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Log-resolution Logarithmic Forms
> Operators

Definitions
T § — P?
U U
c — ¢
Definition
The sheaf 7.£%(log C) is the sheaf of log-resolution logarithmic forms of C
w.r.t. .
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The sheaf 7.£%(log C) is the sheaf of log-resolution logarithmic forms of C
w.r.t. m.

@ The sheaf 7.£%(log C) is independent of the resolution.
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Definitions
. S — P?
U U
cC —- ¢C

The sheaf 7.£%(log C) is the sheaf of log-resolution logarithmic forms of C
w.r.t. m.

@ The sheaf m.£5(log C) is independent of the resolution.
@ Denote it by &£, (logC).
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Log-resolution Logarithmic Forms
Poincaré ue Operators

Definitions
. S — P?
U U
cC —- ¢C

The sheaf 7.£%(log C) is the sheaf of log-resolution logarithmic forms of C
w.r.t. m.

@ The sheaf m.£5(log C) is independent of the resolution.

@ Denote it by £;,(logC).
@ &, (logC) inherits a weight filtration W...

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

lution Logarithmic Forms

Poincaré Residue Operators

H'(S; Wig5(log C))

The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

ution Logarithmic Forms

Poincaré Residue Operators

H'(P?; WiE (log )
Q Leray

H'(S; Wig5(log C))

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

lution Logarithmic Forms

Poincaré Residue Operators

H(P?; W€z (log C))
Q Leray

H'(S; Wig5(log C))
R DeRham

H'(X)

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

lution Logarithmic Forms

Poincaré Residue Operators

H!(P?; Wigs (log C))
) Q Leray _ )
HI(S; Wigs(logC)) —  HI(S; Wi/Wi_y)
R DeRham

H'(X)

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

lution Logarithmic Forms

Poincaré Residue Operators

H!(P?; Wigs (log C))
Q Leray

H(S; WiEs(logC)) —  H(S;Wi/Wiq) =~ H(C
ZZDeRham

H'(X)

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Introduction

tion Logarithmic Forms

Poincaré Residue Operators

H!(P?; Wigs (log C))
Q Leray

H(S; WiEs(logC)) —  H(S;Wi/Wiq) =~ H(C
ZZDeRham

H'(X)

Such a residue map will be denoted by Res!”.
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on Logarithmic Forms

Poincaré Residue Operators

H!(P?; Wigs (log C))
Q Leray

H(S; WiEs(logC)) —  H(S;Wi/Wiq) =~ H(C
ZZDeRham

H'(X)

Such a residue map will be denoted by Res!”.

In more generality:

HI(B% Wiga(logC)) "' HIk(@W),
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Theorem (-,D.Matei)
Under the above conditions:
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Log lution Logarithmic Forms
Poincaré Residue Operators

Theorem (-,D.Matei)
Under the above conditions:

@ Res!"" is injective.
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tion Logarithmic Forms
Poincaré Residue Operators

Theorem (-,D.Matei)
Under the above conditions:

@ Res!""! js injective.
Q Ify € E3(P?)(log C) is such that Res®? ¢ = 0 and Res? 'y = 0, then
b =0.
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Poincaré Residue Operators

Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X=uq
dx A dy y(:”—m duy A dvy
f Uy (V2 - )
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Poincaré Residue Operators

Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X:U1 U1 :LI2V2
dxAdy T dup Adyy 1T dus A dvo
S e e e e Y B3
f u(v2 — u?) upvi(1 — us)
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Log-i stion Logarithmic Forms
Poincaré Residue Operators

Example
Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X:U1 U1 :LI2V2
dxAdy T dup Adyy 1T dus A dvo
S e e e e Y B3
f u(v2 — u?) upvi(1 — us)

which is not logarithmic.
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Example
Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X:U1 U1 :LI2V2
dxAdy T dup Adyy 1T dus A dvo
S e e e e Y B3
f u(v2 — u?) upvi(1 — us)

which is not logarithmic.

However, if ¢ = ¢ 24%  then
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Log-resolution Logarithmic Forms
Poincaré Residue Operators

Example
Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X:U1 U1 :LI2V2
dxAdy T dup Adyy 1T dus A dvo
S e e e e Y B3
f u(v2 — u?) upvi(1 — us)

which is not logarithmic.

