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Introduction

Introduction

The rational homotopy type of a space is a simplified version of the
homotopy type where all homotopy groups are tensored by Q.
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Introduction

The lost information in Rational Homotopy. The case of S"

T4 | T5 | T6 ™7 T8 9 10 1 | T12
84 7 ZQ ZQ 7, X Zlg Z2 X ZQ ZQ X ZQ ZQ4 X Zg Z5 ZQ
S0 | Z |Zy| 7o Dos Zo Zo Do | Z0
10| 0| % Lo Lo Lio4 0 7 | o

Table 1: A subset of the homotopy groups of the spheres S*,S® and S° .

Something we know:
e Homotopy groups of S¥ vanish until degree k — 1 (included).
o m(SF) =17
@ 7, is commutative for n > 2

° 7T2n(82n) X Q — 7T4n—1(S2n) ® Q — @
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Introduction

Despite the lost information, rational homotopy has the advantage

of being constructive.

Due to Sullivan, it is known how to obtain the rational homotopy
type of a topological space X, via the construction of a
commutative differential graded algebra, called the Sullivan model
of X. This algebra allows us to establish a categorical equivalence
between homotopy types of spaces and isomorphism classes of
Sullivan models:

Rational homotopy o 1somorphim classes of
types of spaces minimal Sullivan models
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Graded Commutative Differential Algebras Definition of a GCDA
The Sullivan model of a GCDA
An effective method to compute the minimal model

Definition of a GCDA

Definition

A graded commutative differential algebra (or GCDA), A, over a
ring R is a graded R-algebra, A = P2, A°, together with an
R-linear map d4 : A — A that satisfies the following conditions:

o zy € AT VYx e A, Yy e A

o vy = (—1)Yyx, Vo € A, Vy € AJ

° di =0

o dy(z) C A, Vo e A

o da(zy) = da(z)y + (-1)'zda(y), Vo € A’, Vy € A

From now on, we will asume that SR = Q
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Definition of a GCDA

Example (2.1 from [Manero & Marco, 2020])

Let A be a GCDA generated by six generators of degree 1:
el...e6 and one generator of degree 2: €7, with no relations and
where the differential is given by:

da(el) = —el N eb
da(e2) = —e2 A eb
da(e3) = —e3 N eb
da(ed) = —eb A eb

da(eb) = da(eb) = da(e7) =0
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Graded Commutative Differential Algebras Definition of a GCDA

The Sullivan model of a GCDA
An effective method to compute the minimal model

A GCDA is said to be i-minimal (in the sense of Sullivan) if
satisfies the following conditions:

@ it is freely generated as a graded commutative algebra

@ it is generated by a collection of elements {a;}, with [ € J
(for a well ordered index set J) which satisfy that
la;| < |ag| <, ifl <s

@ The differential of a generator a, is expressed in terms of the
generators a;'s with [ < s.
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Definition

A morphism of algebras, ¢ : A — B, it is said to be a morphism of
differential algebras if it preserves the degree and commutes with
the differential.

Definition
Two differential algebras, A, B, are said to be i-quasi-isomorphic if
there exists a morphism of differential algebras such that:

e ¢*: H/(A) — HI(B) is an isomorphism for every j < i

o ¢* : H'MY(A) — H*"1(B) is injective.
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Definition

An i-minimal model of a GCDA, (A,d4), is an i-minimal
differential graded algebra, (M, dys), together with an
t-quasi-isomorphism,

o: M — A

Definition

| A

A minimal model of a GCDA, (A, d4), is a differential graded
algebra (M, dys) and a quasi-isomorphism ¢ that satisfy:

@ (M,dys) is i-minimal Vi > 0

@ ¢ is i-quasi-isomorphic Vi > 0

N
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Definition

A GCDA (A,d,) is said to be connected if A% =Q

Theorem [Morgan 1978; Sullivan 1977]

Every connected differential graded algebra A has a minimal
model, unique up to isomorphism.
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An effective method to compute the minimal model

The idea behind the method

The method is constructive, i.e., we build the model from lower to
upper degrees, adding generators sequentially , in such a way the
model satisfies the needed conditions.

A brief description of the algorithm (see [Manero & Marco (2020)])

Let (A,d4) be the GCDA for which we want to get its minimal
model, and let (M, dys) be initially the trivial GCDA (with no
generators).
o Let kp > 0 be the smallest degree for which H*0(A) is not
trivial.
o Take a basis [af°, ... ,afk‘) | of HF0(A).
0
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An effective method to compute the minimal model

A brief description of the algorithm (see [Manero & Marco (2020)])

@ For each of these generators, afo, add to M a generator of the
same degree, xfo, and differential zero. Notice that for each
addition, we want to remember the correspondence (i.e., we
are building also the morphism ¢ : M — A, by setting
(%) = a;°).

@ Now we know that ¢ induces an isomorphism in cohomology
at degree ky.
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An effective method to compute the minimal model

A brief description of the algorithm (see [Manero & Marco (2020)])

Next step is to check that ¢ induces a monomorphism in the
cohomology group of degree ko + 1.

