ON GERMS OF HYPERSURFACES WITH MULTIPLICITY 3

EAB, MGV, ELC

Consider a the germ of a multiplicity 3 singular point of hypersurface. An equation for
such a germ it is given by a monic Weierstrass polynomial F' = 23 + a12? + asz + ag €
C[[x]][z] of degree 3 with respect to z. Assume that D,F are not zero, and that F
is degenerate with respect to its Newton polyhedron. If it is non degenerate, the partial
resolution associated with the dual of the Newton polyhedron of F' gives plenty information
of the geometry and topology of the singular point of the hypersurface defined by F.

We propose the following general method.

First step: By means of a Tschirnhaus transformation, reduce F' to a monic Weierstrass
equation F' = z3 — 3byz + 2bs that does not have terms of degree 2 with respect to z.
Assume that the coefficients of degree one and zero with respect to z are both non zero,
i.e., the product bobs # 0. If either by = 0 and b3 # 0 or by # 0 and b3 = 0 it reduces to
the case of a suspension that we have studied elsewhere. See [7].

Second step: Consider an embedded resolution 7 : X — C2 of the reduced divisor given
by the product G = bybsD,F. Consider the usual stratification of the pair (X, (7 o
G) Y G = 0}) defined in terms of decomposition U;c;E; of (7 o G)"{G = 0} into
irreducible components. Pulling back F' under the map 7 X ¢d, we obtain for each stratum
EY a quasi-trinomial local expression for F'. Section 3 clasifies the 5 posible quasi-trinomial
local forms having terms of degrees 3, 1, and 0 with respect to z. These are the quasi-
trinomials forms that appear at this step because we have previously made a Tschirnhaus
transformation. Notice that the local expression is quasi-trinomial due to the fact that
7 resolves both by, and b3. Moreover, the quasi-trinomial local form is quasi-ordinary
because 7 also resolves the discriminant D,F'. The local quasi-trinomial expression will
be non degenerate with respect to its Newton polyhedron unless the monomials M,
Mj and their coefficients ¢; and ¢, satisfy a precise condition. In principle, this precise
condition can be defined on a subset of a stratum of EY, with ) # [ c J. If it is
the case, we consider the corresponding refinement of the stratification. Moreover, the
degeneracies of the degenerate trinomial local case are either on horizontal faces or of the

form (z — af(z,y))(z — bf(x,y)) with a,b € C*, and f € C[z,y].

Third step: Make translations of the type z — z+ h(x,y), where h(x,y) is determined by
the local quasi-ordinary expansion, to obtain a new set of coordinates such that the local
form is non degenerate. Notice that after the translation terms of degree 2 respect to z
appear. In fact, we obtain a new type of quasi-trinomial local form with terms of degree
3, 2, and 0 with respect to z.

Fourth step: Use the stratification principle with the stratification introduced in the
Second Step, the quasi-trinomial local forms and, if needed, the corresponding local dif-
ferential forms to compute additive / multiplicative local invariants of the singular point
defined by f at o. For instance, we will interested in the A’Campo zeta function and in

the topological zeta function.
1
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A couple of remarks are in order after these four steps.
3
First, these steps achieve a resolution of the meromorphic function defined by Z—S and
3

therefore the irreducible components F; of (7 o F)"'{F = 0} can be classified into 5
different types according to the image of e; under the meromorphic function M defined

by % There are components F; that are mapped to 0 called zeros, components £ that

are mapped to oo called poles, components F; that are mapped surjectively onto P! called
dicritical, components that are mapped to the value 1, and finally components that are
mapped to other values different than 0, 1, and oco. The image of a component F; is
determined by the orders of vanishing of f, ¢ and M = % along the divisor E; and (in
3
some cases by) their pattern of intersection.
Second, the trinomial part of any quasi-trinomial local form, given by the formal restric-

tion of the quasi-trinomial form to its Newton polyhedron, is determined by the valuations
3
associated with f, g and M = Z—% too.

The following reductions are Sossible to perform the Fourth Step.

Reduction A: It is enough to consider the associated trinomial local forms instead of the
quasi-trinomial local forms.

Reduction B: The strata produced by the strict transforms of by and b3 can be omitted,
i.e., the contribution to the invariant due to a 0-dimensional stratum determined by an
irreducible component of the strict transform of by (resp. b3) equals the contribution of a
single point of the 1-dimensional stratum to whose adherence the 0-dimensional stratum
belongs.

Reduction C: Bamboos consisting of irreducible components that are mapped to 0 (resp.
to oo and containing a (—1)-curve can be omitted too.