However, if ¢ = ¢ 24%  then

° e (x,y)=1v e E(logC).
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olution Logarithmic Forms
Poincaré Residue Operators

Example

Consider f = y? — x*, € = {f = 0}, and the 2-form 24&

X:U1 U1 :LI2V2
dxAdy T dup Adyy 1T dus A dvo
f ur (v — u? wV2(1 — u2)
1A 1 2V2 2

which is not logarithmic.

However, if ¢ = ¢ 24%  then
@ pc(x,y)=1cE(logl).

@ Moreover, if p € (y) = (Res[z’zl w)P = 0 at all P € ¢ infinitely near 0.

v
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Cohomology Algebra of X

A Presentation of H* (X)

Weak Combinatorics

The following is a presentation of H*(X):
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Cohomology Algebra of X

A Presentation of H* (X)

Weak Combinatorics

The following is a presentation of H*(X):

@ Generators in degree 1: cj, i =1,...,r,
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Cohomology Algebra of X

A Presentation of H* (X)

Weak Combinatorics

The following is a presentation of H*(X):

@ Generators indegree 1: ci, i=1,...,r,
@ Generators in degree 2:

w?v52’ P S Ci mCl761 € AP(CI)’(;Z € AP(CI)
.,(pgé((" i:17.-.7r7ki:17“'7d"_1
hsi hsi, i=1,.,r,si=1,..,0.

nn
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Cohomology Algebra of X

A Presentation of H* (X)
Weak Combinatorics

Theorem

The following is a presentation of H*(X):
@ Generators indegree 1: ci, i=1,...,r,
@ Generators in degree 2:

w?v52’ P S Ci mCl761 € AP(CI)’(;Z € AP(CI)
.,(pgé((" i:17.-.7r7ki:17“'7d"_1
hsi hsi, i=1,.,r,si=1,..,0.

nn

@ Relations:
61,02 _w52»51

P P
61,6 62,8 53,8
wP1 2 _|’_ ,l/JPZ 3 + d)PfS 1 — 0

forany P € CiNCjNCk and 61 € Ap(Ci), b2 € AP(C,'), 03 € Ap(Ck).
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Cohomology Algebra of X

A Presentation of H* (X)
Weak Combinatorics

Theorem

The following is a presentation of H*(X):
@ Generators indegree 1: ci, i=1,...,r,
@ Generators in degree 2:

’lﬁiﬂ’éz, PecCin C,’, 01 € AP(C,'), 02 € AP(C]')

K ,
.'(ploo(_a [:17...7r,ki:17“'7d"_1
171,51’7-7/’5;’ i=1,.,rs=1,.,g.
@ Relations:
61,02 _w52"51

P P
61,6 62,8 53,8
wP1 2 _|’_ ,l/JPZ 3 + d)PfB 1 — 0

for any PecCin Cj NCk and é1 € AP(C,'), 0 € AP(C,'), 03 € AP(Ck).
@ Product:

di—1

g1

e 2

oiNoj = Z 11p(31, 62)0p % + di Z LI — Z Yol
o p

pPecing;
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CGohomology Algebra of X A Presentation of H* (X)

Weak Combinatorics

Note that from the given presentation one can deduce that H*(X) only
depends on the following invariants of C:

({1,..,r},S =SingC, {Ap}pes, {dr}pres, {uplres)

such an ordered set of invariants of C will be referred to as the Weak
Combinatorics of C. |
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Cohomology Algebra of X

A Presentation of H* (X)
Weak Combinatorics

Note that from the given presentation one can deduce that H*(X) only
depends on the following invariants of C:

({1,..,r},S =SingC, {Ap}pes, {dr}pres, {uplres)

such an ordered set of invariants of C will be referred to as the Weak
Combinatorics of C. |

Hence

The cohomology algebra of X only depends on the weak combinatorics of C
and the genera of its irreducible components.
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Resonance Varieties ere Drlik-Solomon Algebra

Consider w € H'(X).
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Resonance Varieties G Solomon Algebra

Consider w € H'(X).
0 — H'(X)228H?3(X) — 0 (H*(X), Aw)
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Resonance Varieties Generalized Orlik-Solomon Algebra

Consider w € H'(X).
0 — H'(X)228H?3(X) — 0 (H*(X), Aw)

Definition

The i-th Resonance Variety of X is defined as

RI(X) == {w e H'(X) | h'(H*(X), Aw) > i}
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Resonance Varieties Generalized Orlik-Solomon Algebra

Consider w € H'(X).

