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Settings
▸ f(x1, . . . , xd) ∈ C{x1, . . . , xd}, f(0) = 0, X = V (f).
▸ ω monomial holomorphic d-form of Cd.

▸ π ∶W → Cd embedded resolution of fω.
▸ π−1(X ∪ (ω)) = ⋃

i∈I
Ei, π−1(0) = ⋃

i∈I0

Ei.

▸ π∗X = ∑
i∈I

NiEi, (π∗ω) = ∑
i∈I
(νi − 1)Ei

▸ E̊J = ⋂
i∈J

Ei ∖ ⋃
i∉J

Ei, P0 ∶= {J ⊂ I ∣ J ∩ I0 ≠ ∅}.

▸ Topological zeta function of Denef-Loeser:

Ztop(f, ω, s)0 ∶= ∑
J∈P0

χ(E̊J)∏
i∈J

1
νi +Ni s

▸ This definition does not depend on the choice of π.
▸ A -CN-L-M: the topological zeta function is not topological.
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Twisted zeta functions and suspensions
▸ P0,ℓ ∶= {J ∈ P0 ∣ ℓ divides Ni∀i ∈ J}

▸ Twisted topological zeta function:

Z
(ℓ)
top(f, ω, s)0 ∶= ∑

J∈P0.ℓ

χ(E̊J)

∏
i∈J
(νi +Ni s)

▸ A -CN-L-M formula for F (x1, . . . , xd, z) ∶= z2 + f(x1, . . . , xd):

⎛
⎜
⎝

s
s+1 Ztop(F, η, s)0

Z
(2)
top(F, η, s)0

⎞
⎟
⎠
=

1
t

⎛
⎜
⎝

s
s+1

1

⎞
⎟
⎠
+
⎛
⎜
⎝

1 −3

−1 −1

⎞
⎟
⎠

⎛
⎜
⎝

t
t+1 Ztop(f, ω, t)0

Z
(2)
top(f, ω, t)0

⎞
⎟
⎠

for η = ω ∧ dz, t ∶= s + 1
2

▸ For Ztop(f + z2 +w2, η ∧ dw, s), we need Z
(ℓ)
top(f, ω, s), for ℓ = 1, 2.
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Du Bois-Michel singularities
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Du Bois-Michel singularities

Theorem (Du Bois-Michel, 1991)
If b ≥ 5, b ≠ a + 4 then La,b and Lb−4,a+4 are not equivalent and have
the same Seifert form.

Theorem (Kervaire-Levine)
The Seifert form if (S2n−1, K2n−3) determines its topological type if
n ≥ 4.

Theorem (Thom-Sebastiani)
The Seifert forms of the germs defined by f(x1, . . . , xn) and
f(x1, . . . , xn) + z2 differ by (−1)n.

Corollary
The topological zeta functions of the double suspensions of La,b and
Lb−4,a+4, b ≥ 5, b ≠ a + 4, do not coincide.
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Plan

Loeser suggested formula for Ztop(z
k
− f, s)

t = s + 1
k

k − 1
k

s

s + 1
t + 1

t
⋅Ztop(f, t)0 −

s

s + 1 ∑1≠ℓ∣k

(ℓ + 1)ϕ(ℓ)
k

Z
(ℓ)
top(f, t)0 +

1
kt

,

Superisolated (SIS) and Lê-Yomdine singularities (LYS)
Key ingredients: Zeta functions of zp(zk − f(x1, . . . , xd)) with respect
to some ω’s

Goals
▸ Correct Loeser’s formula and extend it to Z

(ℓ)
top.