The upshot of Reductions A, B, and C is that it is enough to consider the stratification
associated to the minimal resolution 7' : X’ — C? of D.F together with the trinomial
local forms, and if needed the corresponding differential forms to compute the invariants
of the singular point defined by f at 0.

Reduction D: It is enough to consider a minimal Q-resolution of the discriminant DzF'.

After all these reductions, we will prove that ...

1. POWER SERIES OF MULTIPLICITY THREE

Consider a the germ of a multiplicity 3 singular point of hypersurface. An equation for
such a germ it is given by a monic Weierstrass polynomial F = 23 + a2 + azz + a3 €
C[[x]][z] of degree 3 with respect to z. Assume that D,F is not zero, and that F' is
degenerate with respect to its Newton polyhedron.

Definition 1.1. The Tschirnhaus transformation associated to F' is the transformation
given by z — z — <.

After the Tschirnhaus transformation, the monic Weierstrass polynomial F(z,y,z —
a1/3) can be written as

2’3 - 3b22 + 2b3
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with
a

3
a9 a a1a9 as
by=— —— and by= —- —=
9 3

27 6 2
and its the discriminant D, F of F with respect to F is of the form 108(b3 — b3).
Denote the decompositions of by and b3 into irreducible components as

(1.0.1) by = ﬁh;” ﬁkjf and by = ﬁhl ﬁk?ljg
i=1 j=1 =1 j=1

where h;, k; are irreducible and h;, k;, f, g are pairwise coprime and n;,m; > 1.

Proposition 1.2. The discriminant D.F is of the form

n

LT (T2 1)
i=1 j=1

i=1 j=1

Proposition 1.3. The singular point is isolated if and only if the disciminant D,F' is
reduced.

Proposition 1.4. The monic Weierstrass polynomial z3 — 3byz + 2bs is non degenerate
unless My(c; + A) and by = My(cy + B) with M} = M3 and 2¢; = 3¢,

2. JUNG’S METHOD FOR POWER SERIES OF MULTIPLICITY THREE

2.1. Embbeded resolution of the discriminant and classification of their ex-
ceptional divisors. Consider an embedded resolution 7 : X — C? of the reduced di-
visor given by the product G = byb3D.F. Consider the usual stratification of the pair
(X, (7o G)"YG = 0}) defined in terms of decomposition U;jc;E; of (7 o G)'{G = 0}
into irreducible components, i.e., for each subset I C J we define

E;=(E\|JE;

iel jel

Definition 2.1. For each irreducible component E; of of (1o G)'{G = 0} we define the
numbers

0 __ * oo * A * o *
Nj = ordg, 7 by, Nj = ordg, 7" b3, Nj =ordg, 7" D, F, and v; =ordg,mw—1

where w = dx A dy is the standard volume form of C2.

Proposition 2.2. Let 7’ : X' — C? be the minimal resolution of D,F. Then, © is a
resolution of the meromorphic function M : C* — P! defined by % too.
There are four possibilities for the behaviour of the numbers NV JQ, N2 and N jA associated
with an irreducible component E; of () '{G = 0}
e 3N? > 2N>® = N2 and it is called a zero because in this case M(E;) = 0;
® 2N > SNJQ = NjA and it is called a pole because in this case M(E;) = oo;
e 3N? = 2N° = N2 and in this case either it is called dicritical because M(E;) =
P! or it is mapped constantly to a value different than 0, 1 or oo under M;
° 3NJQ =2N* < NjA and in this case it is mapped constantly to 1 under M.
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Remark 2.3. In the third case, NjA is divisible by 6. In order to distinguish between
dicritical divisors and divisors that are mapped constantly to a value different than 0, 1
or oo, one notices that connected components of dicritical divisors must intersect both
to zeros and poles and connected components of divisors mapped constantly to a value
different than 0, 1 or co do not intersect zeros or poles but do intersect dicritical divisors.

If the strata £, # () and M(E;) = 1 then either M(E;) = 1 or Ej is dicritical, i.e.,
M(E]) == Pl.

Definition 2.4. For a divisor of th last type, i.e., a divisor that is mapped constantly to
1, the difference N A — 3N; v — = N; A — 2N7* is called the excess of the discriminant and it
is denoted by MjA.

Example 2.5. Consider F' = 23 — 3byz + 2b3 with by = ((y*+2%)2 + 25y) ((2® +v*)? +y°z)
and by = (y* + 2*)(2® + y*). The minimal resolution 7 of the product G = bybs D, F is
obtained after 30 blow-ups. The following figure and table give the dual resolution graph
of G and its associated numerical data.