@ if ¢ induces a monomorphism, at this point (M, dyy) is a
ko-minimal model of (A,d4). We can repeat the same steps
for degree ko + 1 to obtain a (kg + 1)-minimal model of
(A7 dA)

@ if ¢ does not induces a monomorphism in cohomology, we
have to add to M generators of degree kg in order to Kkill
those elements that should not live in cohomology.
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Example

Example (2.1 from [Manero & Marco, 2020])

Let A be a GCDA generated by six generators of degree 1:
el...e6 and one generator of degree 2: €7, with no relations and
where the differential is given by:

da(el) = —el N eb
da(e2) = —e2 A eb
da(e3) = —e3 N eb
da(ed) = —eb A eb

da(eb) = da(eb) = da(e7) =0
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Example

Example (2.1 from [Manero & Marco, 2020])

We can compute the first cohomology groups

HY(A) =Q < e5,e6 >
H2(A) =Q < eq Nes,eq, Neg,e7 >
H3(A) —Q<esNedbANeg,e5 Ner,eq N\er >

where Q < Eq, ..., E, > denotes the vector subspace with basis
{E1,...,E,}.
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From topology to algebra

. Simplicial sets
The Sullivan model of a space Tiim et Al ()

The Sullivan model of Ap, (K)

The idea

From now on, we assume that we are working with K = Q

Definition

Let X be a topological space. We denote by C*(X, Q) the cochain
algebra of normalized singular cochains on X.

This algebra is almost never commutative.

ldea: Replace C*(X,Q) by a genuinely graded commutative
cochain algebra, Ap;(X,Q), and a cochain algebra
quasi-isomorphism

Apr(X,Q) = C*(X,Q)
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From topology to algebra
Simplicial sets
The algebra Apr, (K)

The Sullivan model of a space
The Sullivan model of Ap, (K)

Simplicial objects

A simplicial object K with values in a category € is a sequence
{Kp}n>0 of objects in &, together with €-morphisms:

0i t Kpt1 = Ky, 0<i<n+1, s5;: K, > Kpq1, 0<j5<n
that satisfy the identities:

57;5j = j_léi, 1< ]
S¢Sj = Sj_|_18i, 1 S]

5j-10i, 1 <]
(SiSj: id, 1=17,7+1
Sj(sz'_l, 1>7+1
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The algebra Apr, (K)

The Sullivan model of a space

The Sullivan model of Ap, (K)

Simplicial objects

Definition
A simplicial set K is a simplicial object in the category of sets.

Definition

A simplicial cochain algebra A is a simplicial object in the category
of cochain algebras.

Definition

A simplicial morphism f : L — K between two such simplicial
objects is a sequence of &-morphisms ¢, : L,, — K, commuting
with the ¢; and S;j.
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. Simplicial sets
The Sullivan model of a space iim et Al ()
The Sullivan model of Ap, (K)

Example of a simplicial set: T?

{vo} < {a,b,c} < {11,135}
do(a) = do(b) = do(c) = vo
d1(a) = 6o1(b) = 61(c) = vg

60(T1) = 61(12) =
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From topology to algebra
Simplicial sets

The algebra Ap, (K)

The Sullivan model of Ap, (K)

The Sullivan model of a space

The structure A(K)

Let K be a simplicial set, and let A = {A,,},>0 be a simplicial
cochain complex or a simplicial cochain algebra. Then

A(K) = {AP(K) }p>0
is the cochain complex (or cochain algebra) defined as follows:

o AP(K) is the set of simplicial set morphisms from K to AP.
Thus, an element ® € AP(K) is a mapping that assings to
each n-simplex o € K,, an element ®, € (AP),,, such that
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The Sullivan model of Ap, (K)

The structure A(K)

@ Addition, scalar multiplication and the differential are given by
(P+ V), =D, + U,
(AR)s = AP,
(d®)y = d(P,)

@ If A is a simplicial cochain algebra, multiplication in A(K) is

given by
(PV), = D, V,
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Simplicial sets

The algebra Ap, (K)

The Sullivan model of Ap, (K)

The Sullivan model of a space

The simplicial commutative cochain algebra Ap;,

Consider the free graded commutative algebra

A(toy -, tn, Yo, - - -, Yn) in which the basis elements ¢; have degree
0 and the basis elements y; have degree 1. The differential is
defined as:
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The Sullivan model of Ap, (K)

The Sullivan model of a space

The simplicial commutative cochain algebra Ap;,

We define the simplicial cochain algebra Ap;, = {(ApL)n}n>0 by:
@ The cochain algebra (Apy), is given by:

/\(to,...,tnayﬂa"'vyn)

<zti_172yj >

(Apr)n =
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The simplicial commutative cochain algebra Ap;,

Definition (cont.)

@ The face and degeneracy morphisms are the unique cochain
algebra morphisms:

0i : (ApL)n+1 = (APL)n, 0< i< n+1

sj: (AprL)n = (ApL)n+1, 0< 7 <n

satisfying
6=ty —4q 0, k=i sj=tpy—=>tp+tiy1, k=
tk:—la k>1 tk-|—17 k >]
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The Sullivan model of a space Tlie sllbn s ()

The Sullivan model of Ap, (K)

The quasi-isomorphism ¢

If K is a simplicial set, then Ap;(K) is a GCDA, where C*(K) is
not, but the first one is constructed in order to be quasi-isomorphic
to the latter:

The integration ¢ : Apr(K) — C*(K) provides a natural
quasi-isomorphism of cochain complexes.

]{ — {fn}nzo

% : APL(K)Z — Cn(K)
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The Sullivan model of a space Tiim et Al ()

The Sullivan model of Ap (K)

The Sullivan model of a space

Definition
We define the Sullivan model of a space X, as the minimal model
of the graded commutative differential algebra Apy(X).
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My work is focused on the development of a computer program
that receives a simplicial set as input, and returns its minimal
model.
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Applications

Work by Pablo Simén Isaza Penaloza (2020)

CW-Decompositions of Plane Algebraic Curves and Milnor Fibers
of Non-Isolated Quasi-Ordinary Singularities
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