▸ Compute the formula at motivic level (with holomorphic
differentials) for zp(zk − f(x1, . . . , xd))

▸ Compute the zeta functions for SIS and LYS
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Naive and motivic zeta functions
▸ X smooth, E⊂X subvariety, L(X)E ∶= {φ arc of X ∣ φ(0)∈E}.
▸ Grothendieck rings:

L = [C] ∈K0(VarC) Ð→MC =K0(VarC)[L−1]
χtop
ÐÐ→ Z

▸ Znaive(g, ω, T )0 ∶= ∑
n∈N

∑
m∈Z≥0

µ(Xn,m)L−mT n ∈ MC[[T ]], where

Xn,m ∶= {φ ∈ L(Cd)0 ∣ ord g ○ φ = n, ord φ∗ω =m}.
▸ From a resolution:

Znaive(g, ω, T )0 ∶= ∑
J∈P0

(L − 1)∣J ∣[E̊J]∏
i∈J

1
LνiT −Ni − 1

▸ This proves that the topological zeta functions are well-defined:

Ztop(g, ω, s)0 = χtop(Znaive(g, ω,L−s)0)

▸ Znaive(g, ω,L−s)0 =∑
J∈P0

[E̊J]∏
i∈J

L − 1
Lνi+Ni s − 1

, χtop(
L−1

Lνi+Ni s−1)=
1

νi+Ni s
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Change of variables and stratifications

Change of variables
X, Y smooth algebraic varieties, π ∶ Y →X birational morphism,
F ∶X → C regular function, p ∈X, ω maximal holomorphic form,
E ∶= π−1(p):

Znaive(F, ω, T )p = Znaive(π ○ F, π∗ω, T )E .

Stratification Principle
▸ X smooth algebraic variety, f ∶X → C regular function, E ⊂X

subvariety.
▸ E = ⋃

S∈S
S finite prestratification,

▸ ∀S ∈ S, ∀y ∈ S, Znaive(f, ω, T ; S) ∶= Znaive(f, ω, T )y does not
depend on y ∈ S

Znaive(f, ω, T )E = ∑
S∈S
[S]Znaive(f, ω, T ; S).
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Zeta functions of Lê-Yomdin singularities

Lê-Yomdin singularities
V ∶= F −1(0), F (x)=Fm(x)+Fd+k(x)+. . . , Sing VP(Fm)∩VP(Fm+k)=∅.
In particular, C ∶= VP(Fm) has isolated singularities.

Blow-up
π ∶ Ĉd+1 → Cd+1, chart (x1, . . . , xd, z) ↦ (x1z, . . . , xdz, z)

π ○ F = zm(Fm(x1, . . . , xd, 1) + zk(Fm+k(x1, . . . , xd, 1) + . . . ))

≡ zm(f(u1, . . . , ud) + zk)

Motivic zeta function
Znaive(F, dxd+1, T )0 =[Pd ∖C]Znaive(z

m, zd dxd ∧ dz, T )0

+[C ∖ Sing C]Znaive(z
mu1, zd dud ∧ dz, T )0

+ ∑
p∈Sing C

Znaive(z
m(zk + fp), zd dxd ∧ dz, T )0
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π ∶ Ĉd+1 → Cd+1, chart (x1, . . . , xd, z) ↦ (x1z, . . . , xdz, z)

π ○ F = zm(Fm(x1, . . . , xd, 1) + zk(Fm+k(x1, . . . , xd, 1) + . . . ))

≡ zm(f(u1, . . . , ud) + zk)

Motivic zeta function
Znaive(F, dxd+1, T )0 =[Pd ∖C]Znaive(z

m, zd dxd ∧ dz, T )0

+[C ∖ Sing C]Znaive(z
mu1, zd dud ∧ dz, T )0

+ ∑
p∈Sing C

Znaive(z
m(zk + fp), zd dxd ∧ dz, T )0



Suspensions
▸ f(x1, . . . , xd), ωd,
▸ π ∶X → Cd, embedded resolution of f , E = π−1(0):

Znaive(f, ωd,L−s) = ∑
J∈P0

[E̊J]∏
i∈J

L − 1
Lνi+Ni s − 1

▸ σ ∶= π × 1z ∶X ×C→ Cd+1, σ−1(0) = E × {0} ≡ E.
▸ F0 = zk + f(x1, . . . , xd), F = zpF0:

Znaive(F0, ωd ∧ dz, T ) = ∑
J∈P0

[E̊J]Znaive(z
k + uN, uν−1ω, T ),

uN = uN1
1 ⋅ . . . ⋅ uNd

d

uν−1ω = uν1
1 ⋅ . . . ⋅ uνd

d

du1

u1
∧ ⋅ ⋅ ⋅ ∧

dud

ud
∧ dz



Suspensions
▸ f(x1, . . . , xd), ωd,
▸ π ∶X → Cd, embedded resolution of f , E = π−1(0):

