A suspension formula for Denef-Loeser zeta
functions

Enrique ARTAL BARTOLO

Departamento de Matematicas
Facultad de Ciencias
Instituto Universitario de Matematicas y sus Aplicaciones
Universidad de Zaragoza

Moduli, Hilbert Schemes and Singularities
Cluj-Napoca, September 12th 2025

Joint work with P. Gonzélez Pérez (UCM), M. Gonzélez Villa (UZ), and E. Leén Cardenal (UZ).
Funded by MCIN/AEI/10.13039/501100011033 (PID2020-114750GB-C31) and Gobierno de Aragén
(E22_20R: “Algebra y Geometria”).



Settings

> f(ml, - 7£L'd) € (C{:L‘l, .. .,{Ed}7 f(O) =0, X = V(f)
» w monomial holomorphic d-form of C¥.



Settings

» f(x1,...,2q) € C{x1,..., 24}, £(0) =0, X =V (f).

» w monomial holomorphic d-form of C¥.
» 7: W - C? embedded resolution of fw.

> (Xu(w)=UE, = 1(0)= U Ei.

iel i€ly



Settings

» f(x1,...,2q) € C{x1,..., 24}, £(0) =0, X =V (f).
» w monomial holomorphic d-form of C¥.
» 7: W - C? embedded resolution of fw.
7T_1(XU (W)) = UE,“ 7T_1(0) = U E;.
iel i€ly
7T*X = ZN’LEZ) (F*w) = Z(Vl - 1)El
iel iel

Ey=NE~NUE;, Po={Jcl|Jnl+a)}.
ieJ 1¢J

v

v

v



Settings

f(@1,.. 2a) € Cla, ..., zq}, f(0) =0, X =V (f).
» w monomial holomorphic d-form of C¥.
» 7: W - C? embedded resolution of fw.

7T_1(XU(UJ)) = UE,“ 7T_1(0) = U Ei~

iel i€ly

7T*X = ZN’LEZ; (F*w) = Z(Vl - ].)El

v

v

v

iel el
> EJ:mEi\UEi, Po:={Jcl|Jnly+*2}.
ied i

v

Topological zeta function of Denef-Loeser:

top(f:w 5)0 Z X( J)H

JePo ieJ V Z+NS

v

This definition does not depend on the choice of 7.



Settings

f(@1,.. 2a) € Cla, ..., zq}, f(0) =0, X =V (f).
» w monomial holomorphic d-form of C¥.
» 7: W - C? embedded resolution of fw.

7T_1(XU(UJ)) = UE,“ 7T_1(0) = U Ei~

iel i€ly

7T*X = ZN’LEZ; (F*w) = Z(Vl - ].)El

v

v

v

iel el
> EJ:mEi\UEi, Po:={Jcl|Jnly+*2}.
ied i

v

Topological zeta function of Denef-Loeser:

top(f:w 5)0 Z X( J)H

JePo ieJ V Z+NS

v

This definition does not depend on the choice of 7.

» A_-CN-L-M: the topological zeta function is not topological.
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Twisted zeta functions and suspensions
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» For Z,
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top

(f,w,s), for £=1,2.
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Du Bois-Michel singularities

Theorem (Du Bois-Michel, 1991)

Ifb>5,b+a+4 then Loy and Ly_4 g4 are not equivalent and have
the same Seifert form.

Theorem (Kervaire-Levine)

The Seifert form if (S*"~1, K*"=3) determines its topological type if
n>4.

Theorem (Thom-Sebastiani)

The Seifert forms of the germs defined by f(x1,...,z,) and

f(z1,. .. 2n) + 22 differ by (=1)".

Corollary

The topological zeta functions of the double suspensions of L, and
Ly-s.0+4, b25, b+ a+4, do not coincide.
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Superisolated (SIS) and Lé-Yomdine singularities (LYS)

Key ingredients: Zeta functions of 2P(2* — f(x1,...,24)) with respect
to some w’s
Goals

» Correct Loeser’s formula and extend it to Zt(f;'

» Compute the formula at motivic level (with holomorphic
differentials) for zP(2* - f(z1,...,2q))

» Compute the zeta functions for SIS and LYS
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X smooth, FcX subvariety, L(X)g = {p arc of X | p(0)eE}.
Grothendieck rings:
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Change of variables and stratifications

Change of variables

X,Y smooth algebraic varieties, 7 : Y — X birational morphism,

F: X - C regular function, p € X, w maximal holomorphic form,
E=71"(p):

Znaive(F’w’T)p = Znaive(ﬂ- o F,?T*W,T)E.