E A28 E
F??2 Ilo F3A0 F3y Fi i—16 L33 F29 f F301
—t R L,

Ew Eir En E12 E13 Ew FEis Ev Er  Eg 5 4 Es E9 Eg

’ H El ‘ E27E10 ‘ E37E11 ‘ E47E12 ‘ E57E13 ‘ E67E14 ‘ E77E15 ‘ E87E16 ‘ E97E17 ‘

NIT 8 10 20 28 36 44 52 21 42
NY | 12 | 13 26 39 52 65 78 26 52
NA | 25 | 26 52 78 104 | 130 | 156 52 104
vi | 2 3 5 7 9 11 13 6 11
xO | =11 1 ~1 0 0 0 —2 1 ~1
E? | —13| -2 —4 —2 —2 —2 ~1 —2 ~1

The divisor E; is mapped to the value 1, the divisors E; and E;5 are dicriticals, and
the rest of exceptionals divisors are zeros. The 13 arrows F~ with i = 16, ..., 29 attached
to the divisor E; correspond to irreducible components of the strict transforms of D, F,
the arrows attached to the divisor E; (resp. Ej3) correspond to an irreducible component
strict transform of b3 and another irreducible component of D,F. Finally the arrow
attched to Ey (resp. to Fi7) correspond to the strict transform of bs.

T M =0} =2 FP+) E)+4 > E+6Y E+8) E+11Y E+22) E,

31,32 6,14 2,5,10,13 4,12 3,11 8,16 9,17
30
7 M =00} = 3Fy +3Fy, w(Er) =7(Es) =P, 7 '{M=1}=> F*+E
i=16

The stratification associated with the resolution 7 consist of 35 strata E7; of dimension
0 and 11 strata EY of dimension 1 and x(E7) # 0. The former correspond to the elements
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(1,7) of the set

(1,7)  (1,15) (1,16) (1,17) (1,18) 9) (1,20) (1,21) (1,22)
(1,23)  (1,24) (1,25) (1,26) (1,27) 8) (2,3) (3,4 (3,9
(4,5)  (5,6)  (6,7) (7,29) (7,33) (9,31) (10,11) (11,12)

)
(11,17) (12,13) (13,14) (14,15) (15,30) (15,34) 16,17) (17,32)
and the latter correspond with the indexes
1, 2, 3, 7, 8 9 10, 11, 15, 16, 19.

Notice that the minimal resolution 7’ of the discriminant D.F' is obtained after just
11 blow-ups. The blowups corresponding to divisors Fg, Fy, F4 and Ej5 are needed to
resolve bs.

S =

2.2. Trinomial forms associated to the strata. Let us consider the birational map
7= (mid): X := X x C — C3, where id : C — C is the identity map, and the pullback
of F under 7w x i¢d. The pullback 7*F can be expressed in terms of the pullbacks of b, and
b3 as

(2.2.1) 23 — 3m*byz + 2% bs.

over each non empty strata E} of X created by the resolution 7. Since 7 is a resolution
of both by and b3, over each non empty strata E} of X created by the resolution 7, the
terms (7*b3)|, and (7*bs)|, can be reexpressed in terms of the multiplicities N} and N;°
with ¢ € [ as

N; N . N Neo
(2:2.2) (T°b2), = @y My Pualw, ) and  (77bs)), =2y "y P ua(an,y)
where uy, us are units in C{x1,y;}. Hence, we have expressions
3 Ni01 ioz Niolo Nlp;
(2.2.3) 27 = 3wy My Pun (@, y1)z 4+ 220y P ua(n, ),

for each non empty strata E}. Notice that these expressions are quasi-ordinary because
7 is also a resolution of D, F' and therefore D, (7*F)|, is the product of a monomial in the
variables x; and y; and a unit in C{z1,y;}.

According to Section 3 the expression (2.2.3) is non degenerate with respect to its
Newton polyhedron except for the case described in Proposition 1.4, i.e., the case when the
there is a divisor E; with i € I such that M(FE;) = 1 or equivalently 3N? = 2N® < NA.

Remark 2.6. If the strata E; # () and M(E;) = 1 then either M(E;) = 1 or Ej is
dicritical, i.e., M(E;) = P

Proposition 2.7. There exist a change of coordinates of the form

|7

NN
Ty =Ty, Y1 =Y2, Z=2 80 Yot A+
such that (2.2.3) becomes either

3 Ny Nio ' 9 N®4MA NP+MS
27 297 yo© uy (T2, y2) 2 + 1y Yy ug(Ta, 1)
if both M(E;) = M(E;) =1 or
0 nNO
RS NP P, N

2+ 5® yo® vy (e, 42) 27 + Ty Yo' uh(z2,12)

if M(E;) =1 and Ej is dicritical
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Definition 2.8. The trinomial form f; associated with the stratum E7 is
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23 — N M(E;) # 1,00
23— Ny 4 2N, M(E;) = 00
NO

.