0 — H'(X)™SH*(X) - 0 (H*(X), Aw)

Definition

The i-th Resonance Variety of X is defined as

RI(X) == {w e H'(X) | h'(H*(X), Aw) > i} )

Note that for any graded algebra A* one can analogously define the i-th
Resonance Variety R'(A) of A*.
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Resonance Varieties Generalized Orlik-Solomon Algebra

There is a purely combinatorial Orlik-Solomon-like graded algebra A~ whose
resonance varieties are isomorphic to R'(X).
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Resonance Varieties Generalized Orlik-Solomon Algebra

There is a purely combinatorial Orlik-Solomon-like graded algebra A~ whose
resonance varieties are isomorphic to R'(X).

2
AL =Y 0C A= A

-
where
Ap = Z ¥pC
Sehp
Ip = (05! AR+ R AR + R AYpl)c
and

oiNoj = Z 1P (81, G2 ) %2

Pec;nc;

Note that A% 2 H?(X).
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Resonance Varieties Generalized Orlik-Solomon Algebra

The resonance varieties R'(X) of the complement of a plane curve C are
determined by the combinatorics of C.
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Resonance Varieties Generalized Orlik-Solomon Algebra

The resonance varieties R'(X) of the complement of a plane curve C are
determined by the combinatorics of C.

Definition (J.Hilman, C.Sabbah, Esnault-Schechtman-Viehweg, M.Falk,

D.Arapura)
The i-th Characteristic Variety Char'(X) of a topological space X is

{p € Hom(m1(X),C") | K'(X; C,) > i}
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Resonance Varieties Generalized Orlik-Solomon Algebra

The resonance varieties R'(X) of the complement of a plane curve C are
determined by the combinatorics of C.

Definition (J.Hilman, C.Sabbah, Esnault-Schechtman-Viehweg, M.Falk,
D.Arapura)

The i-th Characteristic Variety Char'(X) of a topological space X is
{p € Hom(m(X),C*) | h'(X;C,) > i}

Theorem (A.Libgober, D.Cohen-A.Suciu, E.Hironaka)

If X is the complement of a projective curve R'(X) is the tangent cone of
Char'(X) at the origin 1.
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Resonance Varieties Generalized Orlik-Solomon Algebra

The resonance varieties R'(X) of the complement of a plane curve C are
determined by the combinatorics of C.

Definition (J.Hilman, C.Sabbah, Esnault-Schechtman-Viehweg, M.Falk,
D.Arapura)

The i-th Characteristic Variety Char'(X) of a topological space X is
{p € Hom(m(X),C*) | h'(X;C,) > i}

Theorem (A.Libgober, D.Cohen-A.Suciu, E.Hironaka)

If X is the complement of a projective curve R'(X) is the tangent cone of
Char'(X) at the origin 1.

Corollary

The components of Char'(X) passing through 1 are combinatorially
determined.
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Noether Fundamental Theorem Revisited

Formality of X

@ A differential graded algebra (A, da) is called formal if it has the same
minimal model as its cohomology (H(A), 0).
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ A differential graded algebra (A, da) is called formal if it has the same
minimal model as its cohomology (H(A), 0).

@ Since the minimal model of a d.g.a. is invariant under
quasi-isomorphism, then it is more convenient to state that (A, da) is
formal if and only if there is a finite sequence of quasi-isomorphisms
between (A, da) and (H(A),0).
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ A differential graded algebra (A, da) is called formal if it has the same
minimal model as its cohomology (H(A), 0).

@ Since the minimal model of a d.g.a. is invariant under
quasi-isomorphism, then it is more convenient to state that (A, da) is
formal if and only if there is a finite sequence of quasi-isomorphisms
between (A, da) and (H(A),0).

Definition (P.Deligne-P.Giriffiths-J.Morgan-D.Sullivan)

A differential space X is called formal if its algebra of global differential forms
(£(X), d) is formal.
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-Noether Fundamental Theorem Revi
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.

° (£(X),d) % (£(P?)(logC), d),
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.

° (£(X),d) % (£(P?)(logC), d),
o (H(£(X)),0) & (H(X),0),
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.

(£(X).d) % (£(P*)(log ), d),
(H(£(X)),0) & (H(X),0),

H*(X) = &*(P?)(logC)
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.