Stratification Principle

» X smooth algebraic variety, f: X — C regular function, £ c X

subvariety.
» E=J S finite prestratification,
SeS

» VS eS, VyeS, Z e (fyw,T58) = Z i (f,w,T), does not
depend on y € S

Znaive(fvva)E = Z [S]Znaive(f7w7T; S)
SeS
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Lé-Yomdin singularities
V= Fﬁl(O), F(X)ZFm(X)+Fd+k(X)+. .., Sing V]p(Fm)ﬁV]p(Fm_,.k) =g.
In particular, C := Vp(F,;,) has isolated singularities.
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Zeta functions of Lé-Yomdin singularities

Lé-Yomdin singularities
V= F_I(O)a F(X):Fm(x)+Fd+k(X)+- [N Sing VlP’(Fm)mV]P’(Fm+k) =g.
In particular, C := Vp(F,,) has isolated singularities.

Blow-up
7 CH 5 C* chart (21,2, 2) = (112, ..., 242, 2)
moF =2"(Fpn(x1,...,2q,1) + zk(Ferk(xl, T, ) +.00))
= 2" (f(ug,. .. uq) +2")
Motivic zeta function

Z
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Arcs for suspensions of monomials

k 1

> go=2 —-xN, g=2Pg9, wq = XY 71X, wge = 277 twg Adz.

ot =(0,p+k)

[0:0:1] [0:k: No]

[k:OZNl

» A space of arcs at 0 not contained in the coordinate hyperplanes.
» pe A: ordp e N**1 acpe (C*)d*!

» Compare (ord ¢, (N,p)) and {ord ¢, (0,p + k))

» pe Ay+: (ord g, (N,p)) < (ord g, (0,p+k))

> peAs-: (ordgp, (N,p)) > (ordp, (0,p + k))

» pe A, (ordep, (N,p))=(ord g, (0,p +k)),ac(zFPoy) xac(xN2Poyp)
pe Ay (ordep, (N,p))=(ord ¢, (0,p+k)),ac(zFPop) =ac(xN2Poy)

Compute measures and use generating functions.
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» Contributions of o*, p, p* for naive and motivic zeta functions
can be computed (long).
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» Contributions of o*, p, p* for naive and motivic zeta functions
can be computed (long).

> Contributions for Z,,, r:= %:
141
+
o [1 ,
vy +DPS Njr+v;

—ged(N, k)? & 1

k i1 Njr+ vy’

—ged(N, k)? & 1
k(s+1) 54 Njr+v,




Zeta functions for suspensions of monomials

» Contributions of o*, p, p* for naive and motivic zeta functions
can be computed (long).

» Contributions for Zt(fl))7 ri= %:

1 4 1
* , 0if ¢ d(N,
7 VZ+ijI:IINj’I“+Uj or 0if £ + ged(N, p)

d
azkl(Hl—Hl), or0ifl+k+p
r

=1V e NjT+v;

—ged(N, k)% @
_—ged(N, k) 1 ,orOif€+(k+p)ngN
k i1 Njr +v; ged(NL k)




Zeta functions for suspensions of monomials

» Contributions of o*, p, p* for naive and motivic zeta functions
can be computed (long).

> Contributions for Z,,, r:= %:
141
+
o [1 ,
vy +DPS Njr+v;

—ged(N, k)? & 1

k j=1 Nj’f’+ Vj

—ged(N, k)? & 1
k(s+1) 54 Njr+v,

)

> > Jk(d) = nF (Jordan’s totient functions)
din



Zeta functions for suspensions

> wd7g:zk—f,lzkl<k2<~~-<krzk:,divisorsofk,t:s+%

%Zt (F,wgndz,s)

op

Z(kQ)(F7 wgndz,s) | =

top

Z5) (FLwg A dz,t)

top



Zeta functions for suspensions

> Wchg:Zk—f,1:/€1<k2<~~-<kT=k‘,diViSOISOfk,t:8+%

%Z‘cop(F?wd /\dZ,S) & %Ztop(f7wd7t)
S
28 (Fwgndzs) [=| 1 |+ 4] 282 (f0at)
Z8E(Fywg ndz,t) 1 ZED(f,wa,t)



Zeta functions for suspensions

> wa, g=2F—f, 1=k <ky <--- <k, =k, divisors of k, t = s + £

A=k, -

S 7 op(Fywa A dz, ) s+l
s
Zt(fs)(F, wgndz,s) =11
Z8) (Fuwq Adz,t) 1

1

k
1
1 (J2(k1) J2(kr))
1

%Ztop(fvwdﬂt)