Znaive(f, ωd,L−s) = ∑
J∈P0

[E̊J]∏
i∈J

L − 1
Lνi+Ni s − 1

▸ σ ∶= π × 1z ∶X ×C→ Cd+1, σ−1(0) = E × {0} ≡ E.
▸ F0 = zk + f(x1, . . . , xd), F = zpF0:

Znaive(F0, ωd ∧ dz, T ) = ∑
J∈P0

[E̊J]Znaive(z
k + uN, uν−1ω, T ),

uN = uN1
1 ⋅ . . . ⋅ uNd

d

uν−1ω = uν1
1 ⋅ . . . ⋅ uνd

d

du1

u1
∧ ⋅ ⋅ ⋅ ∧

dud

ud
∧ dz



Suspensions
▸ f(x1, . . . , xd), ωd,
▸ π ∶X → Cd, embedded resolution of f , E = π−1(0):

Znaive(f, ωd,L−s) = ∑
J∈P0

[E̊J]∏
i∈J

L − 1
Lνi+Ni s − 1

▸ σ ∶= π × 1z ∶X ×C→ Cd+1, σ−1(0) = E × {0} ≡ E.
▸ F0 = zk + f(x1, . . . , xd), F = zpF0:

Znaive(F, ωd ∧ dz, T ) = ∑
J∈P0

[E̊J]Znaive(z
p(zk + uN), uν−1ω, T ),

uN = uN1
1 ⋅ . . . ⋅ uNd

d

uν−1ω = uν1
1 ⋅ . . . ⋅ uνd

d

du1

u1
∧ ⋅ ⋅ ⋅ ∧

dud

ud
∧ dz



Arcs for suspensions of monomials
▸ g0 = zk − xN, g = zpg0, ωd = xν−1 dx, ωd+1 = zνz−1ωd ∧ dz.

σ+ = (0, p + k)

σ− = (N, p)

ρ
[0 ∶ 0 ∶ 1]

[1 ∶ 0 ∶ 0]

[0 ∶ 1 ∶ 0][k ∶ 0 ∶ N1]

[0 ∶ k ∶ N2]
σ+

σ−
ρ

▸ A space of arcs at 0 not contained in the coordinate hyperplanes.
▸ φ ∈ A: ord φ ∈ Nd+1, ac φ ∈ (C∗)d+1

▸ Compare ⟨ord φ, (N, p)⟩ and ⟨ord φ, (0, p + k)⟩

▸ φ ∈ Aσ+ : ⟨ord φ, (N, p)⟩ < ⟨ord φ, (0, p + k)⟩

▸ φ ∈ Aσ− : ⟨ord φ, (N, p)⟩ > ⟨ord φ, (0, p + k)⟩

▸ φ ∈ Aρ: ⟨ord φ, (N, p)⟩=⟨ord φ, (0, p + k)⟩, ac(zk+p○φ)≠ac(xNzp○φ)

▸ φ ∈ Aρ∗ : ⟨ord φ, (N, p)⟩=⟨ord φ, (0, p+k)⟩, ac(zk+p○φ)=ac(xNzp○φ)

▸ Compute measures and use generating functions.
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σ+ = (0, p + k)

σ− = (N, p)

ρ
[0 ∶ 0 ∶ 1]

[1 ∶ 0 ∶ 0]

[0 ∶ 1 ∶ 0][k ∶ 0 ∶ N1]

[0 ∶ k ∶ N2]
σ+

σ−
ρ

▸ A space of arcs at 0 not contained in the coordinate hyperplanes.
▸ φ ∈ A: ord φ ∈ Nd+1, ac φ ∈ (C∗)d+1
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▸ Compute measures and use generating functions.



Zeta functions for suspensions of monomials
▸ Contributions of σ±, ρ, ρ∗ for naive and motivic zeta functions

can be computed (long).

