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Actual problem

A Finite set of lines in P2 = CP2

L (A ) Poset of intersections of elements of A

Relationship between L (A ) combinatorics and (P2,
⋃

A )

topology.

Rybnikov’s work [5]
∃A1,A2 having same combinatorics and different topol-
ogy.

Question
What happens if A1,A2 have the same combinatorics
and are complexifications of arrangements in RP2?

Topology of A ⊗R C depends on properties of A .
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Theorem 1. There exist two arrangements of lines
A1,A2 in RP2 such that L (A1) = L (A2) and their
complexifications A C

i := Ai ⊗R C, i = 1, 2, have non-
homeomorphic embeddings in CP2.
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Theorem 1. There exists an arrangement of lines A
in Q(

√
5)P2 such that the complexifications A C

1 ,A
C
2

induced by the two inclusions Q(
√

5) ↪→ C have non-
homeomorphic embeddings in CP2.

Open question
Let M(A C

i ) := P2 \
⋃

A C
i .

Are π1(M(A C
1 )) and π1(M(A C

2 )) isomorphic groups?

Their profinite completions are isomorphic.
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(Ordered) Line combinatorics
(L ,P), L finite set, P ⊂ P(L ):

• ∀`, `′ ∈ L , ` 6= `′, ∃! p ∈ P such that `, `′ ∈ p.

• ∀p ∈ P multiplicity νp := #p ≥ 2, rk := #{P ∈ P |
νp = k}.

Automorphism group Aut L : Subgroup of permuta-
tions of L preserving P.

Complex realizations of L :
Σ(L ) arrangements A such that L (A ) = L

Moduli space of L :
M (L ) := Σ(L )/PGL(3; C)

Σord(L ) and M ord(L ) for ordered L
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Proposition 2. Let L (A1) = L (A2) = L , A1,A2 in
the same connected component of Σ(L ).
Then, A1 and A2 have the same topology.

Strategy 1. Look for L with non connected Σ(L ) or
M (L ).

Rybnikvov’s example has this property.

Hint Study ordered combinatorics coming from ar-
rangements of finite fields

Rybnikov’s made use of McLane arrangement in F3P2.
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3. An arrangement in F4P2 = F2
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By duality, consider arrangements of points.

P := ( 1
0 ), A :=

(
0 1
1 ζ

)
∈ GL(2; F4), A5 = I2, ζ ∈ F4 \ F2.

C := L∞
∐
{Aj P | 0 ≤ j ≤ 4}.

Orbit points P1, . . . , P5.
Infinity points Qi := L∞ ∩ Line(~0, Pi).
Dual combinatorics L

• L = {Li,Mi | 1 ≤ j ≤ 5}, Li ↔ Pi, Mi ↔ Qi

• r5 = 1, r2 = 5 and triple points

• Each Mi contains one double point {Mi, Li}
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Properties of Aut L :

• If ψ ∈ Aut L , then {Mi}ψ = {Mi}.

• If ψ ∈ Aut L and Mψ
i = Miσ, σ ∈ Σ5, then Lψi = Liσ.

We identify Aut L with a subgroup of Σ5.

• Matrix A induces ψ := (1, 2, 3, 4, 5).

• B :=
(

1 ζ
0 ζ

)
, Q→ BQ, where denotes non trivial

Galois automorphism on each entry, induces ϕ =

(2, 4, 5, 3).

• # Aut L = 20, generated by ϕ,ψ.

• An element of Aut L is positive or negative ac-
cordingly with its signature.

Positive (resp. negative)⇔Linear (resp. sesquilinear).
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Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Positive elements of Aut L preserve the elements
of M ord(L )
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L )
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.

(c) Representatives of M ord(L ) can be chosen to have
the following equations:
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.

(c) Representatives of M ord(L ) can be chosen to have
the following equations:

M1:z=0, M2:x=0, M3:x=z, L1:y=x, L4:y=z,
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.

(c) Representatives of M ord(L ) can be chosen to have
the following equations:

M1:z=0, M2:x=0, M3:x=z, L1:y=x, L4:y=z,

M4:x=−(γ+1)z, M5:x=(γ+2)z, L2:y=γ(x−z), L3:y=γx+z, L5:y=0,
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.

