Arithmetic Zariski pairs of line arrangements

Enrique ARTAL BARTOLO

Departamento de Matematicas
Facultad de Ciencias
Instituto Universitario de Matemadticas y sus Aplicaciones
Universidad de Zaragoza

Branched Coverings, Degenerations, and Related Topics 2016
Hiroshima, March 2016

Joint work with J.I. Cogolludo, B. Guerville-Ballé and M. Marco

v



Combinatorics and Topology

Definition

Combinatorics: € := (L, P), L finite set of lines and

P C{P C L |#P > 2} finite set of points mimic arrangement of lines
and multiple points.

Definition (Realization of &)
A line arrangement in P?: (A, {multiple points}) <+ (£, P)
Combinatorial objects

ZL
> 2° = P Zay, ——— = HY = H(P*\ A;Z)

= (x)

LeL
> rp = E Ty,
P<L

{ephep e HE NHE | P < L}y = HY = Hy(P?\ A; Z)

> HY =7, Hj, = HI(P?\ A;Z) dual of HY, j =1,2.
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McLane arrangements 11

Theorem (Rybnikov)

Po:m(P2\ ML) — m(P2\ ML) group automorphism inducing
the identity on homology.

Corollary
Po: (P2, 4L,) — (P2, . 4L ) homeomorphism respecting
orientations and ordering.

Orientation
Jp: (P2, ML) — (P2, . #% ) homeomorphism respecting ordering
and reversing orientation: complex conjugation.

Order
Jp: (P2, ML) — (P?, 4% ) homeomorphism respecting
orientation: GL(2,F3) \ SL(2,F3).



Rybnikov

Rybnikov’s combinatorics

RB = ML\ Uy (z—2)—0 ML (gluing in general position)
Theorem

Gip =m(PP\RB+y) Em(PP\ BB+ ) =G __

Guidelines of the proof.

Assume they are isomorphic = G4 /74(G4++) = G4 /va(G4-)

1. The isomorphism induces the +identity on H# (purely
combinatorial).

2. It does not happen using truncated Alexander invariant.
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Pentagon and Pentagram




Pentagon and Pentagram

Theorem
There is no homeomorphism between (P%,%€,) and (P2,€_)
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Guerville’s example

Theorem

%o1 admits four (Galois-conjugate) realizations Ac with equations in
the cyclotomic field Ks, for ¢ a primitive fifth root of unity.

There is no oriented homeomorphism (P%, A¢,) — (P?, Ac,) if 1 # Co.

Corollary
There is no homeomorphism (P?, A¢) — (P2, Ac2).

Proof.
Use linking number over a character of order 5. O



Main result 1

Theorem
The groups w1 (P?\ A¢) and m (P? \ Ac2) are not isomorphic (while
their profinite completions are).
First step
@ :mi(P?\ A¢) = mi (P?\ Ag2) isomorphism = ¢, = %19, .
1

» Purely combinatorial statement.



Homological rigidity

> p: HY — HY is an admissible isomorphism if (p A p)(HY ) = HY
A1, As realizations of €, ¢ : w1 (P2 \ Ay) — m (P2 \ Ap)
isomorphism = ¢, admissible.

v

» € homologically rigid if

+ Aut(%¢) = {admissible isomorphisms}

v

p admissible = p* : HL — HL respects the resonance varieties.

» {Hg irreducible components of resonance varieties in H'} <
{S combinatorial pencil} (type point, type Ceva, type Hesse,...)

> p* sends triangles to triangles

Triangle

S1,S2,.53 combinatorial pencils such that

codimﬂHSi = ZcodimHSi —1.



Homological rigidity

> p: HY — HY is an admissible isomorphism if (p A p)(HY ) = HY
> A, As realizations of €, o : w1 (P?\ A1) — m1(P?\ Az)
isomorphism = ¢, admissible.

» % homologically rigid if

+ Aut(%) = {admissible isomorphisms}

v

p admissible = p* : HL, — HZ respects the resonance varieties.

v

{Hg irreducible components of resonance varieties in H'} «
{S combinatorial pencil} (type point, type Ceva, type Hesse,...)

