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Introduction

‘The theory of 3-manifolds has been revolutionised in the last few years by work
of Thurston [66-70). He has shown that geometry has an important role to play in
the theory in addition to the use of purely topological methods. The basic aim of this
article is to discuss the various geometries which arise and explain their significance
for the theory of 3-manifolds. The idea is that many 3-manifolds admit ‘nice’ metrics
‘which give one new insight into properties of the manifolds. For the purposes of this
article, the nicest metrics are those of constant curvature. An observer in a manifold
with a constant curvature metric will see the same picture wherever he stands and in
‘whichever direction he looks. Such manifolds have special topological properties.
However, we will also need (o consider nice metrics which are not of constant
curvature. In this artile, I willexplain what is meant by a ‘nice’ metric and describe
their classification in dimension three which is due to Thurston. Then 1 will discuss
some of the 3-manilolds which adit these nice metrics and the el ween
their geometric and topological propertis. In this introduction all manifolds and
metrics will be assumed to be smooth so that the objects of interest are all
Riemannian manifolds.

t has been known sinc the nineteenth century that in dimension two there is a
very close relationship between geometry and topology. I will start by describing
some basic facts about closed surfaces. I will iscuss these in more detail i §1. Each

Reseived 12 February, 1953
Bull London Math Soc. 15 (1983), 401487
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» Geometry Il, Encylopadia of Mathematical Sciences, Vol. 29, E.B.
Vinberg (Ed.)

The ideology we have just described can be extended to discrete groups
whese action is not necessarlly free, if one consbders so-called orbifolds instead
of manifolds (see, eg. Seott [1983]). A classification of simply-connected ori-
entahle three-dimensional compact orbifolds admitting geometric structures
other than hyperbolic can be found in Dunbar [1988:. In this connection, the
following quite amazing result of Hilden, Lozano, Montesines and Whitten
[1957] should be mentioned: there are discrete groupa I of motions of the
space n* {ealled universal) such that any orientable three-dimensional com-
pact manifold is homeomorphic to J3/A, where A is an appropriate subgroup
of finite index in I [whose action ls not necessarily frea).
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RESEARCH ANNOUNCEMENTS

BULLETIN (Naw Sarias) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 5, Number 3, May 1983

UNIVERSAL KNOTS
BY HUGH M. HILDEN, M. T. LOZANO AND JOSE MARIA MONTESINOS

ABSTRACT. We demonstrate the existence of, and show how to con-
struct, a knot K in 5% such that every closed oreintable 3-manifold in
& branched covering space of §% with branch set, K

In January 1982, William Thurston [1] gave an example of a six component
link, T in 5% such that every elosed orientable 3-manifold is a branched
covering space of §% with branch set this link T. He called links with
this property “universal” and raised the question as to whether there was
a universal knot.

‘The purpose of this paper is to answer this question in the afirmative. This
result follows immediately from Thurston's result and the following theorem.

THEOREM 1. Let L be any m + 1-component link in S3. Then there is a
2m +4 component link L' in §° and a map p: §* — §% such that

1. L is a sublink of L’

2. pisa2m+5 tol branched covering space map.

3. The branch set is a knot K .

4. p~YK)=L".
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1. INTRODUCTION.

A link L in 5% is universal il every, closed, orientable 3-manifald is o vover. I
ing of 8 hranched over L Thurston [ 1] proved that universal links exist and he
asked if there is 3 universal knot, and glso if the Whitehead link and the Vigure.
eight knot are universal. [n |2]. [3] we answered the finst question by comtruct-
ing a wniversal knot. The purpose of tiis paper is w0 prove that the Whitehead
tink and the Barromean rings. among others, are universal. The question abeut
jpurc-sight knot semains npen, but we show that the ribban knot 944 s
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» Thurston encuentra un enlace universal L: toda 3-variedad
compacta sin borde orientable es cubierta ramificada de la 3-esfera
ramificada a lo largo de L.

» Pregunta de Thurston: jHay nudos universales? ;Lo son el enlace
de Whitehead y el nudo figura de ocho?

» El nudo figura de ocho, los nudos no toroidales de dos puentes son
universales.
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ON KNOTS THAT ARE UNIVERSAL

Hucn M. Hineon, Makia Teresa Lozano! and Jose Maria Mosvesites,

IReceived 15 June 1984)

§1. INTRODUCTIHON

A ik o koot Loin 57 i» valled wniversul il every closed, cricniable 3-muenifold can be
represenied as a covering of 5 branched over L W, Thurston introduced this concepi in his
paper [6]. where he also exhibited some universal links, and asked if the “fignre-sight knot™
was universal. The guestion for the trefoil knot, as well as for any lorus knol or, more
generally, for iterated 1orus knots or links, has negative answer, because these links, being
fibers of a graph-manifold structure of 5%, can only be the branching set of graph-manifolds
lcompare [I]).

