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I F compact surface with
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I µ = dimC H1(F ;C) =
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I ρ : F → F geometric
monodromy (well defined up
to isotopy)

I ρ∗ : H1(F ;C)→ H1(F ;C)
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Monodromy

Theorem (Monodromy Theorem)
f with r factors.

1. The eigenvalues of ρ are roots of unity, i.e., ∆(t) (characteristic
polynomial of ρ∗) is a product of cyclotomic factors.

2. The Jordan blocks for an eigenvalue ζ 6= 1 are of size at most 2
3. The eigenvalue 1 has multiplicity r − 1 and the corresponding

Jordan blocks are of size at most 1.

Spectral numbers or exponents (Steenbrink, Varchenko)

I 0 < η1 ≤ · · · ≤ ηµ < 2, ∆(t) =
µ∏

j=1
(t − exp (2iπηj))

I Spec(f ) := (η1, . . . , ηµ) defined via the mixed Hodge structure
I It does not change in the µ-constant strata.
I Jordan 2-blocks induce distinct exponents.
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Analytic version of the monodromy

Kashiwara, Malgrange

I Via D-module theory (K) or Gauss-Manin theory (M), construct a
C-vector space H of dimension µ and an endomorphism ϕ : H → H
such that exp(−2iπϕ) is conjugated to ρ∗

I b-exponents: Bf vector of roots (with multiplicity) of the
characteristic polynomial of ϕ

I It can change in the µ-constant stratum.
I Jordan 2-blocks induce coincident b-exponents.
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Bernstein-Sato Polynomial

Differential operators

I D[s] is the ring of differential operators

P =
nx∑

i=1

ny∑
j=1

n∑
k=1

fi,j,k(x , y)sk ∂ i

∂x i
∂j

∂y j , fi,j,k(x , y) ∈ C{x , y}

I C{x , y}
[ 1

f , s
]
· f s , free C{x , y}

[ 1
f , s
]
-module of rank 1, with

natural D[s]-module structure.
I 0 6= {B(s) ∈ C[s] | ∃P ∈ D[s] such that P · f (x)s+1 = B(s) · f (x)s}
I Bernstein-Sato polynomial bf (s) monic generator; s + 1 | bf (s).
I Reduced Bernstein-Sato polynomial b̃f (s) := bf (s)

s+1 ; b̃f (−s) is the
minimal polynomial of ϕ.
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Some features of Bernstein-Sato polynomial
I Computable: Gauss-Manin (M. Schulze), non-commutative Groebner

basis (Levandovskyy, Martín-Morales) in Singular, Asir.
Hard to compute .

I Geography of the roots of b̃f (−s):

0 2

lctlct lctlct

1

I min Spec(f ) = lct, 1 > α exponent ⇒ α b-exponent.
I Σf µ-constant stratum of f is algebraically stratified by Bernstein

polynomial.
I Problem: bgen

f generic Bernstein polynomial
I Problem: Locate jumping strata.
I Varchenko’s upper semicontinuity if monodromy has not multiple

eigenvalues ( 6= 1)
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Improper integrals: one variable

Hypothesis
f : [0, 1]→ R function C∞, f > 0 in [0, 1], a, b ∈ N

s ∈ U ⊂ C I7−→
∫ 1

0
f s(x) xas+b dx

x
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Improper integrals: one variable
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Improper integrals : two variables

Hypothesis
f ∈ R[x , y ], f > 0 en [0, 1]2, a1, b1, a2, b2 ∈ N

s ∈ U ⊂ C I7−→
∫ 1

0

∫ 1

0
f s(x , y) xa1s+b1y a2s+b2

dx
x

dy
y

Conclusion

I I(s) meromorphic with poles in Q<0

I Order of the poles at most two (one almost always)
I Even when R −→ QR the residues may be transcendental.

Question
What happens if f > 0 in [0, 1]2 \ {(0, 0)}? Study f near the origen.
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Example I

Neighborhood of f = y 5 + x4y 2 + x7 in its µ-constant stratum
ft(x , y) := f + tx6y , t ∈ QR, �

I(s) :=
∫ 1

0

∫ 1

0
ft(x , y)sxβ1yβ2

dx
x

dy
y =

I1∫
+
I2∫

y = x 4
3

I2(s) y 7→y4

=
x 7→xy3

4
∫ 1

0

∫ 1

0

(
1 + x4 + x7y + tx6y2)s xβ1y20s+3β1+4β2

dx
x

dy
y

I1(s) y 7→x4y=
x 7→x3

3
∫

y=x
1
2

(
y5+y2+x +tx2y

)sx20s+3β1+4β2yβ2
dx
x

dy
y =I11(s)+I12(s)

I11(s) y 7→xy=
x 7→x2

6
∫ (

x3y5+y2+1+tx3y
)sx3(14s+2β1+3β2)yβ2

dx
x

dy
y

I12(s) =
x 7→x2y

3
∫ (

y3+1+x +tx2y3)sx20s+3β1+4β2y3(14s+2β1+3β2)dx
x

dy
y
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Example II ft(x , y) = y5 + x4y2 + x7 + tx6y
I(s) = 4