> p* sends triangles to triangles




Triangles in %y,

7 Sy dim Hg Ag AS,P
2 3,9, 11 2 22 8
3 4, 10, 11 2 21 7
4 5, 8, 10 2 24 7
5 6,9, 7 2 16 6
6 1, 2,6, 10 3 53 12
7 2,3,5,7 3 49 13
8 2, 8,11, 12 3 57 15
9 4, 3, 6, 8 3 50 12
10 1,4,5,9, 12 4 91 91
11 1,2,3,4,5, 6 2 24 8
12 1,2, 4,6, 8,12 2 24 8
13 1, 2, 4, 10, 11, 12 2 20 7
14 1,2,5,6,7,9 2 14 7
15 1,2,5,7,11, 12 2 14 7
16 1, 2,5, 8,10, 12 2 20 8
17 1,38,5,7,9,11 2 14 7
18 1,4,5,6,8,10 2 19 6
19 2, 3,4, 5, 8,12 2 20 8
20 2, 3, 5, 6, 8, 10 2 14 0
22 2,4, 6, 8, 10, 11 2 15 0
23 3,4,5,6,7,9 2 12 6
24 3,4,8,09, 11, 12 2 13 7
25 4,5, 8,10, 11, 12 2 15 7
[m] = = =




Behind homological rigidity

Theorem (Marco)

» P:=(Ly,...,Ly) is a pencil (type point)
» [t can be distinguished by triangles
> p*: HL — HL admissible

Then p*(Hp) = Hp, where

_ * * * *
Hp = Z{z}, —27,,...,2, — 7, )



Main result I1I

Theorem
The groups w1 (P?\ A¢) and m (P? \ Ac2) are not isomorphic (while
their profinite completions are).

First step
o :m(P?\ Ae) — m1(P?\ A¢2) isomorphism = ¢, = j:lH;ggl.

Second step
There is no isomorphism such that ¢ : m (P? \ A¢) — m1 (P2 \ Ac2)
isomorphism = ¢, =1 %1

1



Truncated Alexander Invariant

v

% combinatorics, A = {Lg, L1, ..., L} realization

Ga —m(IP?\A) A=Z[HE)=Z [, .. 7],
to=(tr-...-ty)~"

My =Gy / G"} as A-module is the Alezander invariant.
m C A augmentation ideal of A:

14
ker(A—2Z), [t eH =1
7=0

Mff‘ = M/m*M = M @5 A/m* truncated Alexander invariant.

Denote s; :=t; —1 € m.
Or+2(Ga) == ker(¢y, : G’y — M%) Chen group



Truncated Alexander Invariant

> G_A: <£E17...,£E£ | Rl,...,RS>,
» M4 generated by z; ; = [z;, ;] mod G” and relators:

> Rewriting R;
> [xi,:cj] =1~ Tij = 0
> [:ci,xjack] =1=0=x;+tj Tir =2 +Tik +8j Tig

> [zi,xkaz]’xlzl] =1 s xp;+x;=0
> Jacobi relations: s; - xjx + ;- Tps + Sk - xi; =0
» or® M4, k = 0,1, is combinatorial.
> o My = (Hfg A H{g) JHY generated by z;
> or' M4 C M3 generated by s; - 2«

> 0 — gr' M4 — M% — gr® M4 — 0 splits non canonically.

> g€ Hy and p € MK = [g,p] EMZH.
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Steps of the proof

> Assume an isomorphism ¢ : G4, = G, il g, 90 € G;\CQ
> rk M}, = kM), =rke Myr = 23, basis {z;; | (i,§) € B}.
> o, Mi( — Mf‘ﬁ. Need:
_ 1
gi= Y Migkafi€Mh,, nik€l
(4,k)eB

!

1 1 1
v [ 9,0 g5l = @+ s g5 — s gi

> Ri,i=1,...,32, relation of G4, rewritten in Mic. For example
if L;, Lj, Ly, triple point:

@+ g+ terms in grt M ) 4+ )+ terms in gr' My,

> 0. (R;) € M“2‘1<2 ® Z[n; ; 1|, more precisely

0. (R;) € gt My, ® Zlngjx],  tk grt Myor = 791



Linear equations

v

vvyyVvYyvy

We obtain a system S of 32 x 91 = 2912 linear equations in
11 x 23 = 253 unknowns

Existence of ¢ = existence of integer solutions in S.
Solve § with Sagemath.

Solution over Q: Q-affine space of dim = 12

Smallest ring where & admit solutions is Z [%}

Whole process 314.02s CPU time (mostly for rewriting relations!).



Main result 111

Theorem
The groups w1 (P?\ A¢) and m (P? \ A¢2) are not isomorphic (while
their profinite completions are).

First step
@ :m(P?\ Ae) — w1 (P? \ A¢2) isomorphism = ¢, = :I:lnggl.

Second step
There is no isomorphism such that ¢ : m (P? \ A¢) — m1 (P2 \ Ac2)
isomorphism = ¢, = 1H<591

1

Third step
There is no isomorphism such that ¢ : m (P? \ A¢) — 71 (P? \ A¢s)
isomorphism = @, =19,

1
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