In this paper we answer the question of Thurston in the affirmative and we prowe that
every non toroidal 2-bridge knot or link is universal. The proof uses the fact thar the
Borromean rings are universal [47,
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» Thurston encuentra un enlace universal L: toda 3-variedad
compacta sin borde orientable es cubierta ramificada de la 3-esfera
ramificada a lo largo de L.

» Pregunta de Thurston: jHay nudos universales? ;Lo son el enlace
de Whitehead y el nudo figura de ocho?

» El nudo figura de ocho, los nudos no toroidales de dos puentes son
universales.

» H.M. Hilden, M.T. Lozano, J.M. Montesinos, W.C. Whitten, On

universal groups and three-manifolds. Invent. Math. 87 (1987), no.

3, 44-456: de universalidad a geometria, orbifolds y caracteres.
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» H.M. Hilden, M.T. Lozano, J.M. Montesinos, The arithmeticity of
the figure eight knot orbifolds (169-183) y On the Borromean
orbifolds: geometry and arithmetic (133-167) en Topology '90
(Columbus, OH, 1990), Ohio State Univ. Math. Res. Inst. Publ., 1,
de Gruyter, Berlin, 1992.
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» Se estudian los nudos hiperbdlicos obteniendo invariantes topoldgicos
a partir de la geometria, generalizando las estructuras geométricas a
orbifolds y variedades cénicas, usando teoria de niimeros
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orbifolds: geometry and arithmetic (133-167) en Topology '90
(Columbus, OH, 1990), Ohio State Univ. Math. Res. Inst. Publ., 1,
de Gruyter, Berlin, 1992.

» H.M. Hilden, M.T. Lozano, J.M. Montesinos, Peripheral polynomials
of hyperbolic knots. Topology Appl. 150 (2005), no. 1-3, 267-288

» Se estudian los nudos hiperbdlicos obteniendo invariantes topoldgicos
a partir de la geometria, generalizando las estructuras geométricas a
orbifolds y variedades cénicas, usando teoria de niimeros

» A partir de los caracteres estudian la curva excelente, de gran
complejidad de calculo.

&\



Caracteres, aritmética y orbifolds

N\

a./

/

b

/




Trabajo reciente

» Con J.M. Montesinos, Integral geometric orbifolds. J. Knot Theory
Ramifications 30 (2021), no. 12, Paper No. 2141010, 28 pp.

& 3



Trabajo reciente

» Con J.M. Montesinos, Integral geometric orbifolds. J. Knot Theory
Ramifications 30 (2021), no. 12, Paper No. 2141010, 28 pp.

» Con J.M. Montesinos, On the borromean arithmetic orbifolds,
aceptado en Topology Appl.



Trabajo reciente

» Con J.M. Montesinos, Integral geometric orbifolds. J. Knot Theory
Ramifications 30 (2021), no. 12, Paper No. 2141010, 28 pp.

» Con J.M. Montesinos, On the borromean arithmetic orbifolds,
aceptado en Topology Appl.

» Trabajo en proceso con A. y S. Lépez de Medrano: On generic
singularities of intersections of ellipsoids.

i)



Trabajo reciente

» Con J.M. Montesinos, Integral geometric orbifolds. J. Knot Theory
Ramifications 30 (2021), no. 12, Paper No. 2141010, 28 pp.

» Con J.M. Montesinos, On the borromean arithmetic orbifolds,
aceptado en Topology Appl.

» Trabajo en proceso con A. y S. Lépez de Medrano: On generic
singularities of intersections of ellipsoids.

0.01) 4

0-1.0) (1,0,0)

&\

(0,0,-1)



Trabajo reciente

» Con J.M. Montesinos, Integral geometric orbifolds. J. Knot Theory
Ramifications 30 (2021), no. 12, Paper No. 2141010, 28 pp.

» Con J.M. Montesinos, On the borromean arithmetic orbifolds,
aceptado en Topology Appl.

» Trabajo en proceso con A. y S. Lépez de Medrano: On generic
singularities of intersections of ellipsoids.

0.01) 4

(0,-1,0) (1,0,0) | :

(0,0,-1)

&\



Muchas gracias por todo,
Maite.