Bz 24 aNTME  M(E) =1,
in the case I = {i} and
(23 4+ Ny N7

NzQ NJQ ) A NooLpfA
23—|—J;7y732-}-mNi +M; Yy + i,

M(E) = M(E)) =1
M(E) =1, M(E,) = P!

else

NzQ NJQ o A Noo
23 + xTyTZQ —}—;L'Ni +M; Y i

3 NO, N No©, N&°
\Z +axhiy iz tatoyso,

in the case I = {i,j}.

Example 2.9. The following tables show all the trinomial forms and differential forms
for the all the O-dimensional strata and all the 1-dimensional strata with not zero Euler

characteristic of Example 2.4

i fi Wi x()
1 [2+2%2+28] (2,1,1) | -13
2,10 | 22+ 202+ 2| (3,1,1) | 1
3,11 | 22+ 2%z 4+ 22| (5,1,1) | —1
7,15 23+ 2% + 2™ | (13,1,1) | -2
8,16 | 23+ a¥z + 2% | (6,1,1) | 1
9,17 | 22 + 2%z + 27 | (11,1,1) | —1
(i,J) fig Wi
(1,7),(1,15) 23+ 2ty?52% + 2By™ | (2,13,1)
(2,3),(10,11) 23 4+ 20y? 2 + 2B3y?0 | (3,5,1)
(3,9), (11,17) 23 4+ 220y + 220952 | (5,11,1)
(3,4),(11,12) 23+ a0y 4+ 22y | (5,7,1)
(8,9), (16, 17) 23+ 2y + 2%5y5% | (6,11,1)
(4,5),(12,13) 23+ 1%y + 239y52 | (7,9,1)
(5,6), (13,14) 23 4+ a3yt 4+ 25%y% | (9,11,1)
(6,7),(14,15) 23+ aMyP2z 4 2%y ™ | (11,13,1)
(1,4),i =16,...,28 2+ at2? +ally (2,1,1)
(9,31), (17, 32) 23+ a¥2yz + 22 (11,1,1)
(7,33), (15, 34) 23+ 2%z + a8y (13,1,1)
(7,29)(15, 30) 234 22022 4 2%y | (13,1,1)

3. THE QUASI-TRINOMIAL CASE
In this section we consider the case of
F=22+ Mi(c1 + A)z + My(co + B) € C[[x]][#]

where M; = x™ and My = x™2 are monomials, ¢1,c; € C* and A, B € (x)C[[x]]
We distinguish the following two cases
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e Assume that the monomials M; and M, are not related by the divisibility relation,
i.e., neither M; t My nor My 1 M;. In this case, the Newton polyhedra of F' contains
a unique two dimensional compact face determined by the monomials 22, M,z and
M,. Moreover, F'is non degenerate with respect to its Newton polyhedra.

e Assume that the monomials M; and M, are related by the divisibility relation, i.e.,
either M;| My or M;|M,. In this case the Newton polyhedron of F' is a polygonal
path. We distinguish the following cases.

(1) If the point 3m; does not belong to the set 2ms + (R>g)?, the Newton poly-
hedron of F' consists of two segments. The first one is determined by the
monomials z* and M;z and the second is determined by the monomials Mz
and M. it follows that F' is non degenerate with respect to its newton poly-
hedron.
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(2) If the point 3m; belongs to the set 2ms + (R>()?, the Newton polyhedron of
F consists of one segment with vertex corresponding to the monomials 2% and
M;. We distinguish to further cases.

(a) If M3 # M2, the point corresponding to the monomial M,z is an in-
terior point of the Newton polyhedron of F. It follows that F' is non
degenerate with respect to its Newton polyhedron.

23

(b) If M} = M3, the point corresponding to the monomial M;z lies in the
unique dimensional compact face of the Newton polyhedron of F. The
face equation is equal to

23 + Cc12 + Co.

Therefore, F' is non degenerate with respect to its Newton polyhedron
if and only if 3(c1)? # 2(cz)3.
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4. CONTIBUTIONS TO THE TOPOLOGICAL ZETA FUNCTION AND THE A CAMPO
MONODROMY ZETA FUNCTION OF THE TRINOMIAL FORMS

Proposition 4.1. The monodromy zeta function (r(t) and the local topological zeta func-

tion Z(F,s)y of F' equal
(1—t%)° HCfI (8) XD

Z X(ET)Z(f1,w1)o,

where I varies over the statification assoczated to the resolution w of bobs D, F', the exponent
a s the number of points of blow-ups needed to obtain m, and oy is a point in EY.