▸ Contributions for Ztop, r ∶= (k+p)s+νz

k
:

σ+ ∶
1

νz + ps

d

∏
j=1

1
Njr + νj

,

σ− ∶
1
kr

⎛

⎝

d

∏
j=1

1
νj
−∏

j∈I

1
Njr + νj

⎞

⎠
,

ρ ∶
−gcd(N, k)2

k

d

∏
j=1

1
Njr + νj

,

ρ∗ ∶
−gcd(N, k)2

k(s + 1)

d

∏
j=1

1
Njr + νj

▸ ∑
d∣n

Jk(d) = nk (Jordan’s totient functions)
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▸ Contributions for Z
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k
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kr
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Zeta functions for suspensions
▸ ωd, g = zk − f , 1 = k1 < k2 < ⋅ ⋅ ⋅ < kr = k, divisors of k, t = s + 1

k

A = k1r −

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1

1
⋮
1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

(J2(k1) . . . J2(kr))

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

s+1
s

Ztop(F, ωd ∧ dz, s)

Z
(k2)
top (F, ωd ∧ dz, s)

⋮

Z
(kr)
top (F, ωd ∧ dz, t)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

s+1
s

1
⋮
1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

+A

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

t+1
t

Ztop(f, ωd, t)

Z
(k2)
top (f, ωd, t)

⋮

Z
(kr)
top (f, ωd, t)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

▸ ℓ ∤ k, for some arithmetic values m(k, ℓ, 0):

Z
(ℓ)
top(F, ωd+1, s)0 = Z

(ℓ)
top(f, ωd, t)0−∑

e∣k

J2(e)

k
Z
(lcm(e,ℓ1m(k,ℓ,0)))
top (f, ωd, t)0.
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Zeta functions for superisolated singularities (k = 1)

Motivic zeta function

Znaive(F, dxd+1, T )0 =[Pd ∖C]Znaive(z
m, zd dxd ∧ dz, T )0

+[C ∖ Sing C]Znaive(z
mu1, zd dud ∧ dz, T )0

+ ∑
p∈Sing C

Znaive(z
m(zk + fp), zd dxd ∧ dz, T )0

Ztop(F, dxd+1, s)0 =
χtop(Pd ∖C)

r

+
χtop(C ∖ Sing C)

r(s + 1)
+ ∑

p∈Sing C

Ztop(z
m(z + fp(u)), zd dud ∧ dz, s)0

r = d + 1 + (m + 1)s



Zeta functions for superisolated singularities (k = 1)

Topological zeta function k = 1

Znaive(F, dxd+1, T )0 =[Pd ∖C]Znaive(z
m, zd dxd ∧ dz, T )0

+[C ∖ Sing C]Znaive(z
mu1, zd dud ∧ dz, T )0

+ ∑
p∈Sing C

Znaive(z
m(zk + fp), zd dxd ∧ dz, T )0

Ztop(F, dxd+1, s)0 =
χtop(Pd ∖C)

r

+
χtop(C ∖ Sing C)

r(s + 1)
+ ∑

p∈Sing C

Ztop(z
m(z + fp(u)), zd dud ∧ dz, s)0

r = d + 1 + (m + 1)s



Zeta functions for superisolated singularities (k = 1)

Combine with Ztop(z
m
(z + fp), zd du ∧ dz, s)

▸ Untwisted topological zeta function, r = 1 + d + (1 +m)s:

Ztop(F, dxd+1, s)0 =
d + 1
r − s

−
sχ(C)

(r − s)(1 + s)

−
s(r − s − 1)

r(r − s)(s + 1) ∑
p∈Sing C

(1 + (r + 1)Ztop(fp, ωd, r)0)

▸ 1 ≠ ℓ ∣m + 1:

Z
(ℓ)
top(F, dxd+1, s)0 =∑

p∈Sing C

(
1
r
+Z

(ℓ)
top(fp, ωd, r)0 −

r + 1
r

Ztop(fp, ωd, p)0)

▸ 1 ≠ ℓ ∣m: Z
(ℓ)
top(F, dxd+1, s)0 =

s+1−r
r−s ∑p∈Sing C Z

(ℓ)
top(fp, ωd, r)0

▸ ℓ ∤m, m + 1:

Z
(ℓ)
top(F, dxd+1, s)0 = −∑p∈Sing C Z

( ℓ
gcd(ℓ,m+1) )

top (fp, ωd, r)0
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