(c) Representatives of M ord(L ) can be chosen to have
the following equations:

M1:z=0, M2:x=0, M3:x=z, L1:y=x, L4:y=z,

M4:x=−(γ+1)z, M5:x=(γ+2)z, L2:y=γ(x−z), L3:y=γx+z, L5:y=0,

where γ2 + γ − 1 = 0.
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4. Complex realizations of L

Proposition 3. Let us consider L as an ordered com-
binatorics (M1, . . . ,M5, L1, . . . , L5). Then:

(a) #M ord(L ) = 2

(b) Negative elements of Aut L switch the elements
of M ord(L ) ⇒ #M (L ) = 1.

(c) Representatives of M ord(L ) can be chosen to have
the following equations:

M1:z=0, M2:x=0, M3:x=z, L1:y=x, L4:y=z,

M4:x=−(γ+1)z, M5:x=(γ+2)z, L2:y=γ(x−z), L3:y=γx+z, L5:y=0,

where γ2 + γ − 1 = 0.

Drop one Mi: Falk-Sturmfels combinatorics [3]
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5. Braid monodromy

Definition 4. A horizontal affine arrangement of lines
is a set H of n non-vertical lines in C2.
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5. Braid monodromy

Definition 4. A horizontal affine arrangement of lines
is a set H of n non-vertical lines in C2.

π : C2 → C, (x, y) 7→ x. Let D ⊂ C the image by π

of multiple points of H . The free group π1(C \D; ∗),
| ∗ | � 0, has a special class of bases called geometric
bases, see figure 2.
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Definition 4. A horizontal affine arrangement of lines
is a set H of n non-vertical lines in C2.

π : C2 → C, (x, y) 7→ x. Let D ⊂ C the image by π

of multiple points of H . The free group π1(C \D; ∗),
| ∗ | � 0, has a special class of bases called geometric
bases, see figure 2.

Definition 5. The braid monodromy of H is the mor-
phism ρ :π1(C\D) → Pn, pure braid group on n strings,
induced by the fiber bundle C2 \ (

⋃
H ∪ π−1(D)) →

C \D.
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Definition 4. A horizontal affine arrangement of lines
is a set H of n non-vertical lines in C2.

π : C2 → C, (x, y) 7→ x. Let D ⊂ C the image by π

of multiple points of H . The free group π1(C \D; ∗),
| ∗ | � 0, has a special class of bases called geometric
bases, see figure 2.

Definition 5. The braid monodromy of H is the mor-
phism ρ :π1(C\D) → Pn, pure braid group on n strings,
induced by the fiber bundle C2 \ (

⋃
H ∪ π−1(D)) →

C\D. The monodromy group of H is KH := ρ(π1(C\
D)) ⊂ Pn.
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5. Braid monodromy

Definition 4. A horizontal affine arrangement of lines
is a set H of n non-vertical lines in C2.

π : C2 → C, (x, y) 7→ x. Let D ⊂ C the image by π

of multiple points of H . The free group π1(C \D; ∗),
| ∗ | � 0, has a special class of bases called geometric
bases, see figure 2.

Definition 5. The braid monodromy of H is the mor-
phism ρ :π1(C\D) → Pn, pure braid group on n strings,
induced by the fiber bundle C2 \ (

⋃
H ∪ π−1(D)) →

C\D. The monodromy group of H is KH := ρ(π1(C\
D)) ⊂ Pn. The pseudo-Coxeter element is τr · . . . · τ1 =:

cH , where τ1, . . . , τr is a geometric basis of π1(C \D).



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.
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Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i

∐
C v
i , i = 1, 2,

ordered arrangements of lines,
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patible with the order.

Proposition 7 (From [2]). Ci := C h
i
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C v
i , i = 1, 2,

ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,
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Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i

∐
C v
i , i = 1, 2,

ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,

C v
i ≡ singular lines in the pencil of Pi w.r.t.

⋃
C h
i ,
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same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i
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ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,

C v
i ≡ singular lines in the pencil of Pi w.r.t.

⋃
C h
i ,

h : (P2,
⋃

C1) → (P2,
⋃

C2)
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Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i

∐
C v
i , i = 1, 2,

ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,

C v
i ≡ singular lines in the pencil of Pi w.r.t.