Proof. 1t follows from the the formula for (s in terms of a partial resolution [?, Theorem 1]
and the Stratum principle for topological zeta functions [?, Stratum Principle 1.2]. Each
of the « factors of the form (1 —¢*) of (; comes from the intersection of Milnor fiber of F’
at o and the line thru a center of blow-up of 7. Each of these intersection sets consists of
3 points that are cyclically permuted by the monodromy. 0

Example 4.2. The resolution 7 of Example 2.4 consist of & = 15 blow-ups and the
associated stratification has 35 strata. According to Proposition 4.1 we have

(1 B tg)15Cf24%4gJQ%CJ2%CfsgflogjzcuCJ%mCJ%MCfm
4 4
g}fcfsgﬁcfgcfucfmgfu
where ®; is i-th the cyclotomic polymonial, and Z(F’ s)y equals

—13Z(f1,8)0+ Z Z(fi75)0_ Z fza Z fza 0+ Z fZJ?

i=2,8,10,16 i=3,9,11,17 i=7,15 (i,7)€S

—1/26s + 2749/60845* + 1969/4056s + 1/8
(s+1)(s+1/2)3
where S is the subset indexing the 0-dimensional strata of Example 2.4 and we have
omitted the symbols of differential forms associated to each strata for shortness sake.

CF<t> - - @?¢55‘b3@§@%3@%g@$8

4.1. Trinomial forms for strata L.

4.1.1. First case f = 23 — 2™ and w = 2"* " *dxdz. Newton polyhedra has three compact
faces: the O-dimensional faces 7 corresponding to the monomial 23 and 7; corresponding
to the monomial 23, and the 1-dimensional face ¢ contained in

3p + mgr = 3mg

The corresponding candidate pole is
3mss + 3v; + ms
The topological zeta function Z,,(f,w, s)o equals

3V1 +ms + (31/1 +ms — Vl(mg, 3)2)8
v1(3mgs + 3v; + m3)(s + 1)

or equivalently Jz — (3":_3;—1"5 + J;, with the terms Jz,, J; and J; given as follows.
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(1) The dual cone 7, to the face 7y is simplicial and generated by the rays
1

—(3,m3), 2.
(m37 3) ( 3) ?
This cone has multiplicity (771373) Its contribution to the local topological zeta
function is
3

J»f:

vi(3mgs + 3v +mg)
(2) The dual cone & of the face o is the simplical cone generated by the ray
1
(ms,3)
Its contribution to the local zeta function is
(3, ms)
(3mgs + 3vy +m3)

(3,77’1,3).

Jé-:

(3) The dual cone 7y to the face 79 is the cone generated by the rays
1

——(3,m3), €1.
(m3) 3) ( )
This cone has multiplicity (nTTds) Its contribution to the the local topological zeta
function is
mg

Jf— — .
(3mss + 3vy + mg)

Similarly we have
(1 t3)(1 — tms)
Cf(t> = (1 _ t3m3)(m3,3)

4.1.2. Second case f = 23 — 2™z — 2™ and w = 2" 'dxdz such that 3m, < 2ms.
Newton polyhedra has five compact faces: the O-dimensional faces 7y corresponding to
the monomial 23, 7 corresponding to the monomial 22z, and 7 corresponding to the
monomial ™3, and the 1-dimensional faces o; contained in the hyperplane

2p + mor = 3ms
and o9 contained in the hyperplane
p+ (mg —mgo)r =mg
The candidate poles are
3maes + 21 +my and mss+ vy +ms — mo
The topological zeta function Zi.,(f,w, s)o equals

(2 — vi1(mo,2)?)s +2(v; + 1)
(3mas + 2v1 +ma)(s + 1)

or equivalently Jr, — (ma, 2)Js, 75 + Jr — % + Jz, with the terms J;, J5, J5,, J5, and
Js, given as follows. Note that the candidate pole mss+ 14 +m3 —msy is a false candidate

pole.
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(1) The dual cone 7 to the face 75 is the regular cone generated by the rays
(1,m3 —ma), ez

give the contribution

1

(m3s + v1 +mg — my)

J{—:

(2) The dual cone &5 of the face oy is the regular cone generated by the rays
(17 mg — m2)

give the contribution

1

(m3s + vy +mg — mo)