+ Al 28 (fwa,t)

top

Z8E(f,wa,t)

top



Zeta functions for suspensions

> wa, g=2F—f, 1=k <ky <--- <k, =k, divisors of k, t = s +

A=k, -

S 7 op(Fywa A dz, ) s+l
s
Zt(fs)(F, wgndz,s) =11
Z8) (Fuwq Adz,t) 1

1

k
1
1 (J2(k1) J2(kr))
1

%Ztop(fvwdﬂt)

+ Al 28 (fwa,t)

top

Z8E(f,wa,t)

top

» { + k, for some arithmetic values m(k,?,0):

280 (F wae1,8)o = ZE (frwa )oY
elk

J cm(e,f1m
2(6)Z(1 (eha (kyg,O)))(fawd7t)O~

:ZC top

¥



Zeta functions for superisolated singularities (k = 1)

Motivic zeta function

Znaivc(Fa dxd+17T)0 :[Pd N C]Znaivc(

+[C N Slng C’]Znaive(

Y Znaie (2" (2" + fp), 2% dxa A dz, T)o
peSing C

2™ 2% dxg Adz, T)o

2"uy, 2% dug A dz, T)o



Zeta functions for superisolated singularities (k = 1)

Topological zeta function k£ =1

(F,dxg,1,T)o =[P\ C)Z, 100 (2™, 2% dxg A dz,T)o
+[C N Sing C1Z, ive (2™ u1, 24 dug Adz, T

+ Z Znaive(zm(zk+fp)7zddxd/\dZ’T)0
peSing C

PisC
Ztop(F7 dXd+1,S)0 = W

Yo (€~ Sing C)
+
r(s+1)

+ Y Zip(ZM (24 fp(0), 2 dug A dz, 5)o
peSing C

A naive

r=d+1+(m+1)s



Zeta functions for superisolated singularities (k

Combine with Z,,,(2™(z + f,), 2¢dundz, s)
» Untwisted topological zeta function, r =1+ d+ (1 +m)s:

d+1 sx(C)
Z oo (Fd = -
top (F dXar1, 8)o r-s (r-s)(1+s)

s(r—-s-1)

g > 1+ (r+ 1) 2, (fp.wa,m)o)

peSing C

1)



Zeta functions for superisolated singularities (k = 1)

Combine with Z,,,(2™(z + f,), 2¢dundz, s)
» Untwisted topological zeta function, r =1+ d+ (1 +m)s:

d+1  sx(0)
-s (r-s)(1+s)

(F,dx4+1,8)0 =

top

s(r—-s-1)

(D) (1+ (r+ 1) Zyop(fp,wa:7)o)

peSing C'
»1+l|m+1:
r+1

£ ¢
t(oI))(F dXd+17 5)0 = Z ( + Zt(ol)j(fpawda T)O - 7Ztop(fp7wdap)0)
peSing C r



Zeta functions for superisolated singularities (k = 1)

Combine with Z,,,(2™(z + f,), 2¢dundz, s)
» Untwisted topological zeta function, r =1+ d+ (1 +m)s:

d+1 sx(C)
Z.(F,d = -
top (Fr dXa:1,5)o0 r—-s (r—s)(1+s)

s(r—-s-1)

g ey > 1+ (r+ 1) 2, (fp.wa,m)o)

peSing C
»1+l|m+1:
r+1

¢ 1 ¢
Zt(oI))(Fa dXd+175)0 = Z (7 + Zt(OI)j(fpawdar)O - 7Ztop(fp7wdap)0)
peSing C r r

> 1%L | m: Zt(cfp)J(F7 dxd+1a 3)0 = stlor ZpeSingC Zt(tf;(fpawdar)o

r—Ss



Zeta functions for superisolated singularities (k = 1)

Combine with Z,,,(2™(z + f,), 2¢dundz, s)
» Untwisted topological zeta function, r =1+ d+ (1 +m)s:

d+1 sx(C)
Z.(F,d = -
top (Fr dXa:1,5)o0 r—-s (r—s)(1+s)

s(r—-s-1)

g ey > 1+ (r+ 1) 2, (fp.wa,m)o)

peSing C
»1+l|m+1:
r+1

¢ 1 ¢
Zt(oI))(Fa dXd+175)0 = Z (7 + Zt(o;))(fpawdar)o - 7Ztop(fp7wdap)0)
peSing C r r

> 1%L | m: Zt(cfp)J(F7 dxd+1a 3)0 = stlor ZpeSingC Zt(tf;(fpawdar)o

r—Ss

> L+ m,m+1:

£
L ged(€,m+
Zt(ol)g(Fa dXd+1, S)O == ZpESingC Zt(opd(e R ) (fpa Wd, T)O



