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» d =2: tricuspidal quartic, projectively equivalent.
» d = 3: sextic with 3 Eg, topology depends on the existence of a
conic tangent to the singularities.

» Distinct fundamental groups

» Distinct Alexander polynomials

v

d =4: a general member (e.g, a=1,b=-1,¢=0) of

ytx+ ) + 2t (y + )t + 2@+ M)t - (it + 2t 2t eyt
+4z%y% 23 (ax + by) + cxdy®2% = 0, a,b,ceC,

=1 A=1,-1,i
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Definition (Combinatorics)

C cP?, 5: X —» P? minimal embedded resolution of Sing®(C) : ¢~*(C)
normal crossing divisor. Combinatorics:

» dual graph of o7 1(C);
» weighted with genus and self-intersections;

» strict transforms of irreducible components of C are marked.
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Sextics with 3 Eg on a conic (or not) (__, Carmona)
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» Distinguished by characteristic varieties (_, Cogolludo,
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Sextic case classified by Degtyarev and Shimada: using K3
lattice arithmetic.

v
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Dihedral covers by algebraic arguments (Tokunaga)
» Line arrangements: Rybnikov (13 lines), # fundamental group.

» Truncated Alexander invariants (_, Carmona, Cogolludo,
Marco).
» Based on homological rigidity (Marco).

» Braid monodromy (_, Carmona, Cogolludo)

Definition

A Zariski tuple is an arithmetic Zariski tuple if the equations of the

curves are Galois-conjugate. W}
Purely algebraic methods cannot work! =
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>

AZP for arrangements of lines in Q(v/5) with braid monodromy
(_, Carmona, Cogolludo, Marco): no information about ;.

AZP with homeomorphic complements (__, Cogolludo).
AZP of line arrangements with isomorphic m; (Guerville).

AZP in Q(¢5) (of line arrangements) with non-isomorphic m (_,
Cogolludo, Guerville, Marco) via truncated Alexander invariants.
» Above example first found by Guerville: distinguished via

linking invariant.
» Linking invariant developed by _, Florens, Guerville for line
arrangements
» Generalized to arbitrary curves by Guerville, Meilhan,
Shirane.
Zariski pairs of complexified real arrangements by Guerville and
Viu (algebraic properties, conics passing throught multiple points
or tangent to lines).
» Fundamental groups are not equivalent via LCS (_,
Guerville, Viu).

Linking invariant used by many authors.
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Oka-Eyral curves
Arithmetic Zariski pair with isomorphic complements (Q(1/3))

Theorem (__,Cogolludo, Martin)

In most cases if C1,Co form a Zariski pair then P2\ C; are not
homeomorphic.

Key of the proof.

Waldhausen: classification of graph manifolds and isomorphisms of
fundamental groups of 3-manifold groups (sufficiently large).

Theorem (_,Cogolludo, Martin)

There are Zariski tuples (distinguished by linking invariant) with
abelian fundamental groups.

O
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2d
Ce sy

» Sing(C) ={P,Q, R}, L line P,Q ¢ L.
» C irreducible: all its singular points locally irreducible.
(C-L)p=(C-L)g=d
C-L=2d,(C-L)p,(C-L)g=>d
> (C-L)p,(C-L)q :{CmL:{P,Q}.

Special form
» Up to PGL(3;C), Sing(C) ={[1:0:0],[0:1:0],[0:0:1]}.

» Use diagonal-permutation automorphisms.



Realization Space II

Finding equations
C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY)? is #0 (= is 1)



Realization Space II

Finding equations

C={F(X,Y,Z) =0}, Z=0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d |
~
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~
.
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-~
.
~
.
.
~
-
.
-
S
d .
.
.
.
~
~
2
0 .
Y
0 2 d

e Newton polygon of F(X,Y,1).
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Finding equations
C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d KR e Newton polygon of F(X,Y,1).
. ¢ One tangent line # X,Y
d DR
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Realization Space II

Finding equations
C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d KR e Newton polygon of F(X,Y,1).
. ¢ One tangent line # X,Y
R e Apply to F(X,1,2),F(1,Y,2)
d DR
2 \\
0 >




Realization Space II

Finding equations
C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d KR e Newton polygon of F(X,Y,1).
. ¢ One tangent line # X,Y
R e Apply to F(X,1,2),F(1,Y,2)
« YHX +aZ) - Y4UX +2Z)¢
d DR
2 \\
0 A