J&Z

(3) The dual cone 7 to the face 7 is the simplicial cone generated by the rays

1
1,mg —my), 2,m
( 3 2) (m27 2) ( 2)
The multiplicity of this cone is "22;—732";3 Its contribution to the the local topological
zeta function is
3m3 — 2m2

T

(mss + v1 +mg — mg)(3mas + 2v1 + my)
(4) The dual cone 7 of the face oy is the cone generated by the rays

1

(g 2) 22)

It gives the contribution

(m2> 2)

J& -
(3mas + 2vy + mg)

(5) The dual cone 7y of the face 7y is the simplicial cone generated by the rays

1
e, ——(2,m
S (2,ms)
The multiplicity of this cone is (2272) Its contribution to the the local topological
zeta function is
2

J{-:

v1(3mas + 211 + my)

Similarly we have

(1-#)
Cf(t) = (1 — tgmz)(m272)

We remark that this case it is equivalent to f = z(2? — 2™2).
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4.1.3. Third case f = 2% — 2™ 2% — 2™ and w = 2"*~'dxdz such that ms > m;. Newton
polyhedra has five compact faces: the 0-dimensional faces 7y corresponding to the mono-
mial 23, 7 corresponding to the monomial 2™ 22, and 75 corresponding to the monomial
2™ and the 1-dimensional faces oy contained in the hyperplanes
p+ mir = 3my
and o, contained in the hyperplanes
2p + (m3 — mq)r = 2mg
The candidate poles are
3mis+vi+my and 2mgs + 2y +mg —my

The topological zeta function Zi.,(f,w, s)o equals

(2myms + 6mivy — 2masvy — 3myvic®)s® + (3mims — m? + 8myvy — victs — myvic?)s — m? + myms +m

(s 4+ 1)(3mys 4+ v1 +mq)(2mss + 2v1 + m3 — my)

or equivalently V — i—i + Vi — i—zi + V5 with the terms Vg, V7 and A given as follows.

(1) The dual cone 7, to the face 75 is the regular cone generated by the rays
1

(m3 — m, 2)

€2, (277”3 - ml)

give the contribution
2

Ji— -
(2mss + 2v1 + m3 —my)

(2) The dual cone 5 of the face o9 is the regular cone generated by the rays
1

- (9 —
give the contribution

(m3 — ma, 2)

Jé—:

(2mss + 2v1 + m3 —my)
(3) The dual cone 7y to the face 7y is the simplicial cone generated by the rays
1
—(2 — 1
(mB_th)( , M3 ml)a( 7ml)

mo+2ms3

The multiplicity of this cone is G

zeta function is

Ji—:

Its contribution to the the local topological

ms — 3m1
(2mss + 2v4 + mg — mq)(3mys + v +my)

(4) The dual cone 1 of the face oy is the cone generated by the ray
(17 ml)
It gives the contribution

1
(3mys + vy +my)

J(Tl —
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(5) The dual cone 7y of the face 7 is the simplicial cone generated by the ray

€1, (17 ml)
The multiplicity of this cone is ﬁ Its contribution to the the local topological
zeta function is
my

J»fo —

v1(3mys 4+ vy + my)
Similarly we have

Cr(t) =

We remark that this case is equivalent to f = (z — 2™) (2% — z™37™2)

4.2. Trinomial forms for strata Ef]

4.2.1. First case f = 22 — a™y™ and w = 2" 'y”2"'dadydz. Newton polyhedra has
three compact faces: the 0-dimensional faces 7y corresponding to the monomial 2* and 7
corresponding to the monomial z™3y™, and the 1-dimensional face o contained in

3p + mgr = 3msg, 3q + ngr = 3ng
The corresponding candidate poles are
3mss + 3v1 + ma, 3nzs + vy + ng
The topological zeta function Zi.,(f,w, s)o equals

((3s + 1)mgnz + 3(ving + vams + 3v119)) (s + 1) — 3v114(3, m3, n3)?s
a(3mss + 3vy + mg)(3nss + 3va + n3)(s + 1)

3,m3,n3)As

or equivalently Vj — ( =7 + Vi with the terms Vg, Vi and A given as follows.

(1) The dual cone 7; to the face 7 is simplicial and generated by the rays

1 1
oy 37 07 ) 07 37 y ©3-
(m37 3) ( m3) (n37 3) ( n3> “
This cone has multiplicity m. Its contribution to the local topological zeta

function is

9
(3mss + 31 + m3)(3n3s + 3vg + ng)’
(2) The dual cone & of the face o is the simplical cone generated by the rays
1
(ms,3)

This cone has multiplicity —(1315:1;)?233%)

3(7713,71373)
~ (3mss + 3vy +m3)(3nss + 3vy +ng3)’

‘/1:

1
(3, O, m3>, m(o, 37 n3>.