∫ 1

0

∫ 1
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1 + x4 + x7y + tx6y2)s xβ1y20s+3β1+4β2

dx
x

dy
y +

6
∫ (

x3y5+y2+1+tx3y
)sx3(14s+2β1+3β2)yβ2

dx
x

dy
y +

3
∫ (

y3+1+x +tx2y3)sx20s+3β1+4β2y3(14s+2β1+3β2)dx
x

dy
y

Residues for α = −3β1+4β2
20

Res
s=α

=
∫ 1

0
(1+u)−αu

β1
4

du
u +

∫ 1

0
(1 + u)−αu

2β2−β1
10

du
u =B

(
β1
4 ,

2β2 − β1
10

)

Residues for α = − 9
20 , βi = 1. Involves

∂2 f
− 9

20
t
∂x2 (0,y) and

∂2 f
− 9

20
t
∂y2 (x,0)

Res
s=− 9

20

= 9 · 29
16000B

(
15
4 ,−

13
10

)
− 9t
400B

(
7
4 ,−

3
10

)
= 208t + 385

1664 B
(
3
4 ,

7
10

)
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0 (1 + y3)− 49
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y −
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0 (1 + y3)− 29
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Strategy

Jβ1,β2 (s) :=
∫ 1

0

∫ 1

0

f s

xβ1−1yβ2−1dxdy

= 1
bf (s)

∫ 1

0

∫ 1

0

P · f s+1

xβ1−1yβ2−1dxdy

Theorem

I α ∈ Q>0

I −α pole of Jβ1,β2 (s) with transcendental residue.
I Jβ′1,β′2 (s), β′i ≥ 1, is holomorphic at −(α− 1)
I Then, −α is a root of the Bernstein-Sato polynomial.

Rough sketch of the proof.

2nd factor of RHS
{
holomorphic or
simple pole with algebraic residue

+

LHS simple pole with transcendental residue =⇒
2nd factor of RHS holomorphic + 1st factor of RHS simple pole
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Integration by parts ⇒
∫ V︷ ︸︸ ︷

xβ
′
1−1 yβ

′
2−1

dU︷ ︸︸ ︷
∂u+v f s

∂xu∂y v
|(x ,y)
dxdy = (β′1 − 1)(∫ 1

0
yβ
′
2−1 ∂

u+v−1f s

∂xu−1∂y v
|(1,y)

dy−
∫

xβ
′
1−2yβ

′
2−1 ∂

u+v−1f s

∂xu−1∂y v
|(x ,y)

dxdy
)
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Yano’s Conjecture

Dual graph of an irreducible germ

(N ′0, ν′0)
a1

(N1, ν1)

p1

(N ′1, ν′1)

a2
(N2, ν2)

p2

(N ′2, ν′2)

ag−1
(Ng−1, νg−1)

pg−1

(N ′g−1, ν
′
g−1)

ag
(Ng , νg )

pg

(N ′g , ν′g )

R(t) := t +
g∑

k=1
t
νk
Nk

1− t
1− t

1
Nk

−
g∑

k=0
t
ν′k
N′k

1− t

1− t
1

N′k

Yano’s Conjecture
Bf for f generic in a µ-constant stratum with resolution graph as above
is formed by the exponents of the monomials of R(t) (counted with
multiplicity).
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About Yano’s Conjecture

Theorem (Pi. Cassou-Noguès, M. Saito)
Yano’s conjecture holds for one-Puiseux pair singularities.

Theorem (A–Cassou-Noguès–Luengo–Melle)
Yano’s conjecture holds for two-Puiseux pair singularities without
multiple eigenvalues for the monodromy.

Remarks

1. Allow more general integration domains (related to Puiseux pairs)
2. Use of weights in the integrals (approximated roots)
3. {Yano’s exponents} = A1 ∪ A2, starting at νj

Nj
(with denominators

Nj), j = 1, 2
4. Aj = Aj1 ∪ Aj2; decomposition associated to the semigroup.
5. α ∈ Aj1 =⇒ b̃f (−α) = 0, ∀f in the µ-constant stratum
6. α ∈ Aj2 =⇒ b̃gen

f (−α) = 0 (using Varchenko’s upper semicontinuity)
7. α ∈ Aj2 =⇒ it fails to be root for some fα in the µ-constant stratum
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1. Prove the conjecture for arbitrary number of Puiseux pairs (and
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2. Study the multiple-eigenvalue case: it holds in the simplest example.
3. Extend the conjecture to the reducible case
4. The natural extension may hold if the maximal valency in the

resolution graph is 3 (and non-multiple eigenvalues or exponents).
5. Cassou-Noguès proved it for Newton non-degenerate curves (without

repeated exponents 6= 1)
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