Realization Space II

Finding equations
C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d |

. e Newton polygon of F(X,Y,1).
s e One tangent line # X,Y
o Apply to F(X,1,2),F(1,Y,Z)
« YHX +aZ) - Y4UX +2Z)¢
J o XYY +az2)d e XYY + Z)?
2
0 a




Realization Space II

Finding equations

C={F(X,Y,Z) =0}, Z =0 not tangent line for (C,[0:1:0]) =
coefficient of (XY )?is #0 (= is 1)

2d |

. e Newton polygon of F(X,Y,1).
s e One tangent line # X,Y
o Apply to F(X,1,2),F(1,Y,Z)
« YHX +aZ) - Y4UX +2Z)¢
J o XYY +az2)d e XYY + Z)?
o ZUX +wY)? wh=1.
2
0 -




Realization Space III

Decomposition via roots of unity
///32(%1,1“1) decomposes in [gJ + 1 subsets %32(%1,@1)(“) parametrized
by the sets {w,w™}, when w? = 1.
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Small degrees

(YZ+XZ+XY)? 3C
C tricuspidal quartic

Zariski: 71 (P? \ C) non-abelian

3 conic tangent to Cy
C¢,, B such a conic




Realization space

Theorem
Ifd >3, %32&(“1) has [gJ + 1 connected components parametrized by

the sets {w,w™ '}, when w? =1.



Realization space

Theorem

Ifd > 3, ///32(‘27(“1) has [gJ + 1 connected components parametrized by

the sets {w,w™ '}, when w? =1.

Proof.
2d
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the sets {w,w™'}, when w = 1.
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Realization space

Theorem
If d >3, ///3(d d+1) has [%J + 1 connected components parametrized by
the sets {w,w™'}, when w = 1.

2d+3
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3(uv((u+v)d+vd+l))
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Realization space

Theorem
If d >3, ///3(d d+1) has [%J + 1 connected components parametrized by

the sets {w,w™'}, when w = 1.

2d+3
3{uv((utv)d+vd+l))

. D€%2d+3

3(uv((u+v)d+vd+l))

o [ line passing through two singular points
e D-L>2(d+2) = LcD
. DICULQRULPRULPQ,Cé.ﬂ;(ddﬁdﬂ)

Theorem
Ifd 2 3 %2 uv((u+v)d+vd+1)
parametrized by {{w,w ™} |wd =1}

has [%J + 1 connected components



Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.
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Cremona transformation and algebraic computation of
the linking invariant
After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.
¢ S={Gy=0}, Lo={X =0}, Lo ={YV =0} and L, = {Z =0}.
o G,(0,Y,2)=(Y +2)%,G,(X,0,Z)=(X + Z)¢
e Gu(X,Y,0)=(Y +wX)?
« Hy={[X:Y:Z:T]eP?|T%=G,(X,Y,Z)} —2=— P2
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Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

e §={G, =0}, L,={X =0}, L, ={Y =0} and L. ={Z =0}.

o Gu(0,Y,2)=(Y + Z)*, Gy (X,0,2)=(X + Z)*

e Gu(X,Y,0)=(Y +wX)?

« Hy={[X:Y:Z:T]eP?|T%=G,(X,Y,Z)} —2=— P2

© (L) =Ucam £, Lo ={X=0,T=((Y +2)}

o pMLy) =Ucan £, L5 ={Y =0,T=((X +2)}

© P (L) =Ucam L& LE={Z=0,T =((X +wY)}




Cremona transformation and algebraic computation of
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After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

[0:1:0:1]

Ll:X=0T=Y+2



Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

Ll:X=0T=Y+2



Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

Cl

a

%




Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

Cl

a

%




Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

Cl

a

:X=0T=Y+Z7
L;:Y=0T=X+Z
Ll:Z=0T=X+wY



Cremona transformation and algebraic computation of
the linking invariant

After a Cremona transformation [X :Y : Z]~ [YZ:XZ: XY ]:
XYZG,(X,Y,Z) =0, smooth curve with three maximal flexes.

Cl

a

:X=0T=Y+Z7
L;:Y=0T=X+Z
Ll:Z=0T=X+wY



Zariski tuple candidate

o Fundamental groups are almost always abelian (use Fermat curves
and Kummer covers)

e The invariants are lost for ///32(‘2 dr1)”