Its contribution to the local zeta function is

(3) The dual cone 7y to the face 7y is the cone generated by the rays

1
(mi’n 3)

(3707m3)7 (Oa 37”3)a61a62

(TL3, 3)
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which is not simplicial. Using the expression 7y = R?éo — Ty — 0, its contribution
to the the local topological zeta function is
1 9

Vy = -
T Un(Bs+ 1) (3mas + 3uy + mg)(3ngs + 3vy + n3) (35 + 1)

B mima(3s + 1) + 3(v1mag + vamy)
1ve(3mgs + 3v1 + ms)(3nss + 3ve + n3)

4.3. Second case f = 23

3(m2, 712) 7é 2(m3, ng).

Newton polyhedra has five compact faces: the 0-dimensional faces 7y corresponding to
the monomial 23, 7 corresponding to the monomial 2™2y"2z, and 7 corresponding to the
monomial x3y" and the 1-dimensional faces o; contained in the hyperplanes

—x™My"z — x™y™ and such that ms < 2mg, 3ny < 2n3 and

2p + mor = 3ms, 2q 4+ nor = 3ns
and o, contained in the hyperplanes
p+ (mg — may)r = ms, q+ (n3 —mn2)r =ns
The candidate poles are
3mas + 211 + mo, 3Ngs + 205 + Ny

and
msS + V1 + ms — Ma, Nn3s + Vo + Ny — No
The topological zeta function is the sum of the following five terms

(1) The dual cone 7 to the face 75 is the regular cone generated by the rays
(17 07 mg — mZ)a (07 17 ns — ng), €3

give the contribution
1

(7TL3S -+ 141 + ms — m2)<n38 + 125) + ng — ng)

(2) The dual cone &5 of the face oy is the regular cone generated by the rays
(1,0,m3 —my), (0,1, n3 — ny)
give the contribution
-5
(m3s + v +mg — mo)(n3s + vo + ng — ng)(s + 1)

(3) The dual cone 7; to the face 7 is the cone generated by the rays

1 1
1,0 — 0,1,n3 — — (2,0 0,2
( , U, M3 m?))( , 1,13 77/2)7 (m272)( ’ 7m2)7 (n2’2)( 9 7n2)
which is not simplicial. Denote by p the cone generated by (msz)(z’ 0, ms), m(O, 2,n9)

and e3. Using the expression 7, = p — 7o — 79, its contribution to the the local
topological zeta function is

4 1

(ma, 2)(ng, 2)(3mas + 2v1 + may)(3nas + 209 +ny)  (m3s + v + mg — ma)(n3s + vo + ng — ng)
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(4) The dual cone 7 of the face oy is the cone generated by the rays
1 1
—(2,0,m3),
(2.2 > (o, 2)

This cone has multiplicity 2(mas,ns,2). It gives the contribution

(07 27 n2>

—2(mg,ngy, 2)s
(3mas + 2v1 + ma)(3nas + 2v5 + n2)(s + 1)

(5) The dual cone 7, of the face 7y is the cone generated by the rays

(270am2)7 (0,2,77,2)

1
€1,€2, 7%
(m27 2) (nQv 2)
Using the expression 7y = R‘;O — p— 09, its contribution to the the local topological
zeta function is

1 2

nn(3s+1)  (3mas + 2v1 + ma)(3nas + 2v5 + me)(3s + 1)

4.4. Third case f = 23 — a™y™ 2?2 — g™3y™ and such that 3m; < ms,3n; < ng and
3(my,ny) # 2(mg,n3).

5. REDUCTIONS

5.1. First reduction: Elimination of the 0-dimensional strata due to the strict
transforms of b, and of b3. The following Proposition shows that the o-dimensional
strata associated to the strict transforms of b, and b3 can eliminated. Each of these points
can be added to the 1-dimensional strata satisfying that its clousure contains it, and the
invariant is computed with the trinomial form of the 1-dimensional strata.