° (£(X),d) & (£(P*)(logC), d),

o (H(£(X)),0) & (H(X),0),

° H*(X) = &*(P?)(logC)
o] oi
[p2] —
[Wed] - Y
[77/,8,‘] — nI,S,'
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (- D.Matei, A.D.Macinic)
The complement of a plane curve X is a formal space.

® (£(X),d) % (£(P?)(logC), d),

o (H(£(X)),0) % (H(X),0),

° H*(X) = &*(P?)(logC)
o] oj
a2l = R
[¢sc] Y5
Ui I

Can we choose forms so that e is well-defined?
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Noether Fundamental Theorem Revisited

Formality of X

51,6 55,6 53,0
d)P1 2+wP2 3_,_,(/]133 !

Choose 6p at each P € S, then

61,62 __ 1 6p,0p ¢5P151
P =Y P
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Noether Fundamental Theorem Revisited

Formality of X

oiNoj=

S w6 )+

Pecine;

g1 di—1

K ik;

+di g ooj - dj § woo,'
k=1 ki=1

J.I. Cogolludo-Agustin The Cohomology Algebra of a Plane Curve and Related Topics



Noether Fundamental Theorem Revisited

Formality of X

oiNoj=

= 3 we(d.Ce T = ST (8, G+

Pecinc; Pec;nc;

+d,z d,Zw
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Max-Noether Fundamental Theorem Revisited

Formality of X

Let C;, Cj, Cx be such that:

@ di=d = dk

® 1up(0i,Cj) = pp(di, Ck),

® 1p(6),Ci) = pp(), Cr),

© 1ip(0k, Ci) = pr(0x, Cp),
then

oiNoj+ojANok+oxkNoi=0 (1)

Note that if Cx = aC; 4 8C;, then (1) is trivial.
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Max-Noether Fundamental Theorem Revisited
Formality of X

Theorem (Max-Noether Fundamental Theorem (M.Noether,..., W.Fulton))

Let F, G, and H be three plane curves with no common components. If
Hp € (Fp, Gp) at any P € V(F) N V(G), then there exist two forms
A, B € C|x,y, z] such that

H = AF + BG
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Max-Noether Fundamental Theorem Revisited

Formality of X

Theorem (Max-Noether Fundamental Theorem (M.Noether,..., W.Fulton))

Let F, G, and H be three plane curves with no common components. If
Hp € (Fp, Gp) atany P € V(F) N V(G), then there exist two forms
A, B € C|x,y, z] such that

H = AF + BG

Remark

The conditions Hp € (Fp, Gp) at any P € V(F) n V(G) are commonly known
as the Noether Conditions.

| A\

A\
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Max-Noether Fundamental Theorem Revisited
Formality of X

Definition

Three curves F, G, and H satisfying (¢27) are said to belong to a
combinatorial pencil.
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Max-Noether Fundamental Theorem Revisited

Formality of X

Definition

Three curves F, G, and H satisfying (¢27) are said to belong to a
combinatorial pencil.

Theorem (-,M.A.Marco)

If F, G, and H belong to a primitive combinatorial pencil, then they belong to
an algebraic pencil (H = aF + 3G).
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ The Noether Conditions can be replaced by the Combinatorial
Conditions.
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ The Noether Conditions can be replaced by the Combinatorial
Conditions.

@ Primitive translates into a minimality condition.
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ The Noether Conditions can be replaced by the Combinatorial
Conditions.

@ Primitive translates into a minimality condition.

Proposition

Any combinatorial pencil admits a primitive refinement.
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Max-Noether Fundamental Theorem Revisited

Formality of X

@ The Noether Conditions can be replaced by the Combinatorial
Conditions.

@ Primitive translates into a minimality condition.

Proposition

Any combinatorial pencil admits a primitive refinement.

This proves the formality of X.
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Problems

Open Problems

@ Are there also nice combinatorial descriptions of H*(X) in higher
dimensions?
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Problems

Open Problems

@ Are there also nice combinatorial descriptions of H*(X) in higher
dimensions?

@ Are the complements of hypersurfaces in the projective space formal?
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Problems

Open Problems

@ Are there also nice combinatorial descriptions of H*(X) in higher
dimensions?

@ Are the complements of hypersurfaces in the projective space formal?
@ What about toric varieties, or weighted projective spaces?
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