⋃
C h
i ,

h : (P2,
⋃

C1) → (P2,
⋃

C2)

line-order and plane-line-orientation-preserving home-
omorphism.
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Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i

∐
C v
i , i = 1, 2,

ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,

C v
i ≡ singular lines in the pencil of Pi w.r.t.

⋃
C h
i ,

h : (P2,
⋃

C1) → (P2,
⋃

C2)

line-order and plane-line-orientation-preserving home-
omorphism.
Choose L∞ ∈ C v

i (same ordered line), Pi point at in-
finity of vertical lines.
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Remark 6. Braid monodromy, monodromy group, pseudo-
Coxeter element well defined up to the action of the
same inner automorphisms of Pn. Each string is at-
tached to one line. If H is ordered, strings are com-
patible with the order.

Proposition 7 (From [2]). Ci := C h
i

∐
C v
i , i = 1, 2,

ordered arrangements of lines,
⋂

C v
i = Pi /∈

⋃
C h
i ,

C v
i ≡ singular lines in the pencil of Pi w.r.t.

⋃
C h
i ,

h : (P2,
⋃

C1) → (P2,
⋃

C2)

line-order and plane-line-orientation-preserving home-
omorphism.
Choose L∞ ∈ C v

i (same ordered line), Pi point at in-
finity of vertical lines.
Then monodromy groups and pseudo-Coxeter elements
of affine C h

1 and C h
2 are conjugate by the same element

in Pm, m = #C h
1 = #C h

2 .
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6. Topology of the realizations

L ± representing elements of M ord(L ), see Proposi-

tion 3(c), by the choice of γ± := −1±
√

5
2

.

(a) Arrangement L + (b) Arrangement L−

L+
4

L+
5

L+
3

L+
1 L+

2

M+
4 M+

2

M+
3 M+

5

L−4

L−5

L−3

L−1

L−2

M−
4

M−
2

M−
3

M−
5

Figure 1: Affine arrangements
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)

α+
1 α+

2

α+
3 α+

4
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)

α+
1 α+

2

α+
3 α+

4

Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)

α+
1 α+

2

α+
3 α+

4

Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
1 ) =

=

=

=
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Figure 2: Free generators of π1(C \D+; ◦)
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4

Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
1 ) =σ2

1σ
2
3

=

=
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)

α+
1 α+

2

α+
3 α+

4

Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
1 ) =σ2

1σ
2
3

ρ+(α+
2 ) =(σ1σ3)

=

=
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)

α+
1 α+

2

α+
3 α+

4

Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
1 ) =σ2

1σ
2
3

ρ+(α+
2 ) =(σ1σ3)(σ

2
2σ

2
4)

=

=
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Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
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Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
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Take the horizontal part of L + and consider D+ ⊂ C.

Figure 2: Free generators of π1(C \D+; ◦)
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1 α+
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Proposition 8. The braid monodromy of the affine
part of L + with respect to vertical projection of fig-
ure 1(a) is given by:

ρ+(α+
1 ) =σ2

1σ
2
3

ρ+(α+
2 ) =(σ1σ3)(σ

2
2σ

2
4)(σ1σ3)

−1

ρ+(α+
3 ) =(σ1σ3σ2σ4)(σ

2
1σ

2
3)(σ1σ3σ2σ4)

−1

ρ+(α+
4 ) =(σ1σ3σ2σ4σ1σ3)(σ

2
2σ

2
4)(σ1σ3σ2σ4σ1σ3)

−1

The strings correspond to the lines (L+
1 , L

+
3 , L

+
2 , L

+
4 , L

+
5 ).
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Proposition 9. The braid monodromy ρ̃− of the affine
part of L − with respect to vertical projection of fig-
ure 1(b) is given by the same formulæ of propo-
sition 8 where the strings correspond to the lines
(L−1 , L

−
4 , L

−
5 , L

−
2 , L

−
3 ).
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Proposition 9. The braid monodromy ρ̃− of the affine
part of L − with respect to vertical projection of fig-
ure 1(b) is given by the same formulæ of propo-
sition 8 where the strings correspond to the lines
(L−1 , L

−
4 , L

−
5 , L

−
2 , L

−
3 ).