Proposition 5.1. Assume that E; is an exceptional divisor of the resolution w with
m(E;) =0 (resp. w(E;) = 00) and that F} is an strict transform of by (resp. bs) such that
Z(FH wi)oi = Z(F’i,j’ wiJ)Oi,j
Example 5.2. The proposition 5.1 can be applied to the strata
E§,31 = EyN Fgolv E107,32 = Eiz N F3?27 E$,33 = E;NFy  and Ef5,34 = Ei5 N F3y

of Example 2.4.
For the strata due to the strict transforms Fy; and Fy, of by, note that M(FEy) =
M(E17) = 0. The corresponding trinomial forms and differential forms are

3 52 11
fo=fir= f9,31 = f17732 =z —T, Wg = W17 = W9 31 = W1732 =T yzdrdydz,

From the formulas given in the previous section; we have
37/858s 4+ 85/1716
Z(F oo = Z(Fy31, 0o = 24 (Fi7, ors = Z(F17.32,W17.32) 017 55 = .
(Fy,w9) 0, (Fo31,wo.31) 9,3 (Fi7, w17)ors (F1732, w17,32) 7.3 s2 4+ 241/156s + 85/156

For the strata due to the strict transforms Fgy and Fgy of bs, note that M(E7) =
M(E15) = 0. The corresponding trinomial forms and differential forms are

3 78 3 52 78
fr=fis=2"—2", fiss= fisga=2"—az+2",
and
13
Wy = W15 = Wr33 = Wis34 = T yzdrdydz,
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From the formulas given in the previous section; we have

1

Z(Fr7,wr)or = Z(F733,W1.33) 075 = Z(Fi5,W15)o15 = Z(F15,31, W15,34) 015,50 = 26(s2 1 3/25 + 12

5.2. Second reduction: Recursive elimination of exceptional (—1)-curve not
intersecting the strict transform of the discrimiant. After performing the First
reduction, exceptional (—1)-curves that do not intersect the strict transform of the dis-
criminant may appear. The next proposition shows that we can eliminante these divisors..

Proposition 5.3.

5.3. Third reduction: Q-resolution of the discriminant.

6. ON GENERIC PROJECTIONS

Example 6.1. Consider the Weierstrass polynomial F' = 23 — 3f(z,y)z + 2¢g(z,y) with
f=y*—2"+2°yand g = f2+ (y + 2%)°. Tt defines a germ of isolated surface singularity
with Milnor number p = 41. The discriminant of F' is given by

== -r=2y+2")°+ (y+2°)"

and it has the topological type given by three (2, 7)-cusp with pairwise intersection mul-
tiplicity 16. Its dual resolution graph is pictured (left) bellow.

d d d Eq
\Té‘ dt — Eg
E6 dt E6
E, E, Es B E, B B, B B E,

The polinomial F; = 2% — 3f,(z,y)z — 2¢g:(x,y) with
3
fi=f+8y"  and g =g+ Styf + %y’

defines a pu-constant topological deformation of F whose discriminant f? — g2 has the
following embedded topological type. The discriminant of F; has two branches. One is a
(2,7)-cusp and the other branch has two Puiseux pairs, namely, (2,7) and (2,3). Their
intersection multiplicity is 28. The dual resolution graph of the discriminant is pictured
(right) above.
The topological zeta function and the monodromy zeta function of F' and F; are given
by
—41 s> —283/123s — 304/123
168 (s +16/21)(s +19/24)(s + 1)

In particular, they both have Milnor number equal to 41. This can be computed from em-
bedded resolutions of the meromorphic functions M and M; with the following numerical

and P PyP3P, DD PP 12Po; Doy
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data
\ E, Ey Es E, Es Eg E; \ EF, Ey, Es E, Es E¢ E; FEg
fl2 4 6 7 14 15 16 fil2 4 6 7 14 14 14 28
gl 4 8 12 12 24 24 24 gl 3 6 9 11 21 21 21 42
dl 6 12 18 21 42 45 48 do| 6 12 18 21 42 44 45 90

In order to that there check that both F' and F; define the same embedded topological
type, notice that

Fy(z,y,z +yt) = F(z,y,t) + 3tyz*

Moreover, in the left-hand side change z — 2z 4ty is an isomorphism that does not change
the discriminant with respect to z, nor the Milnor number. Finally, in the right-hand
side we have a p-constant deformation of isolated hypersurface singularities of the form
f(z) +tg(x), that preserves the embedded topological type according to [?].

Finally, it is worth mentioning that the topological type of the discriminant of F; can
be realizable as f} — g7 for another pair of functions (f1, g;). The corresponding function
Fy = 23 — 3f12 + 2g; does not belong to the embedded topological type equivalence class
of F' and F; because their Milnor number and monodromy zeta function do not coincide.
The topological and monodromy zeta function of F; are

—5  s—16/5

— d O D;2D3
21 (s +16/21)(s +1) "% 1T

In particular, the Milnor number of F} is 38. This can be computed from embedded
resolution of the meromorphic functions M; with the following numerical data

|E, E, E; Es E; E; E; Eg
12 4 6 7 14 15 15 30
|3 6 9 11 21 22 23 45
d| 6 12 18 21 42 44 45 90

and dual resolution graph.
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