yano's Conjecture

Theorem (Pi. Cassou-Nogues, M. Saito)

Yano's conjecture holds for one-Puiseux pair singularities.
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About Yano's Conjecture

Theorem (Pi. Cassou-Nogues, M. Saito)

Yano's conjecture holds for one-Puiseux pair singularities.

Theorem (A—Cassou-Nogués—Luengo—Melle)

Yano's conjecture holds for two-Puiseux pair singularities without
multiple eigenvalues for the monodromy.

Remarks

1.
2.
3.

N o ok

Allow more general integration domains (related to Puiseux pairs)
Use of weights in the integrals (approximated roots)

{Yano's exponents} = A; U Ay, starting at % (with denominators
N)).j=1,2

A;j = Aj1 U Ajz; decomposition associated to the semigroup.

a € Ajp = br(—a) =0, Vf in the p-constant stratum

o € Ajp = bE"(—a) = 0 (using Varchenko's upper semicontinuity)

a € Ajp = it fails to be root for some f, in the y-constant stratum
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Future

Next steps

1.

Prove the conjecture for arbitrary number of Puiseux pairs (and
non-multiple eigenvalues)

2. Study the multiple-eigenvalue case: it holds in the simplest example.

3. Extend the conjecture to the reducible case

4. The natural extension may hold if the maximal valency in the

resolution graph is 3 (and non-multiple eigenvalues or exponents).

Cassou-Nogues proved it for Newton non-degenerate curves (without
repeated exponents # 1)



Singular thanks for your
attention!!
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