The strings correspond to the same order if we con-
sider ρ− := τ−1ρ̃−τ ,

τ := σ3σ4σ2σ3σ2 ∈ B5
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Theorem 10. There is no homeomorphism

h : (P2,
⋃

L +) → (P2,
⋃

L −)

preserving the ordering.

Proof.
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L −)

preserving the ordering.

Proof.

Step 1. No such h preserves orientations on both
plane and lines.
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Theorem 10. There is no homeomorphism

h : (P2,
⋃

L +) → (P2,
⋃

L −)

preserving the ordering.

Proof.

Step 1. No such h preserves orientations on both
plane and lines.
K± monodromy groups, c± pseudo-Coxeter elements;
recall K+ = τ−1K−τ , c+ = τ−1c−τ see proposition 9.
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L +) → (P2,
⋃
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preserving the ordering.

Proof.

Step 1. No such h preserves orientations on both
plane and lines.
K± monodromy groups, c± pseudo-Coxeter elements;
recall K+ = τ−1K−τ , c+ = τ−1c−τ see proposition 9.
Let us consider the composition β:
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Theorem 10. There is no homeomorphism

h : (P2,
⋃

L +) → (P2,
⋃

L −)

preserving the ordering.

Proof.

Step 1. No such h preserves orientations on both
plane and lines.
K± monodromy groups, c± pseudo-Coxeter elements;
recall K+ = τ−1K−τ , c+ = τ−1c−τ see proposition 9.
Let us consider the composition β:

P5
Burau−→ GL(5; Z[t, t−1]) → GL(5; F5).

where t 7→ 2 mod 5. Let G := Imβ, #G = 58032 · 106,
H± := β(K±), #H± = 30000, d± := β(c±).
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Then, using a GAP4 [4] program we show that 6 ∃x ∈
G such that H+ = x−1H−x and d+ = x−1d−x. Apply
proposition 7.
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Then, using a GAP4 [4] program we show that 6 ∃x ∈
G such that H+ = x−1H−x and d+ = x−1d−x. Apply
proposition 7.

Step 2. No such h preserves orientation on the plane
and reverse it on all lines.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Then, using a GAP4 [4] program we show that 6 ∃x ∈
G such that H+ = x−1H−x and d+ = x−1d−x. Apply
proposition 7.

Step 2. No such h preserves orientation on the plane
and reverse it on all lines.

Use complex conjugation and last step Real Arrangement.
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Then, using a GAP4 [4] program we show that 6 ∃x ∈
G such that H+ = x−1H−x and d+ = x−1d−x. Apply
proposition 7.

Step 2. No such h preserves orientation on the plane
and reverse it on all lines.

Use complex conjugation and last step Real Arrangement.

Step 3. Other cases.

Standard arguments on linking numbers for algebraic
links.
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Then, using a GAP4 [4] program we show that 6 ∃x ∈
G such that H+ = x−1H−x and d+ = x−1d−x. Apply
proposition 7.

Step 2. No such h preserves orientation on the plane
and reverse it on all lines.

Use complex conjugation and last step Real Arrangement.

Step 3. Other cases.

Standard arguments on linking numbers for algebraic
links.

GAP4 programs can be found at
http://riemann.unizar.es/geotop/pub/gap-programs/lines/monodromy groups.
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7. A counterexample

Goal Break the automorphisms of combinatorics, see
figure 1.
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7. A counterexample

Goal Break the automorphisms of combinatorics, see
figure 1.
A ± := C± ∪ {N±}
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7. A counterexample

Goal Break the automorphisms of combinatorics, see
figure 1.
A ± := C± ∪ {N±}
N± joins L±3 ∩ L±5 ∩M±

4 and L±2 ∩M±
2 ,

N± : γ±x+ (γ± + 1)y + z = 0

A combinatorics of H ±
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7. A counterexample

Goal Break the automorphisms of combinatorics, see
figure 1.
A ± := C± ∪ {N±}
N± joins L±3 ∩ L±5 ∩M±

4 and L±2 ∩M±
2 ,

N± : γ±x+ (γ± + 1)y + z = 0

A combinatorics of H ±

Proposition 11. The automorphism group of A is
trivial and there is no homeomorphism between the
pairs (P2,

⋃
A +) and (P2,

⋃
A −).
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